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PREFACE. 



THE present volume consists of two parts ; the first of these 
deals with the theor}* of hyperelliptic functions of two 
variables, the second with the reduction of the theory of general 
multiply-periodic functions to the theory of algebraic functions ; 
taken together they furnish what is intended to be an elementary 
and self-contained introduction to many of the leading ideas of 
the theory of multiply-periodic functions, with the incidental aim 
of aiding the comprehension of the importance of this theory in 
analytical geometry. 

The first part is centred round some remarkable differential 
equations satisfied by the functions, which i^pear to be equally 
illuminative both of the analytical and geometrical aspects of the 
theory ; it was in &ct to explain this that the book was originally 
entered upon. The account has no pretensions to completeness: 
being anxious to explain the properties of the functions from 
the beginning, I have been debarred from following Humbert s 
brilliant monograph, which assumes from the first Poincar^'s 
theorem as to the number of zeros common to two theta functions ; 
this theorem is reached in this volume, certainly in a generalised 
form, only in the last chapter of Part u. : being anxious to render 
the geometrical portions of the volume quite elementary, I have 
not been able to utilise the theory of quadratic complexes, which 
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bas proved so powerful in this oonnexion in the bands of Kummer 
and Klein ; and, for both these reasons, the account given here, 
and that given in the remarkable book from the pen of R W. H. T. 
Hudson, will, I believe, only be regarded by readers as comple- 
mentary. The theory of Rummer's surface, and of the theta 
functions, has been much studied since the year (1847 or before) in 
which Grdpel first obtained the biquadratic relation connecting 
four theta functions; and Wirtinger has shewn, in his Unter- 
suchungen iiher Thetqfunctionen^ which has helped me in several 
ways in the second part of this volume, that the theory is capable 
of generalisation, in many of its results, to space of 2'— 1 
dimensions; but even in the case of two variables there is a 
certain inducement, not to come to too close quarters with 
the details, in the fact of the existence of sixteen theta functions 
connected together ]fy many relations, at least in the minds 
of beginners. I hope therefore that the treatment here followed, 
which reduces the theory, in a very practical way, to that of 
one theta function and three periodic functions connected by 
an algebraic equation, may recommend itself to others, and, 
in a humble way, serve the purpose of the earlier books on 
elliptic functions, of encouraging a wider use of the functions 
in other branches of mathematics. The slightest examination 
will shew that, even for the functions of two variables, many 
of the problems entered upon demand further study; while, 
for the hypei*elliptic functions of p variables, for which the forms 
of the corresponding differential equations are known, there 
eixiflt constructs, of ;> dimensions, in space of ^jp (p+1) dimen- 
sions, which await similar investigation. 

The problem studied in the second part of the volume was 
one of the life problems of Weierstrass, but, so far as I know, 
he did not himself publish during his lifetime anything more 
than several brief indications of the lines to be followed to effect 
a solution. The account given here is based upon a memoir in 
the third volume of the Gesamrndte Werhe, published in 1903 ; 
notwithstanding other publications dealing with the matter, as 
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for example by Poincar^ and Picard, and particularly by 
Wirtinger, it appears to me that WeierstrasB's paper is of 
fundamental importance, for its precision and clearness in 
regard to the problem in hand, and for the insight it allows 
into what is peculiarly Weierstrass's own point of view in the 
geneial Theory of Functions; at the same time, perhaps for 
this reason, some points in the course of the argument, and 
particularly the conclusion of^it, seem, to me at least, to admit 
of further analysis, or to be capable of greater definiteness. In 
making this exposition I have therefore ventured to add such 
things as the explanation in § 53, the limitation to a monogenic 
portion of the construct and the argument of § 60, an examination 
of simple cases of curves possessing defective integrals and 
the argument of Chapter ix. These are doubtless capable 
of much improvement. But the whole flatter is of singular 
fiEMcination, both because of the great generality and breadth of 
view of the results achieved and because of the promise of 
development which it offers ; I hope that the very obvious need 
for further investigation, suggested constantly throughout this 
part of the volume, may encourage a wider cultivation of the 
subject, and a more thorough study of the original papers 
referred to in the text, of which I have in no case attempted 
to give a complete reproduction, though I have endeavoured in 
all oases to acknowledge my obligations. 

I may not conclude without expressing my gratitude, amply 
called for in the case of any intricate piece of mathematical 
printing, for the carefulness and courtesy of the staff of the 
University Press. 

H. F. BAKER. 



Cambridge, 

19 August 1907. 
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PART I. 

THE HYPERELLIPTIC FUNCTIONS OF TWO VARIABLES 

AND THE ASSOCIATED GEOMETRY. 



CHAPTER I. 



INTRODUCTORY. 

1. Let d? be a complex variable represeDted upon an infinite plane, 
regarded in the ordinary way as closed at infinity, and let 

be any sextic polynomial. The pairs of values (x, y), (x, — y), which satisfy 
the equation j^^f(x), may be represented by the points of a two-sheeted 
surface lying upon the plane of x, the sheets crossing one another along 
three lines joining respectively the first and second roots of f{x) » 0, the 
third and fourth roots, and the fifth and sixth roots, where the order in 
which the roots are taken is indifferent; thus a closed line on this two- 
sheeted surface, drawn about and near to the point representing one of these 
roots, will make two circuits before returning on itself, and each of these 
roots is represented by a winding place — or branch place — of the surface ; 
if X««0 one of the six branch places is at infinity. We may represent 
any place of the surfiu^, corresponding to a single pair (x, y), by a single 
symbol («), or simply by x. If (a) be such a place, for which x is finite, and 
not a root of f{x) » 0, and {x) be any sufficiently near place, we can solve 
the equation y* ^fi^) by ««a + t, y»P (t), where P{t) is a series of positive 
integral powers of the parameter t, and every place in the immediate 
neighbourhood of (a) is given by one value of t If (a) be a branch place, 
for which both x and y are finite, say a finite branch place, we can similarly 
solve by ««-a-|-t*, y «P(t), an increment of 2v in the phase of t corre- 
sponding in this case to an increment of 4ir in the phase of « — a, that is to 
a path on the surface which closes itself only after containing points of both 
sheets. If X«i^O we can similarly represent all points of the surface for 
which X is sufficiently large by two pairs of formulae of the forms ar^ « t, 
y"* « i^P{t), and ar^ « t, y~*« — <*P(t), corresponding to the two superimposed 
but distinct places of the surface ; while if X« « 0, all points in the immediate 
neighbourhood of the single place at infinity are represented by a single 
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2 The fundameiUal equation [chap, i 

pair of formulae sr^^fi, y~^ ■* ^P(ty. In fact these varioaB power seriee 
converge within a circular range about t^ ^ nlace considered which eidudee 
the nearest branch place; but it is suflBcicui for our purpose to assume the 
convergence for sufficiently small values of t This quantity we call the 
parameter of the place. 

It is manifest that any rational function of x and y, say H (x, jy), is 
representable about any place in terms of the parameter of the place in 
a form H {w, y) « tr^P {t), where m is an integer, positive, negative, or zero, 
and P (t) does not vanish for ^ « ; the number m, if positive, is then called 
the order of infinity of the function at the place ; if m is negative, the 
number — nt is the order of the zero of the function at the place. And any 

integral / H («, y) dx, which is supposed to be integrated along a path on 

the surface from the place (a) to the place {x\ is, in the neighbourhood of 
any place, of a form tr^P{t) + C log t, where C is a constant It will appear 
that there are forms of H (x, y) such that the constant C is zero at every 
place, finite or infinite, and the integer m everywhere aero or negative ; the 
ooiresponding integrals are then said to be of the fi rst k ind : there are also 
forms of H{x, y) such that the constant C is everywhere zero, the integer m 
being positive for a finite number of places; the oorrespondtng integrals, 
with a finite number of algebraic infinities, are said to be of the second kind ; 
but, whatever form H{x, y) have, there can only be a finite number of places 
where m is positive or C other than zero, and the sum of the values (^ C 
which arise at diffennt places for the same integral is necessarily zero, as 
will be proved below ^, thus there can be no integral having only one place 
where C is not zero : integrals for which there are two or more places at 
which the logarithmic term is present, while m is never positive, are called 
integrals of the third kind. 

Let us restrict ourselves now, for a little, to the consideration of integrals 
of the first or second kind. In the immediate neighbouihood of any place, 
even an infinity of the integral, the integral is single-valued ; but this is not 
the case for any «path ; for instance a closed path passing entirely on one 
sheet of the surfiBice round two only of the branch places will give a value 
for the integral not generally zero. In order then to deal only with single- 
valued functions we restrict the paths along which integration can take place 
by supposing the surface cut along certain curves. First let any closed curve 
be drawn on the surface of such a kind as could not be continuously defcHined 
to a point without passing over branch places, and let the sur&oe be cut 
along this curve ; if a definite direction be assigned to the dosed carve, 
aitker of the two possibilities being taken, we can appropriately speak of the 
left side, and of the right side, of the cut ; we call this cut the first cut, 
or (iliX BBd speak of the edges of the cut as period-loops ; taking now au 
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arbitrary point on the left side of the cut (^i), it will be fooDd that a con- 
tinuous curve can be drawn on the surface, not passing through any branch 
place, to the opposite point on the right side of the cut (^i); let the surface 
be now cut along this curve, the edge of the cut which is on the left when 
the curve is described being called the left edge ; the new cut will be called 
(^tX ^^® surfisoe now has a continuous boundary, consisting of the left side 
of (ill), followed by the left side of (^,), then the right side of (Ai), described 
however in the direction opposite to that of the curve from which (Ai) was 
constructed, and then the right side of (il,), also in the negative direction of 
the curve from which (A^) was constructed; this boundary may then be 
denoted by (AiA^Ai'^Ar^). Upon the surface with this boundar}' it is 
possible to make another couplet of cuts, (A^) and (A^), related to one 
another as are (A^) and (il,), in such a way that neither (A^) nor (A^) 
intersects (A^) or (A^), while the surface does not break up into separate 
pieces. And upon the surface as now cut, with two continuous non-inter- 
secting boundary lines (AiA^Ar^Ar^), (AfA^r^Ar^), every integral 



j H(x, y)dx, 



of the first or second kind, can be shewn to be single-valued. The value of 
this integral at any point on the left side of (Ai) will eiceed its value at the 
opposite point on the right side of (Ai) by a quantity fi| which is the same 
all along (Ai) ; similarly its value at any point of the left side of (A^) exceeds 
its value at the opposite point on the right side of (A^) by a constant n/; 
and there are similar constants A,, O/ for (At) and (A^ These four 
constants are called the periods of the integral, and the general value of 
which the integral is capable on the original surface, before this is cut, can be 
shewn to be of the form 



/; 



where Ai, A,, A/, A,' are integers. 

The statement for an integral with logarithmic infinities is analogous to 

the foregoing, but there is the modification that a closed path about a place 

where the expansion of the integral involves the logarithmic term Clog^ 

leads to an increment iwiC in the value of the integral ; in the simplest 

case that arises, to which in &ct all others can be reduced, where there are 

two logarithmic places with equal and opposite values of C, the integral is 

rendered single- valued if, in addition to the cuts already made, a cut, not 

intersecting these, be made between the two logarithmic places. 

4JJI ,>, 

2. That, as remarked above, the sum of the logarit hmic co eflScients.C,^:^ ^ 

for a given integral, a i a ll th e pl aees w b o p o tn oy -enstt js xero, may be seen m^^^iu^^^ 

either of the two following ways. Juf^^^^*^-^ 

i_2 -^T^ 
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if in the neighbourhood of a place m^a, y^b, of/ logarithmic 
infinity for the particular integral under consideration, both w and y be 
expreMed in terms of the parameter t belonging to the place, the logarithmic 
coefficient C is clearly the coefficient of f in the expansion, in terms 
of t, of 

there may, or may not, be a term in f in the expansion of the same ex- 
pression for the neighbourhood of the conjugate place (a, - 6) ; in any case 
where a is finite, the sum of the logarithmic coefficients for these two places, 
or the unique logarithmic coefficient if they are the same (branch) place, is 
at once seen to be the coefficieDt of {w — a)"^ in the function 

which is rational in m only ; similarly if (a, b) be at infinity, the sum of the 
coefficients C for the two places a * ao , or the one coefficient when this is 
a branch place, is the negative of the coefficient of iT^ in the same rational 
fimction o{ a; by expressing this rational function of « in partial fractions it 
is at once evident thence that the sum of ail existing coefficients C, for places 
where H(a:, y)dxldt has a term in 1r\ is zero. 

This result follows also from the fact that the closed curves 

form a complete boundary of the surface ; this shews that the sum of the 

values of the integral / H(x, y) dx, taken once positively round these 

curves, is equal to the sum of the values of this integral taken, along small 
closed curves, once round every place of logarithmic infinity, the value of the 
integral round any other point being sera The contribution fix>m such 
a logarithmic infinity is 2^ times the logarithmic coefficient ; on the other 

band, the value of the integral j H{x, y)dx round the perimeter 

(AUfArAr') 
is zero, the contribution, for instance, from (^i) and (Ai^) being Ui/c&e; taken 

once positively along (AiX namely zero, since w has the same value at the two 
■ides of (At), 

8. The most general form of an integral of the first kind can b^ shewn 
to be 

^ — , « ili«i*'* + JBii,'' •, say, 



/: 



where A and B are arbitraiy oonstanta. If we pot 
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their periods. 



o 



where {x, y\ («i, yO are two arbitrary finite places, of which ODe or both may 
be braoch places, it can be verified that 






I [(j» ^i) - (^» ^t)] dx 



is an integral of the third kipH with logarithmic coefficients + 1 and - 1 
reepeetively at the two arbitrary finite places («i, yO, (x^, y,), having no 
infinities but these. The case where one or both of (x^, y,), (x^, y,) is at 
infinity can be derived fi*om this by a transformation of the form d?»(«'-c)~\ 
with the appropriate corresponding change for y. The function 

wherein C, and C, are constants, has the same infinities as P^ ' ; denoting 
the periods of Pl\%^ at (4,), (i!,), (A^l M*) respectively by n„ n/, ft,, n,'. 
and the periods of Uj** •, ti/* * similarly, by 

(A,) (A,) (A,) (A,) 



u,«-« 



»u s^ia o^u fl»it 

the periods of this new integral of the third kind, at {Ai\ (A^), will be 

fti + C,«i, + C,«B, ft, + 0,»u + C>« ; 

it will presently be shewn that the determinant «»u«^ -^ sHia>u is i^ot zero ; 
thus the constants Cj, C, can be chosen so that these two periods are zero ; 
when this is done the integral of the third kind will be denoted by 

n'*' t and called the normal e lementary integral of the third kind, the 

former epith et referring to the fact that it has vanishing periods at (ilj) and 
(ill),. the latte r to the fact that it has only two logarithmic infinities (xi),(x^\ 
of respective coefficients 1 and — 1. 

4. To obtain the theorem just quoted in regard to the determinant ^^^^y^^ t^f /j 
fl»iic»B - «»tifl»]t» crnd at the same time some other results necessary for oun 
purpose, let U»JH(x,y)dx, V^fK(x,y)dx, be any two algebraic integrals, ^^^^-^^ 
the functions H{x,y), K{x,y) being rational in x and y, and consider j^^^^*"^ 
the contour integral fUdV, taken in succession along the closed curves 
{AiA^Ar^Ar^ (AtA^Ac^Ar^); denoting the periods of U for {Ai\ (-4,), 
(-4,), {A^) respectively by ftj, ft,, ft,, ft4, and by F,, F„ F,, V^ the corre- 
sponding periods of F, the contribution to the integral firom (^i) and (^rO 
is /(ir+ft|- I7')dF, extended once along (Ai) only, from the right side to 
the left side of (^,), namely is ftj F, ; so the contribution from (il,) and 
(Af^) is ft,/cIF, extended once along (A^) only, from the left side to the right 
side of (ill), namely is * ft, F, ; the sum of the two contour integrals is thus 

n,F,-ft,F, + ft,F,-ft,F,; 
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the fonnatioB of this quantity fix>m the scheme of periods 

17 n, fi, fi, fi^ , 

V F, F. F. F, 

is evident, and the remark assists the memory in writing it down. 

Let now in particular, 17 be an integral of the first kind, and F be an 
elementary integral of the third kind with logarithmic infinities of coefficients 
respectively 1 and — 1 at (si) and (sg) ; then the previously described contour 
integral is equal to the counterclockwise integral along a closed curve con- 
taining the cut previously explained which goes from (Sj) to (sg) ; near (^), 

however, UdV is of the form U-j, where t is the parameter for the neij 

bourhood of (X|), and a counterclockwise integration round (fj) gives 
where C'* is the value of U at (x,); so the integration round (sg) gives 
— iwiU'* ; the two sides of the cut, between (x,) and (sg), taken together, give 
no contribution. We thus have, in this case, 

n,F,-ngF, + ngF,-n4Fg-2iri(tr'.- tT't). 

In a precisely similar way, if 17 be also an elementary integral of the 
third kind with logarithmic coefficients 1 and — 1 respectivdy at («i) and («^, 
we infer, since I7c{F» cI({7F)— VdU^ that the right side must be increased 
by - 2irt (T^ - F**) ; while if {7 and F be both integrals of the first kind, the 
right side is to be replaced by zero. 

We may apply a similar procedure when U and F are the real and 
imaginary parts of an algebraic integral 17 + »F, of periods fl| -f tFj, etc. ; in 
case the integral U-k-iV is of the first kind, say equal to fiifii*** + niti,***, 

the contour integral I UdV, or I U ^ dt, or I (V gj"^"*" ^ "S^ ^ ) • ^^^^ 
t s ( + fi;, is equal to a sum of area integrals of the form 

each one of these is necessarily positive, and has a lower limiting value 
greater than zero, since U and F and their differential coefficients are con- 
tinuous functions of f and 17, and U and F are not constant over any two- 
dimensional portion of the surface ; there are as many of these integrals as is 
necessary to cover the whole surface (and it can be shewn that this number 
is finite). In this case we infer therefore that 

n,F,-n,F» + flgF,-aFg 

is positivCi and not indefinitely near to zero. 

IVom these general considerations various results follow : — 

(1) The determinant fl»ua>B — ^«Hi is not zero. For then ttnUi*'* — m^u^* 
would be an integral of the first kind having zero periods at (Ai) and (A^) ; 
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calliDg this 17 + »F, as in the last of the general condderataoDs just given, we 
should have ni«F, «0, nt*F,«0, contrary to the necessarily positive 
character of the expression n,F, — fiyFj + Il^V^ - Sl^V^* And by the same 
proof it follows that no function, other than a constant, exists, which is single- 
valued on the surfiice save that its values on the two sides of each of two 
non-intersecting curves differ by a quantity constant along the curve, which 
is expressible about every point of the surface by a series of positive integral 
powers of the parameter. 

(2) Hence we can form two integrals of the first kind 

«,«••- ^(»«ti,«.« - »itUj^'), «i''* - ^(- Wall,*'* + «„ti,«»«), 

where A » a^uCdn — a^is^a > 

which have a period scheme 

(A,) (A,) (A,) (A,) 



vi 



«.« 



«,«.• 



1 Ti, Ti, 

1 T« T« 

then the theorem that the integral Jvidv^ rouod {AiA^Ai''^Ac^) and 
(^f^i^r'-^rO gives zero, leads to 

1 . Tn — Tji . + . T« — Tm . 1 « 0, 

or Ta* Tn. These integrals are called the normal integrals of the first kind, 
being unique, save for additive constants, when the period-loops are ooce 
drawn, as follows from the concluding remark of (1). 

(8) If yii, n, be real quantities, and n,t,»»* + !!,«/••• 17+ tF, the con- 
sideration of the contour integral jVdV gives, if r,« « f>rt -f t^rf , the result 

»h (»i «'u + Wi^^si) - (wi pii + fiipn) . + n, (n, o-a + n,^B) - (fiipM + jH/>b) . > 0, 

so that the real part of the quadratic form 

» (tu w,» + 2Ti,n, t^ + T.V) 
is necessarily negative and not indefinitely near to sero. 

(4) The consideration of the contour integral 



for which, respectively, 

F. 



/ 



i'/«dn 



*tM*t 



/n. 



Til 






y 



ft. Ha « /I 

F, vj \0 
gives F, - 2irt («,•»•• - «,•-•) - 2irti;,**'-^, 

80 that the periods of the elementary normal integral Tl^\ at (A^) aod 
(A^ are respectively 2irt «,*»•*« and 2 wt !;,'••'•. 
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(5) The coDtkleratiaD of the oontoor integral 
for which n,»n,- F,- F.-O, gives 

"»„*, "•|.#t \"«H«i "*N«t' ^» 

(6) We have already remarked that there is no other integral of the 
first kind than t'j''* having periods 1, at (^,), (At) ; it follows similarly 
that there is no other normal elementary integral of the third kind than 

^x\%t' ^^^ integrals of the third kind, having the same two infinities and 
the same multipliers at these, have a difference which is expressible about 
every point by a series of positive integral powers of the parameter for the 
point ; this difference will have periods at (^O, (^,), (A^), {A4) ; denoting 
the integrals of the third kind by P and P', and the periods of the differenoe 
P' — P at (Ai) and (At) by Ci and C„ the function 

has periods only at (At) and (^14). Hence, by the remark made at the con- 
clusion of (1), this function is a constant. 

^ ^■^tfcM«i..'f»i»L B. From an elementary integral of the third kind we can form an 

..M tty^^ Y^^ algebraic integral whose expansion in terms of the parameter, in the neigh- 

♦ ^2r^l^^ *^- **-^^- bourhood of any place of the surface, contains only positive integral powers, 

I iiw ' '^Mitl^ there being exception at only one place, for which the expansion contains the 

eiS amsI/ A **'/', riogle term - f ; and the integral can be taken so that this pole is at an 

^t^>\n ^^^y ' arbitrary place. Such an integral is called an elementary integral of the 

^UL vui,n# /t^^ second kind. Consider for instance 

let (g) be an arbitrary finite place, and t the parameter for the neighbourhood 
of (z) ; let (wi) be in the neighbourhood of (m) ; let (x, x^) be expressed in 
terms of t, and let («, «i)i denote the coefficient of t in the expression ; this 
will be a function of (x), and of (t) ; the integral 



/; 



(a?, Xi\ dx 



is then a function of (x), infinite only when (x) approaches x, and then like 
— IrK This statement can easily be verified from the form 



^'^'•^>"2y(^-«,)- 



I 
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For, when (s) is not a branch place, we find, putting w,^x + t and 

and putting herein x»x-f(K> y"« + «'^ + ..., we find 

(«, «i)f - 71 + ^ + i!i<« + ... ; 

while, when (t) is a branch place, putting ^j » x + f and yj ^s't-^^ s'"^ + . . . 
we have 

and putting herein rt » r + 1.', y i* ^'e^r + ^ «'" V + ... , we obtain 

There exiatB, therefore, a function of the form 

(X, x,)t dx + C^u,^^'' + C,u,*'«, 

where C,, Cs are suitable constants, which is infinite at the arbitrary finite 
place (x), like — ^~\ and not elsewhere, which has vanishing periods at the 
period-loops (A^, (A^, This function is called the normal elementary 

integral of the second kind, and will be denoted here by F^**. There exists 
such a function also when {z) is at infinity, whose form can be obtained by 
making, in the integral of the third kind used above, a previous transforma- 
tion of the form x^{x' -- z)"^. The integral can be obtained by differentia- 
tion from the integral n^j^'^p^. For when (x) and («|) are both in the 
neighbourhood of {z\ if d^s^ + tn. x^z-k-tm or Xi^z-k-tm^, x^z-^tg*, the 
latter when (f ) is a branch place, we can put 

now let this expression be differentiated in regard to ^^ and, afterwards, put 
(bi * ; let this operation be denoted by Dg n]||^^ ; we have then 

and this is the integral denoted by F^'^; the formula n'|'^B ^g*',^ shews 
that it does not depend upon (x^). The periods of F^'* at the loops (il,), 

(-4«X iAnliA;^ are 0, 0, 2iri(»i*»-**X. 2in {fk''*'*)t> where (ti'-'^X denotes the 
ooeffident of t in the expansion of Vi'>**> in terms of the parameter at (z), 
when («,) approaches to this place. 



I 
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6. Consider now the two iDtegrals 



It is clear that neither integral is infinite for finite positions of (x); 
nsidering the neighbourhood of rt « oo , the work depends upon whether 
X« is zero or not. When X^ is not zero, there are two places at infinity ; 
the neighbourhood of either of these is represented by a pair of equations 
such as 

where Vx^ has one of two signs ; by substitution we find 



^*-^\* "'**■■■■ '^- 



2t 



+ P,<+..., 



the terms not written involving positive integral powers of t. Thus each 
integral is algebraically, but not logarithmically, infinite at infinity, in each 
sheet, the first integral to the second order, and the second integral to the 
first order, and it is not possible to find a linear aggregate piLf*^ + T^Lf*^ 
which does not become infinite. When X« ■* 0, and X» ■* 4, we find, by substi- 
tuting 

that 

^•••-J + ^ + ^< + ..., ^•••-j + gX,< + ..., 

•0 that the integrals are again algebraically, but not logarithmically, infinite, 
to different orders, at the single place at infinity. 

It can now be verified, by differentiation in regard to m and s, that 

/;[(...)-(*.c)]d»+«.-.-A-+«.-L.— /;/;^^^|^, 



where 



Ja y Jm S 






and 

/•(a?, -r) - 2Xt + X, (a? + #) + «f [2X, + X, (a? + -r)] + j^^ [2X^ + X. (« + x)] + 2Xt «»^. 

We shall put 

then the form of the left side in the identity shews that £''*, as a function 
of (m), is an elementary integral of the third kind with logarithmic infinities 
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of ooeflBcients 1 and — 1 respectively at (g) and (e) ; and its own form shews 
that 



R 

« 



we have seen however (§ 4), that two elementary integrals of the third kind, 
having the same logarithmic infinities and multipliers, differ by a linear 
aggregate of integi-ak of the first kind; there most therefore exist an 

equation 

t t 



R 



x,a 

9»f 



r,a 



r-l #»1 



wherein the constant coefficients a,,, a^, a^t a» c^re subject to the relation 
o^sOb; this leads to 

Now let (m) be in the neighbourhood of a particular place (x«), and express 
M and 9 in terms of the parameter of this place, and equate coefficients of the 
first power of this parameter ; firom Ui^^ we obtain an expression which is 

the limit of - ^ when t « ; this we denote by fi, (m^) ; from uf*^ we obtain 
the limit of - -g, which we denote by /At(^); from 11^'^ we obtain F^*'; from 

I [{'f^)''(^»o)]dz we obtain the limit for t^O of [(',^)— ('iA)] ^, which 

is a certain rational function of (x) ; replacing now again (««) by ( j), we may 
write the resulting equation 



7. Before passing on it seems neoessary to make a few introductory ^^^ 
lemariLB relative to a notation which will be found of great use in the^^^^ 
sequel 

A rectangular arrangement of mn elements, in m rows and n columns, 
may be added to, or subtracted from, another such array or matrix, of the 
same number of rows and columns, the meaning being that the (r, «)th 
element of the resulting array, namely the element in the r-th row and «-th 
column, is the sum, or difference, in the respective eases, of the corresponding 
elements Or.tf oV.t* of the two original arrays; and, the whole matrix being 
denoted by a, and N being any number, the notation Na may be used for the 
matrix of m rows and n columns whose general element is N(ir,$' Or the 
matrix of type (m, n), that is, of m rows and n columns, with general element 
Or.tf may be multiplied into another matrix of type (n, p\ of general 
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element i^i, the meaning being that the reealt ie a matrix of tjft (m, p) 
whose general element cv.f is given by 

nantely given by combining the r-th row of the first matrix, a, with the t-th 
column of the second matrix, b. The result may be written e«afr; this is 
by no means the same Bsc^ba. In a somewhat similar way, if w denote the 
set of n quantities Xi,...fXn, we may denote by clx the set of m quantities 
such as 

ar.ia?i + ... + ar,»«ni (r«l m); 

then, if y denote a set of m quantities yi,.>.,ymt'^^ ^^y denote by amy the 
single quantity 

m 
r-1 

which is the same as 

m n 

S S Or.ffd^ffyr* 
r-1 «-l 

It is usual to call the matrix of type (n, m), obtained by changing the rows, 
of the matrix a, into columns, the transposed matrix of a ; we shall denote it 
by a ; it is manifest that axy » ayx. If t, / each denote a set of m quantities, 
Sj , . . . , 'm ftod Si\... zj^ we often denote by mm\ or z'm^ the single quantity 
^#,' + ...+/niXM^ in particular if a^a be two matrices, both of type (m, n), 
we may have z^ax^z ^ dx\ where x^m' each denote a set of n quantities ; 
then zt! ^ ax.z « az'x « wa!x'x ; and /s « a!xz » aW « d'ouEsr'; in the 
form €uz,a'x'^aa'x'x^a'axx\ this result occurs very often in the sequel; 
it is in accordance with the easily verified fact that the transposed of the 
matrix a6 is So, obtained by reversing the order of the matrices and 
transposing both; the notation oaVrt, meaning {aa'x')x, is not found by 
experience liable to confusion with {aa')(xx), which, if used, would mean the 
matrix obtained by multiplying every element of the matrix aa' by the single 
quantity x'x. Very often the matrices used are square, of type (n, n) ; for 
such, the determinant of the product a6, usually written |a6|, is equal to the 
product of the individual determinants |a|, {6j; of such square matrices, the 
simplest is that having every element zero save those in the diagonal, all 
these being unities; this, so-called unit matrix, when multiplied into, or by, 
any other matrix of the same number of rows and columns, say a, gives a as 
result ; the unit matrix is, thus, often denoted simply by 1 ; and the matrix 
of which every element is zero save those in the diagonal, all of which are 
equal to a number ilT, is denoted simply by N. A square matrix a, of 
non-vanishing determinant, has an inverse, denoted by ar\ with the 
properties aa^^^ar^a^E, where E is the unit matrix of the proper order; 
in &ct, if Or,, be the (r, B)th element of a, and Ar,, the minor determinant 



/ 
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( 



fix>in these, Binoe there exists no equation ilifh(') + ^tMi(')*0» in which 
ili» Jt M« quantities independent of (i), we derive 

since Of^^Ogr] and the four equations contained in this are capable of the 
finm 

'nil Vim\ ■ 2 /Oil <hM\ /Wii •»» \ t 
J \€Ln Om) \^ «*»/ 

which we write 

17 v2cM9; 

from the same identities we also, similarly, derive four equations of the form 

which we write 

V-2a»'-X, 

where X is the matrix obtained firom h by transposition of rows and columns. 

The equations 

wi » 2Afl», WIT « 2Afl»', 17 « 2cM», 17' « 2cM9' — K 

are sixteen relations connecting the quantities ; on elimination of the 8 + 8 + 4 
quantities in the matrices r, a and A, they lead to six relations connecting the 
periods », m\ 17, 1;', as we proceed to shew. The equations give 

and hence 

which is equivalent to one equation ; also they give 

A « J wi»""*, fl»A » Jwt, 
and thus 

ffm — 1|5' « 2a («'5 — swi') — A« » — »A le — ^iri^ 

which is equivalent to four equations ; and they give, thence. 



and so 

because 

and this equation 



fjjri » 2awrji "B 2a (»'^ — ^wt) « (V + A) n "• '"t^^ " n'n» 

X^ V 2£5a V wia «■ wui, 



is equivalent to one relation. 

These relations can be written together, as follows : let 






denote the matrix of four rows and columns, of which the elements are those of 
the four matrices m, w, v^vl if <^ &i Ci ^» ^% &^ c'l i' momentarily denote any 
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matrioeB each of two rows and oolitmns, it is at once evident on oonnderation 
that the prodact 

fa b\ fa' 6'A , 

\c d) W cH) 
of two matrices each of type (4, 4), may be written as 



faa'-^bc', ab''\'bd^\ 



where aa' denotes the product of two matrices, and is a matrix of type (2» 2), 
of which the elements are to be separately added each to the corresponding 
element of be', to give the matrix aa'-^bc^ o{ type (2, 2) ; this form is the 
same as if a^b,c,d were single quantities. Now let 

-1 



(? .) 



be the matrix of type (4, 4), of which every element is zero, save the elements 
(1, 3) and (2, 4), each of which is - 1. and the elements (8, 1), (4, 2)» each of 
which is 1, so that, as is easily seen, 

consider the product 

U W \i o) Is' 97 W - v) W v') 

» /»'» — »S5' m'fj — €t^'\ ; 
1 / — — / /— — / I 

by the relations established above we thus have 

and this includes all the relations connecting the periods. It shews too that 
the determinant of the matrix ^ is a square root of (ir/2)*, and not sero. 

Taking then the inverse of both sides we have 



wi 
and hence Zciil >s-^ 11^64, 

(w 9\/0 — l\/«ai'\, ^[V — S\ /» a»'\ « /^ — S17 ^' — cbi7'\, 
s'ftJKi o)\v v) W -svU 177 w»-^'v 9V-«V/ 

--iwic4» 

so that the relations among the periods may also be written 

17011 ^ S9i7i 1700 "" swy ^ J wtj 17 w ^ •> 17 } 

these are of different form fix)m those originally obtained, but may also be 
deduced directly from the equations 
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Let pitPt, qu q% be any four variables; write 

namely 

P,«»„|h +«»iiPi +«hiji +i?iijf» 
P,«»u|h +ihiPi +<fit?i +iNi}t, 

WO that P|, Pt> Qu Qt &re the periods of the integral 

respectively at (^i), (A^), (A^), (A^)] then if P/, P,', Q/, Q/ be the same 
linear functions of pi\ Pf\ qi\ q^'^ the equation 

gives 

^^iZ (|h. Pi. ji. ft) (pi'. Pt\ qi\ q%) « - i^«4 (i>i» Pfi }i» 9t) (p/i ft'i }/» ftOi 

or 
that is 

*4(Pi. P.. Qi. Q.)(Pi'. Pt\ Qi. Q;)--i^4(|h,ft, 9i, ft)(p/,ft', 9/. g/), 

or I 

(-Ci. -ft. Pu P.){Py\ P;, Q/, Q/)- - iir»(-gi. -ft.Pi,ft)(p,'>p.', 9/, ftO. 

or P^Q^-P^'Q, + P.Q^''-P,'Q.^-^(p^q^-Ih'q^+M^'-Pt'q2)l 

and conversely the relations among the periods are those which are necessary 
in order that the linear substitutions 

(P„ P., Qi. Q.) - 1 (p,. ft. ft, g.), (P/. P.'. Q/, Q/) - 1 {pi\ ft', ft', gO 

should multiply the form ftg/— ft'^i + ftg/ — ft'ft by -^wt, for all values 
of the variables pi, ..., g/. 

Finally, in view of subsequent work, it is desirable to notice in more 
detail the relations affecting co and a>' only. The relation m'm^mS is 
equivalent with 

Let now »«, S9^' denote the matrices whose elements are the conjugate 
complexes of those of » and fo\ and let i « (f|, ^) be a set of two arbitrary 
quaotities, and x« the set of their conjugate complexes ; put then 

80 that the quantities 9 are the periods at {Ai\ {A^ of the int^;ral 
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and let it be the two ooDJugate complexes of «j and ^; further, let t « p + ia, 
go that p, o- are two symmetrical matrices, each of type (2, 2), of entirely 
real elements; then if ti^/h + ^n ^t^Pi + tft, or say e^p-k-iq, where 
Ply Ptf ?i» 9t ^® i*^a1> ^^ have, since ci>'«a>T, 

(«, » ) €4 /5o \ <ft « (ft)', - ft)) /«o \ W ■ (ft)'ft)o - «*»o') W = (ft)T«o " ft)T„w,.)^/ 

« • (t - Tt) fiiM " 2w^o . •W » 2io' V " 2»^ ( P - *?) ( P + *?) 

«2i(<rp-i<r9)(p-tt9) 

« 2t (op* - io-gp + iapq + o-j') « 2i (<rp« - top} + iapj + af) = 2ia (p* + 9') ; 

we know that op* > 0, 0-9* > for all real sets p,, j^ and gi, q^, whose elements 
are not zero; hence we have 

where t denotes a set of two arbitrary quantities not both zero ; and we have 

proved also that 

(o), «') €4 /» \ » 0. 

9. We consider now certain properties of integral functions of twc^^^^^Jj^F^^^ 
variables. ..^«>uwjA-Cci 



(a) If for the continuum of values of two complex variables {1, f, which 
is expressed by the conditions 

ri<|f,|<-Bi. r,<|f,|<li., 

where r^, iZi, r,, Rt are real positive quantities, there exists a function 
f{^i» (t\ developable about every point {i>b at, ft * ^t of this continuum as 
a power series in fj — aj, {«— a,, of presumably limited range of convergence, 
the function being single-valued in the continuum, then there exists a series 
of positive and negative powers 



/^' 



Wi^-r; 



11 A 



A}, Mf 



ft-f. 



converging for, and representing the value of the function in the whole 
continuum. This can be proved, in the manner of Laurent's Theorem, by 
considering the repeated integral 



(My) ''^V(T.-f.)(T.-f.)''^" 



taken, for Ti, clockwise round the circle |ti jsri and counterclockwise round 
the circle | Ti | » £1, and, for r,, clockwise round | xt | = r, and counterclock- 
wise round | Tt | » iZt* As in that case we have 



•i, nt 






n 

II 
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r where, now, the int^fration for ti Ib counterclockwise round a single circle 

I concentric with and lying anywhere between |Ti|»rA and |ti|»J2i» and 

similarly for Xf 

(6) If an integral function of Vi, t^, say Q(V|, v,), satisfy the conditions 

\ that is, have the period unity for each argument independently of the other, 

then the function can be expressed by a series 



converging uniformly and absolutely for all finite values of v, and v^ For if 
we put 

the function 

«(t^i. «.)««[2^.1ogf,. ^.logf.]. «-^(fi,fABay. 

is a single-valued function of (i, («, developable about every point for which 
(i is not zero or infinite, and ft not zero or infinite ; we can thus apply the 
preceding result (a), and obtain 

where, putting Vi^mi-h-iyu ^"^H-tyt, the integration in regard to Vi is^ 
for an arbitrary constant value of yi, in regard to x^ from o^ « to Xi^i 1 ; 
and similarly for v,; thus we may write 

and if, for arbitrarily chosen constant values of y, and y,, the function 
Q(^> t^t) remains in absolute value less than a real positive quantity M^ we 
have 

(c) There can exist no equality of the form 



•D 



in which the series conveige for all finite values of the variables V|, «b ; or 
there would exist an equation 

2 2 0- ^«^K*k+«^«o 

in which the series converges uniformly for all finite values of Vi, t^. But 

multiplying this equation by e'^^^^^^"^^^, and integrating in regard to Vi 
I firom to 1, and in regard to v^ from to 1, we could then infer O^^^^O. 
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Heooe for an integral ftiDction Q(V|, t^) with the properties 

there can exist no pair of constants »it »s such that 

or even a pair such that 

where C is a constant ; for, taking the latter, which includes the former, t]m 
would give 

1 

and hence 

for all values of tii, tit. 

There can however exist a pair of constants Mi, ais leading to an equation 
of the form 

where C, f^i, /i, are constants, and, indeed, simultaneously, another pair cd/, 0)3' 
leading to an equation 

where 0\ /h', /h' are also constants. This will appear abundantly in the 
sequel : in order to be as brief as is consistent with our immediate object we 
shall proceed at once to the following proposition, leaving till subsequently 
the verification that this is the most general theorem that need be con- 
sidered for integral functions. 

(d) Let di, ds, be two positive integers, of which <2, is a multiple of di ; 
let o- be a symmetrical matrix of two rows and columns such that the real 
part of the quadratic form ioti* is necessarily negative, and not lero, for all 
real values of the elements th, n,, of n, other than both zero; let r be 
a positive int^^ divisible by d^, and therefore by di; let ^(w), or ^{wi, Wt), 
be an integral function of the variables Wi, w^, with the properties (wherein 
0'ui 0*11 * ^ai ^« &^ ^he elements of the matrix 0-) 

it can then be proved by induction that if nii, nts, mi\ mi be any, positive or 
negative, integers, 

2—2 
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where 

while conversely this last equation includes the previous four. By employing 
the notation of matrices we can put this definition-equation into a form in 
which it is much more easily grasped ; denoting by d the diagonal matrix 

O #l)» ^^® ^^^ elements of (i"'m+awi' or 

/d,-* \ m + /<r,i ^,t\ m' 
V dr'J Ut, <ra/ 

are (i,""*m, + o-nwii' + 0'is^' and di^'m, + ^nWi,' + o-nm/; 

thus the function on the left side of the definition-equation may be denoted 
by ^{w-^dr^m-k-am')'^ also 

H = m'w + ^crtii'* « m'fi; + \m'. cm' = m'(t(; + ^am') ; 

the definition-equation is thus 

^ (w + d-»m + <rtiO - e - *«'"»'(*^ + i^^'^ ^ (w). 

Since now ^(ti;) has the periods dr\ df^ for the arguments Wu w^ 
separately, it follows, from (6) above, that we may write 

where A^ stands for Ak^^tf and kdw stands for ki{dw)i + kt{dw)2, that is for 
kidiWi -^ kA^tt And the summation is in regard to the integers ki, kt, each 
from — X to + X independently of the other. When we put for w the 
values w + dr^m + am', the expression kdw becomes kdw + im + kdam\ so 
that, since km « kimi + it^m, is an integer, the defining equation gives 

g - 2vtnii' (tc + J^wO 2 ^ ^wikdw ^ j A^wikdcm' ^wikdw , 

k k 

now denote ctti^ by ^, so that x^ « clii£;i and x^ «■ ciBfi;t ; further let 

so that A is a set of two integers, rd"^ being a diagonal matrix of two integers 
rd,~S rdr^ ; then the whole exponent of the general term on the left is 

— iriram'^ + 2mkx — iTrirdr^m'x^ *■ - wtram'* + 2inhx, 
and the equation is 

* ft 

where, on the left, the it in the suffix of Au stands for h + rdr^m'. To 
every integer pair k corresponds, by A «■ A; — rdrhn', a definite integer pair h, 
and conversely ; we may thus on the right replace ib by A throughout ; then 

comparing coefiicients of e**"'*' on the two sides, we have 
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(i) 



where 



fts h. dam «■ dtmi'h « adhm « am' , dli, 

this is the same as 

and this holds for arbitrary integer pairs h and m'. Now any pair of integei*s 
(wj, ti,) can be uniquely written in the form (A, + rd,->m,', A, + rd,~'mj') by 
choosing the integers ml^ m^' suitably, with the condition ^ A] < rdr\ 

O5 A,< rd,"*; the terms of the doubly infinite series 2 A^^*^"^^'^ can then 



HB-OD 



be arranged in a finite number of sets according to the appropriate values of 
kj and ht\ namely, we have 



-• k m' 



and 



(A + rd-^m') .dw^dih-k- rd^^m') w » r(m' + - dA^ «; « rti; (m' + - dA j ; 
thus, from (i), above, 



— • 



we introduce now the notation 

where v, «(9|i «k)> denotes two independent variables, r is a symmetrical 
matrix of type (2, 2), g is a row of any two constants, as is also q\ and X 
stands for two integers, each of which independently of the other takes all 
integer values from — ao to + x ; it will be proved that if, when Xi , x^ are any 
two real quantities, the quadratic ira^ has its real part essentially negative 
and not zero, this expression represents an integral function of Vi, v,, and is 
uniformly and absolutely converging ; in terms of such functions, the integral 
ftmction ^(w) is now shewn to be expressible in the form 



^{w)^lBifi(rw, ra; ^ j, 



where Ai, A, are limited only by 0^hi<rdr\ 0<K<^''\ 80 that the 
number of terms on the right is f^i"^"', the unknown constant Bk replacing 






(e) As our defining equation was hypothetical it is necessary to shew 
that the expression S(v, t ; ^ j represents a function. Consider first the 



t 
I 
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case when q and q' consist of seros, namely the expression 

wherein Vj, v, are the variables, and r,|, Ti,, t^ are any constants subject to 
the condition that if Tr,«*pr,i + ^r,ff the quadratic form 

is necessarily positive and greater than zero for all real values of iii, ii^ other 
than the single pair tiisO, n,«0. Writing tcr,9 for iro-r.f and Or+ibr for 
iirVn the modulus of the general term of the series is sr', where 

now let /i be any real fixed positive quantity greater than unity ; we have 

the series of moduli of the terms of S{v, r) will therefore convei*ge if the 
series whose general term is (1 -h H/fi)''^ conveiges ; but when one or both of 

111, n, is large, H has the sign of ^, and is positivp, and the ratio (l + — ] : V^ 

approaches to the constaut limit fi"^ ; the series of moduli will therefore 
converge if the series whose general term is yfr"'^, or 

converges, which is known to be the case when /t > 1. The series for S{v,r) 
thus converges absolutely for any finite values of Vi and i^, and, ^ being 
independent of o, and v,, it converges uniformly over any finite range of 
values of these variables. It is thus capable of being replaced by a power 
series in these, converging for all finite values, and represents an intq^ral 
function. 

This function has certain properties which are fundamental, following at 
once from the form of it Denoting it by 6 (v), or B (V|, i^), we have 

(o) «(»i + l.«i)-«(v„«,+ l)-e(«„t;,), 

as is evident because the addition of Strinj or 2irtnt to the exponent of any 
term does not alter the value of that term. 

(13) e(t;, + T„.«,+T„).6-«^<»i+*^ii)e(f^,«,); 

for if E (x) denote s'*^, the left side is 

S,E (tm + Jm* + Tnfi, + Tuii,), 

n 

while the single term here written is 

of which the second hctor is independent of ih, n,, and the first is the general 



iV^ 
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tenn of 6 (v), with the UDessential change of n, into ft, + 1. The result is 
then obvious. We similarly have 

(y) From (a) and (ff) we at once deduce by induction that if vi^ , vi^ , 
fill', m,' be any integers 

8 (r, + m, + fih'rn + m,'T,„ v, + m, + m,'Ta + fn,'Ta) « «^8 (v,, v,), 

where X « — 2iri [t^m,' + «,in,' + 4T„m,'* + Tnm/m,' + 4t«iii,'»]. 
This result we \vrite in the form 

(5) More generally, if 

?.-(?!* ft). ?'. - (9i'» ft')» P»-(Pi.l>i). yi-(Pi'.ftO. 
be any four couples of constants, and 99' denote g,g/ + ftft'i ^tc., we have 



of which the former is included in the latter. 



To verify this, compare the general exponent on the left with the general 
exponent on the right ; we require, dividing by the factor 2m', 

- - q'i^-^M - qq'-pq'-^ v (n +|i' + g') + ^t (n +|i'+ }')•+ (p + g) (n +p'+ g'), 
and this is at once seen to be an identity. 

(e) Since the alteration of the summation numbers tii, n, respectively 
into Hi + fit/, tit + HI,', where nii' and m,' are definite integers, does not affect 
the sum, we clearly have, if nii, ni, be also integers, 

eft; ^';I;*^')-2^[t;(n+p' + m') + iT(n+|i'+m')» + (p + m)(n+p'+m')] 

\ P +^/ n 

- E (tap') 2^ [• (* + pO + iT (fc + p') + p (A + p')]. 

and the second formula of (S) gives 

e(» + m + Tin'; P'). ,-«-<«•' («'+l««')+»-<(»V -•»e(t>; '*'). 
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In particalar 
e(i, + l.«.;j')-««'We(.;j'). e(»s.t,. + l;j)-a«'We(«;j'). 

e(r.+ T„.t. + T.;j')-«-«''C+»'ii)-«'**e(«;j). 

(i^ In case the couplets 2q,»(iqu 2js), iq\^(2qi\ 2;/) connst of 
integers, we have 

and, by writing, as a new summation letter, m^^fi'^ Sj', or Wi » — n, — 2}/, 
9ii,« -. m — S^i^ this becomes 

thus the function B [ v ; ' j, when g, g' each consists of half integers, is either 

ev«i or odd, being even when 4^9' is an even integer, and odd when iqq' is 
an odd integer. Putting 2gsx, i^^x\ and noting that the addition of 
integers to the numbers q, q' only multiplies the function by a constant, as in 
the first formula of (c), we see that the number of even functions obtainable 
by taking g, 9' to be half integers is effectively the number of solutions of 
d^d^' -f »txi^ an even integer in which each of x^ ^> ^» ^' is zero or unity, 
and is thus easily found to be 10 ; similarly the number of odd functions is 
found by solving m^Xi' -¥ x^xi ^ odd integer, and is effectively 6. It can be 

shewn without difficulty that 6 f v; ' j can only be an odd or even function 

when 2g and 2j' consist of integers. 

(*) For many purposes it is convenient to modify the notation as follows. 
Let a be any symmetrical matrix of type (2, 2) ; let A be any matrix of type 
(2, 2), of not vanishing determinant ; let r, as heretofore, be a symmetrical 
matrix of type (2, 2) such that the quadratic form irv? has its real part 
essentially negative when iii, n, are not both zero; let g, q' be any two 
couples of constants ; and let Ui, Ub be the variables. The series 



{'■'1)-Y- 



I where fl-ott»+2Au(n+g') + firr(n + j')P + 2w*g(n + g'), 
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becomes, by putting 

or, Bay, iriv « Ati, 

"imply *(»5g)-«"'®(''5j)' 

and 80 differs essentially from B [ v ; ' ] only in the multiplication by an 

exponential of a quadratic function of v, and Vf. Now let co, »', 17, 17' be 
matrices such that, as before (p. 14), 

and, when />> "■ (|>i> lib)* p'> "■ (Pi\ Pt)f &>^ &i^y two couples of constants, write 

so that Op, if, each consists of two quantities, and we have 

H, « ^awp + 4a«y - 2£/>' « 2an, - 2£p', Anp«in(p -frp')* 
and also 

a(ii + iipf-avf^ 2at^p + oil,' « 2anpU+ oOp* « 2afl,(u + ^fl,) 

- (iTp + 2Xp') (tt + ^flp) - Hp (tt + iflp) + 2Xp'u + Ap'flp 

- flp (u + i flp) + 2Atip' + AIlpp' 

- flp (tt + Jflp) + 27riV + vi (p + TyOp' 

« iTp (u + iOp) + inRp' + 2irty (» + l7y') ; 
put Xp(u) to denote the expression 

Xp(u)-i5rp(tt + inp)-irvy; 
then by (5) above we have 



where 



»(•*"••?)-•»(•";'+?■)• 



ir - X, (u) + 2irij}' + 2ir»9' (» + Jt}') - 2ir»j' (» + Jtj) - 2ir*g' (p + 9) 
- X, («) - 2»»|>y' ; 

when m, m' consist of integers we have, as before, 

from this a (tt + Il„; '')-«^«<«)+«»'(-»'-»»a^tt; ^V 

in particnlar when p, p' both consist of zeros, 
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and, if m, m' consist of integers, 

a(u + fl,,)-«^Wa(u); 

thus we have, for r « 1, 2, 

where Hr - 2iy,. r (v^ + «i. r) + 2ih. r (««i + «•«. r) + 27n>/, 

/fi tfubaegtien^ applioatians of theta funetions to the Riemann iuffaoe we 
jAatt suppose the matrices a cmd h {and T)tohe those arising in oonnsxion with 
the algd>raic integraU (p. 13). 

^i^Y^'^^'^^^^^^Z!!!^^' ^® return now to the Riemann surface, and consider upon it the 
*^^*^/**'^^^iunction of {w) expressed by 

where ^, 0^ are arbitraiy constants, and Vi''**, vf*^ are the normal integrals 
of the 6r8t kind, integrated from an arbitrary place (m) to the variable place 
{m). If we dissect the surfiu^ by the cuts (il|), {A^, (ii,), (^4^ so rendering 
the integrals single-valued, the function is a single-valued function of the 
position of (a?), which never becomes infinite ; it has the same value at any 
point on one side of the cut (iii) as at the opposite point of the cut, for we 
have B (v, + 1, t^) • B (vi, v,) ; and the same is true of the cut (J,) ; hut the 
value of the function at any point on the left side of the cut (il,) is obtained 
firom its value at the opposite point on the right side by multiplication 
with the £ACtor 

where Vi'* ** denotes the value of the integral at that point on the right side^ 
so that Vi*^*— ei-HiTu is the mean of the values, v^^-Oi and «i*'* — Si + Tu, 
taken by vf* *" — ^ at the right and left sides of {A^\ a similar statement 
holds for {A^. The function 6(t;'*'* — s) is an integral function of Vi'*"^, 
t^«.» and therefore analytical on the Riemann surfiM^, capable, that is, of 
representation about any place of the surface by a series of ixktbgnX powers of 
the parameter for that place, there being no negative powers; hence, the 
number of places {x) whore the function vanishes to the first order, if any, or 
the sum of the orders with which it vanishes, is given by taking the integral 

1 {d% 
2«j"S" 

round the closed curves {AiA^Ar^A^^ {AtA^Ar^Ar^). Of the former 
contour the two sides of {A^ give no contribution ; the two mdes of (il,) give 



/ 



ART. 9] 



theta fwictioiis. 



27 



taken once along the podtive or left side of (il,)» from the left to the 
right Bide of (ill); this is equal to +1. Similarly the contribution from 
(Jt^i'^fl'^^rO ^ ^^ + 1* There are thus two places (x) where 6 (tf* ** — a) 
vanishes to the first order, or one place where it vanishes to the second 
order. 

An analytic function of two independent variables has manifestly, as 
values of the variables for which it vanishes, not a set of discrete values, but 
vanishes for an arbitrary value of one of its variables when the other is suit- 
ably chosen to correspond ; this at least is true, for a function which vanishes 
at all, for a suitable range of variation of the one variable which is taken 
arbitrarily. Thus, when the two variables are both replaced by functions of 
a single third variable, whose elimination establishes a relation between the 
two original variables, it may happen that the function vanishes identically 
for all values of the single third variable. The previous investigation might 
therefore fSul for particular values of 6|, ei ; but it does not fidl for all values 
of these, in particular not for ^i » 0, 0s « ; for then the frmction reduces to 
6 (V' *), which even when (x) « (m) and Tu » t, tj, «■ 0, r« « t, does not vanish, 
being equal to /26"***»*\/'26"'*«^\ 

Let then (nii), (m,) denote the positions of (x) for which O (t^ *") is zero ; 
we proceed to shew that, if («,), (xt) denote the zeros of © (r** • — a), we have 

a, = v/""** + Vj-^-h + if, -|. M^Tn + iff Ta, 

where Jfj, M^, Jf/, M^' are certain integers; and, as, by the addition of 
periods to the arguments of the function 6, the function is reproduced 
multiplied by a non-vanishing factor, it is suiBcient to write these equations 
as congruences 

To prove this result we use two properties of rational functions. Firstly, 
a frmction which is single-valued on the undissected Biemann surface, and is 
capable of expression about every point as a series of integral powers of the 
parameter for the neighbourhood of this point, there being only a finite 
number of negative powers of the parameter, if any — so that, as can be shewn 
to be a consequence of this, there is only a finite number of points for which 
negative powers enter at all — is necessarily capable of representation as a 
rational fiinction of x and y. For if i2|, i2, be the two values of the frinctiou 
for the conjugate places (x, y), (x, — y), the functions i2| -H J2t ^^d y (i2i — Rt) 
are at once seen to be rational functions of x only. Secondly, it is not 
possible to construct a rational function R with poles of the first order at two 
arbitrary places (xi, y,), {x^, y,), unless these be conjugate places having 
Xi^x^ and yi^^^y,, in which case (x^Xi)"^ is such a fiinction. For 
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otberwife B'¥ AiTl^* -¥ A^T^* , whereiD il, and At are ■uitobly clioieo 
comtonii, eoold be Uken to be a ftmetioD witboai infinities, nn^e-Yalned 
and analytical on the sorfaoe, eaTe for the periods (c£ pi 9) 

at tiie period-loops (A^^ (A^ ; this function would tben be a constant (p. 7, ( I )), 
and both these periods sero, so that yc^lyi^^^miyf^lm^jfi^, or 4^»s^. Take 
t^Mi (jj^X (^) difTerent from <»e another and consider the functiou of («) 



this fiinetion is analjticsl and single-falned on the dissected snr&ce, its 
values at the two sides of the loop {Aii being the same, as they are also 
at the two sides of (il|); its Tslue at the left side of {A^^ is obtained by 
multiplying its value at the right side by ^'s where 

which is sero ; similarly at the loop {A^ The function is thus single-valued 
on the undissected sur&ce. Next, at (fih) the function 6 (i^ *) vanishes to the 

first order, and tf~^^«i «t also vanishes to the first order ; the 6-function in 

the numerator has do infinities; the function sr^'*,.*, becomes infinite to 
the first order at («i). On the whole then the function is a single-valued 
analytic function on the undissected surface, with at most two poles, at («i) 
and {a^, and with seros where 6 (if * * — v***** — i^**) vanishes. For general 
.. positions of («i) and {a^ no such function exists, as we have proved. Thus 

i the fbnction is in fact a constant, and the fuuction 6(i^*-ifw«i.f^«t) 

M vanishes to the fint order at («i) aud {a^ Therefore, if Si, s^ be two 

oonstants, such that the function 6 (i^*— s) does not vanish identically, and 
(Si), (S|) be the seros of this function, the ratio 

^ ■ 6 (tf »" — if **"^ — ff****)/6 (if** — e) 

is a single-valued analytic function on the dissected Riemann surfiM^e, with 
neither seros nor poles ; it has the same value at opposite points of the loop 
(ill), and of the loop {A^ ; its values at the left sides of the loops (ilg), {A^ 
are obtained from those at the right sides by multiplication by the respective 
oonstants ^^', i^****, where 

the f^inction log^ is thus single- valued on the dissected surface; let its 
values at the left sides of the loops (il,), {A^, (il,), (il4) exceed its values 
at the right sides respectively by 

twxM,\ JirOf;, 2ir»(2?|-lf|), 8ir*(B,-if,X 
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where Jf/, Jf/, Mi,Mfdixe integers ; then the function 

log 4> - 2m {M^'vf^"^ + Jr,V'*) 

will also be single-valued on the dissected surface, and analytic, and finite, 
and its values on the two sides of the loops (A^\ {A^ will be the same. We 
have seen that such a function is a constant (p. 7, (1)). Thus the increment*; 
of this function for the loops {At) and (A^ are zero ; these are 

and that these vanish is the proposition we set out to prove. 

It thus appears also that, arbitrary values of fi, 0^ being given, places 
(xi), (xt), and integers M^, Af,, J//, Af/ are determinable uniquely, so that, 
on the dissected surbce 

»,•»••» + v,***** » e, + Af, + Jf, V„ + A/jV,,, 
t,«..«». + v,«..«"t « ei 4. Af, + Af/xa + Af,'T«, 

there being exception only for a connected sequence of values of 0i and e^ 
of one dimension, those namely for which B (t^*"* — e) vanishes for all positions 
of {a); these values will be expressed below in terms of one arbitral*}* 
parameter. For such exceptional values the equations are still soluble in 
tact, but by an infinite number of sets of positions of (x,) and (^). 

Incidentally we see that if we consider the pairs of values of the two 
expressions 

for all independent pairs of positions of (^,) and (Of) on the dissected surface, 
not only does the pair (ui, u,) not occur twice, but two pairs do not arise 
satisfying equations 

u.'-'Ui^Mi'^ M^Tn + Afj T„, < - tt, « Af, + Af ,Vii + AfjV., 

wherein Afi, M^, A//, Aft' are integers. This can also be proved independently 
by noticing that if these equations were possible, and {wi'), {x^') the positions 
of (oi), (Wf) corresponding to the values u/, Ut\ the function 

exp [n:;,%, + n^r,, - 2^ (m.^'.' + jr.v«)] 

would be an analytic function on the surface, single-valued on the surface 
dissected by the cuts (A^), (A^) where it would have the respective fieu^rs 

exp [iiri (v,»»'»«» + v,«»'»«» - AT/tu - Af;T„)], 

exp [27rt («,•»'•*» + «,••'•■- - Af/Ta - Af/T«)], 
that is 

exp [2iri (ui' - u, - Af ,Vu - M^r^^] , exp [2trf « - tii - MiT^ - M^r^] , 

which are both unity ; the function would thus be a rational function with 
two poles of the first order, at (xi), (ds^), which we have proved to be impossible 
unless (ffi), {m^ are conjugate places on the surface, a hypothesis at <nice seen 



« 
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to lead to U| » oonstant, Hs « oonttant. The resnlt may be iDterpreted by 
putting 

and speaking of ti, <,, <,, <« as the coordinates of a point in a real space of four 
dimensions. Whatever ti, U, U, U may be we can determine real quantities 
th, Ah» fh\ H^ BO that 

for we have proved that if rn^pn'^i^n the determinaut lo-j is not zero, and 
the equating of the real and imaginary parts in these equations determines 
Ml. AH, A*i'. /*i' uniquely; speaking of two sets /i,, /h, /i,', ^ and (/*,), (m,). 
(Ah')> W) M congruent when each of the differences (/ii)-Aii, (fftO — fii, 
OhO — Ah'i (Mt') — /At' is an integer, we have proved that if we put 

and allow (atj), (x^, independently of one another, to take all positions on the 
dissected Riemann sur&oe, every set mi» A4» Ah^ IH or else a set congruent 
thereto,. but never both, arises, just once. In order not too fiu* to interrupt 
the prosecution of our immediate purpose we defer the proof of the theorem 
which is suggested, that in &ct the sets arising form a continuum of non- 
congruent values of four dimensiona 

We may similarly consider the aggregate of values for /i,* IH* y^% y4 
obtained by putting 

and allowing (tf?) to describe the whole dissected Riemann surface. As before, 
equations 

in which Mi,Mt, Mi\ Mt are integers, are impossible, leading as they would 
to the existence of a rational function 

exp [n;;;;,^ - 2« {M/v,'^' + M^v,'*')] 

of only one pole and one zero ; but it is not now the case that all values of 
A*i> AH» A*i'. fh arise. 

Returning to the vanishing of the theta function, we have shewn that 
if (*»i)» (f^) ^ ^^^ «^w)e of 6 («••*), the function 6(tf»* — t^***** — i^"^) 
vanishes at (xi) and (w^) ; thus if (tn) be any other position, and (m/), (m,') 
the zeros of B (i^"^'), the function expressed by the quotient 

is analytical and single-valued on the dissected Riemann surface, but with no 
zeros or poles, having factors at the loops (At), (A^) respectively 



ART. 10] 



for zeros of theta Junctiofi. 



31 



it follows therefore, m in the ergument above, that the qaotient is a constant 
multiple of a flinction of the form 

exp [2iri (Af/«i«'* + ift'v/'O], 
where Mi, M^ are integers, and that we have equations 

^m\ m^ ^ ^m,\ m, . p «'. « = Jlf, 4. M^Tu + lf,'T„, 

wherein Jfi, Jfg &i^ ^so integers; and therefore, that a rational function 
exists capable of the form 0^ where 



T-n 



«!* 



>!•< 



r.e 



r,f 



+ n».U + "«.«' - 2wt (lf,V.^ + M^v,'^^l 



having poles at (m,), (m,) and (m'X and zeros at (m,'), (m,") and (m). Now a 
rational function can easily be seen to be determined save for a multiplying 
constant when its Q poles and all but two of its zeros are given — being 
capable of the form 

wherein (xr, 1)q, (xr, 1)q^ denote polynomials of orders respectively Q and Q — S 
in ff, the Q4>1 + Q-2«2Q-1 homogeneously entering coeflBcients of the 
numerator having their ratios determined by the vanishing of the numerator 
at the Q places («r» — yr) conjugate to the prescribed poles (ov, yr)» ss well as 
at the Q — 2 assigned zeros ; thus if (m), (mj), (tUt) be determined, for an 
arhitraiy position of (m), and (m') be arbitrarily assigned, then (mi'), (m,') can 
be determined as the remaining zeros of the easily constructed rational 
function which has (m,X ("^X i^') ^ poles and (m) as one zero. 

We now shew that one possibility for the set (m), (mi), (m,) consists of 
three branch places, which may in fact be any three, provided the dissecting 
cuts be taken appropriately. For this, let the branch places in any order 
be named Ci, Oi, c^, a,, c, a, these symbols being also used occasionally for the 
values of w for which the fundamental seztic vanishes, with the proviso that 




if one of the branch places be at infinity it be named a ; suppose there are 
cross lines of the sheets between Ci and a,, between Ct and a,, and between 
e and a ; let the loops along which the surface is cut in order to give the cuts 
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(ilt), (A^ be such that wheo projected apon the plane of x they endoee 
respectively the pair of points Ci, Oi and tb^ pair of points c^, a,, tiiese cuts 
being in the tipper sheet ; in a similar sense let (ilt) enclose Ot and c, and 
(iii) enclose Hi* Ct, a^ and e, and also the loops (A^ and (^4) ; we can then 
prove that 

For this we prove that, if 0^ ^ denote any two of the farsnch places, 
and the integral be taken on the dissected sur&ce, 

v^^ ^^(M,^ J//Tn + Jf,V„), !;/.♦ - i ( Jf. + M,'t^ + Jf.V.), 

wherein i/|, i/t> if/» M^ are integers determinable at sight from the diagram, 
by the following rule : If this diagram, and a path on the surfiu^ from ^ to 0, 
be projected on to the plane of a: below, and if this path cut the projection of 
any period-loop, fi times from the right side to the left side, where fi is 
positive, or — fi times from the left side to the right side, where fi is negative, 
then we are to take, as the corresponding contribution to the sums on the 
right sides of these equations, fi times the half period associated with that 
loop. *For instance, to explain first the rule, suppose we consider v/*'** : in 
going from Oi to Ci we cross from the right to the left side of (Ai) ; we are 
thus to reckon ^ towards ^Mi for V>**> and sero towaids |Jft fi>r V»'*>. To 
prove the rule, notice that we can go from ^ to tf on the dissected sur&ce 
entirely in the lower sheet ; consider the path lying above this in the upper 
sheet ; it will be broken at various points by the necessity of a detour to 
reach the other side of a cut; suppose these detours give on the whole 
respectively. Mi times the period associated with (il|), M^ times that associated 
with (ilt), Ml times that associated with (ilt) Ai^d Mf times that associated 
with (il4) ; then since y has opposite signs, and therefore dvr'*^ opposite signs 
in the two sheets, we have 

«,•.♦ - - «,•.♦ + Jf, + Jf/Tu + iftV„. 

|^M«-fl,M+ If. + lf/T. + Jft'Ttt, 

where the integrals on the right are evaluated on the lower sheet, and those 
on the left on the upper sheet of the surface ; these are the equations stated. 

It is convenient to denote these equations, for the present, by putting 

«».♦ - i /Jf,' if;\ ; 

then in pArticular we find 

••••-J/ On, «^««J/0-1\, »«»•«•- i /O 0\ , »•••'• -J /-I 1\, 
\"1 -ij \0 J \0 l) U 0) 

so that 



V-l -1/ U p,) V-l 0) \q, qj 



«y, 



/ 
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giving pp\ « j^p^' + p^, - odd ; qq\ « g,}/ + }///, « odd ; 
now we have previously shewn (pp. 23, 24) that 

and that, if qq' ^ q^qi -¥ qi/g^ be odd, the fiinctioo B on the right of this 
equation is an odd function, and therefore vauishes for v « ; thus when qq is 
odd, we have e(jng)«0. This shews that e(r«"«)«0, and e(t-«'«) = 0, 
and therefore that the zeros of the function S{tf**) are (Ar)»aj, (a;)sa2. 
Hence, by what has preceded, the function 

vanishes for (x) « («i) and (x) « (a^\ 

It follows thence, by putting (wi) for (xr), and then (x) for (d^), that the 
function 

vanishes for all positions of («). As the function 

or say B(v 4* Qm)* where nii, m,, nii', m,' are integers, has the same zeros as 
B (v), and we have proved that 

or say !;•«•• = !;••«» + Il„», and as «*•*• ~ t;**"* is the same as !;•••+ 1^*», it follows 
that 6(t^'' + v^*^) vanishes identically in regard to (x). In other words 
B{u) vanishes when tii, Ui are replaced by functions of the same independent 
variable of the form 

for all positions of (x). 

We prove conversely that every pair of values of iii, «, for which B(u) 
vanishes can be put into this form, save for the addition of integral multiples 
of the perioda Suppose B(u)^0; suppose also, if possible, that B {if*' + u) 
vanishes for every position of (x) and {£), Consider B(r*»' + r'»''' + u); for 
(x)tB(g) this reduces to 6(iH^*''*4>u), which vanishes by hypothesis; for 
(x)^(£i) it reduces to B(v'>''-fu) which also vanishes; and as v«i*«iBt;C**^, 
where (fiX (Ci) ^^^ ^be places respectively conjugate to (xi)^ (zi) — for the 
change in the sign of y involves a change in the sign of dvi and dv^ — the 
function 6(t;*'' + V»»'' +tt) reduces for (ar)«s(fi) to 6(f^'' + u), which again 
vanishes, by hypothesia The function B(v'''-|-«*>*'* + u), regarded as 
depending on (x), has thus three zeros, and therefore, by what was shewn 
(p. 26), vanishes identically. Next consider 6(«^' + iHfto'> + t^*« + u), as a 

B. d 
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fuDction of (x) ; it has, with otherR, the three seroe (t), {si\ {$^), and therefore 
abo Yanishes identically. So more generally the fiinction 

for msl, 2, 8,..., vanishes identically; from this, by supposing (xm) taken 
in the infinitely near neighbourhood of {Sm)f we infer that the first partial 
derivatives, d%(w)ldwi, d%(w)l9Wf, vanish identically for 

a similar inference is possible as to the second partial derivatives, for the 
values 




of the arguments, by supposing, in the first partial derivatives, «hi-i to 
iCpproach to £i^i] and so on. On the whole then, from the hypotheses made, 
that B (tf) » and that B («*•' -f u) « for all positions of (x) and {£), wonld 
follow that B(u) and all its partial derivatives of every order, were zero. 
Hence we deduce that if S(u)^0 there are positions of (t) for which 
B (v^' -h u), regarded as a function of (x), has only two zeros ; of these zeros, 
one is manifestly (t), and if (t) be the other, we can write, save for multiples 
of the periods, 

and therefore u « «•»•• — t;** ■«, 

(i) being, as we see, perfectly definite. This is the result eouuciated above ; 
if («) be the podtion conjugate to (t) we have, save for periods. 

With the dissection of p. 81, we have 

if then we write 

\\J \\ \t) V ij 
the result is that BIu; j vanishes if, and only if , u be of the form v** ■ 

11. Recall now that we have (p. 25) 

a (u) = e^ B (v), 



and hence 



where 






«2 2 2 a,..(ii/-0(tir-ti,«); 

rmi t«i 
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•bo (p. 11), 



k^if^ 



►'.I* 



S.l» 









-222 Or.ttlr'" (!!,'••''• + ll,'-''a) 
r«1 t-l 



if, io particular, 
then we have 



U**'", 



r.# 



Recall also the equation (p. 10) 






k: 



i«iti»i 






which gives 

These notations being made clear, consider the function 

wherein a, a, , a, are branch places, as before, but (xi), («,), (/^i), (ah), Oa)* Are 
arbitrary places. This function is analytical and single-valued on the dissected 
surface ; it has, on account of the theta quotient, zeros of the first order at 
(^)> (^)> fti^d poles of the first order at (ji^\ (ja^) ; but, on account of the 
exponential it has poles of the first order at (wi), (a^) and seros of the first 
order at (fii\ (ji^); at the two sides of each of the period-loops (il,), (A^) its 

values agree, but at (A^), (A^) it has factors «'*^^», e"***^", where 

is sero, as also, similarly, is Hf. The function is thus equal to the constant 
value taken by it for (x) « (ji). Thus, putting 



we have 



«,i* 



*.i* 






log 



e (»••• -rf) 1% (»»'■-»') 






From this, by the lemmas jost precediog, we obtain 

We have proved (p. 29) that we may regard the arguments (ti,', u*'), and 
the arguments (u,", u,"), as the independent variables, the places {x^, (<r^) and 
(Mi)i (ah) being functions of these ; hence, from the equation 

^Mtt'-'-tt")/ &(«'••-«")'•'• ••" "'■^"•"'^ )i,«''' +(«•-«. )i,'•^ 

»— 2 



WBtem 



«. 
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which is another form of that last obtained, we obtain, by differeDtiating 
in regard to Ur\ for r « 1, 2, 

therein we employ the notations expressed by 

SO that, from (p. 26) % (f 4- fU) *■ exp [F^ (u + in«,) - 'm^'^^'i'] ^ (t^)> we 
have 

j; (tt + n»,) - fr (m) - (iSTrnV « 2i7n mi + 2iy„ wm- 2l7'n < + 2l?'r« <. 

•nd |^ff(tt + nj«|^„(tt). 

Now, by means of 

' Vi Vt' ^ vi y» • 

the partial derivatives dxi/dur*, dwjdur' can be expressed ; when this has 
been done, let (o^), («,) be replaced by their conjugate places, by changing 
(«i, yi) into («i,-yi) and (a^, y,) into («i,- y,); thereby Ur'-Ur*"'' +ti^'***« is 
changed to 

- Ur' + 2«n ffh + 2«9„ TO, + 2«'„ fill' + 2«'r, m,', 

where nii, m,, m,', m,' are certain integers; as Cr (t^ + ^) — (rCt^) depends on 
these integers and not on ti, the left side of the equation at the top of this 
page becomes 

thence the equation is found to have the form 

- !/>''' + lA*^ +{; (U*^-* + mO - i/r (m» «i. «•). 

where the two functions /r (07,0^1, a^) are those given by 

///r/r rrW gC^^^^^) . yi(^-g-^) . y«(gl-ar-fl^) 

the left side of the equation is thus symmetrical in {w\ (xj), (d^), and the 
right side is obtained from the left by putting (fi) for (x). It follows that 
the left side is independent of {«), («i), (a^), and we have therefore 

where Cr is independent of («), («|), (a:,). In this equation allow (x) to 
approach indefinitely near to the branch place a, which we now suppose to be 
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at infinity ; the limit of the left side is perfectly definite ; bo therefore \b that 
of the light side ; the right side may be regarded as the sum of two parts ; 
for r » 1 these parts are 

A ^r Ai y(^-^i-^ > r«.^ ft„l yi (^>-^^-^) .^ yt{^2-sc'-x,) 
and for r SB 2 they are 



^-0,+^ 



-i,«^ 5,-J 



yi 



+ i 



ifL 



(ar-a?,)(ar-d:,) *^ * *'' * (a?, — dp) (jt^ — a:,) ' * (a^2 - *) (^2 — ^j ) ' 

the limits of B^ and £$ when {x) approaches the branch place at infinity are 
respectively 

»l^X^ 

as to the limits of Ai and ilt» we know them to be finite, and it can be 
shewn that they are independent of (x^ and {x^: the fundamental equa- 
tion being taken in the form y'sX^+Xiff-i-... +\i«*-f ia:", we put x^f-, 

y»^t'~*(l + ^X«f + ...)^, and expand in powers of t\ the negative powers 
iniy(^*^'^)/(^— ^)(^— d^) And iy/(d; — «i) (ff — 0^) will, of course, as may 
also be verified by computation, cancel the negative powers respectively in 
Zi'*'' and Lf»^\ the positive powers of t will vanish with t\ the terms 
independent of t are the limits required ; but both 

are changed in sign when the sign of y is changed — the expansions of these 
thus contain only odd powers of t and no terms independent of t ; if X,, X^ be 
the terms independent of t in Li'>^ and Lf*^^ the limits of A^ and A^ are 
thus Ci — Xi and C, — X,, and these are independent of {x^ and {x^: in fact 
they are both xero ; for, being the values of 

and being independent of («i) and (o^), they may be obtained fit>m these 
expressions by writing herein {x^ » (Oi) and {x^ » (a,) ; as & (u) is an even 
function of u, the functions ^i{n\ ^t{u) are both odd functions, and vanish 
forii»0. 

If then we put 

w^ » t4^«i.«. + ti^«t,«i, (r = 1, 2) 

we have proved that 

- fi (tl) = i,*»»«' + X,"^*« - i yLZy* ^ -. {; (v) « i,«,.a. ^. IjCt.a, 

We now differentiate these expressions in regard to Uj and i^; the 
fundamental equation having the form 

y* « X, + Xi* + X,a* + X,ir» + X^.T* + 4a», * 
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we suppose, we have 

8Ui ^— -dSs' oils dq'dSs* CU] 



*i — X| 3tlj 4?! — Sl| 






patting 



r-O 



and, M before. fniM)^ huiu^ ' 

we thus find 

Rrom these, if j,^ („) . ?fei!i) . 

we obtain 

where 

Thus we have 

Vi - «if^ (w) + f^ (m). yi « «if a(w) + 1^ (ii), 
and these, together with the fact that ffi, x^ are the roots of the equation 

«»-«Pb(u)-|P„(u)«0, 
give the solution of the inversion problem expressed by the equations 

It can be »hewn, from the values of f^ (^), f^n (u), fn (u) in terms of the 
two places (^), (a^), by elimination of these, that there exists the equation 

-0; 



-\ 


iX. 


2fu 


r^ 


k\ 


-(X. + 4f»„) 


ix. + 2|>„ 


2f>. 


2f>u 


iX.+ 2f» 


-(^ + 4f^) 


2 


-2f» 


2f>. 


2 






further, from the values of f^(ttX f^n (ti), fm (u), fui(ii), that these functions 
are in the ratios bf the minors of the elements of any row of this vanishing 
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detenninant, and that tbeir squarefi and products, sucb as fi^Mt fMf^* '^'^ ^'^ 
rational integral polynomials of the third degree in fn, ffn , f,, ; in particular 

is at once found to be («i-«t)^[-^(«if «i)- 2y,yJ, or 4f>n; thus it is easy 
to see that f^^ is one-quarter the minor of the element — X« in the first row 
and column of the determinant above ; thus we have, for arbitrary values of 

(•» n» *%f nt 

JX, -(X, + 4f„) iX,+ 2f« 2fH, /, 

2fii iX,+ 2f^ -(X,+4pb,) 2 Z, 

-2fi, 2f^» 2 4 

Z. 4 2. 4 

We shall however obtain these results from a somewhat different and 
more interesting point of view, as follows in the next chapter. 

Nate. It may add to simplicity to anticipate later discussions by the 
following remarks. If we write w » fn(u\ y ^ fii(ii), t ^ Pii(^)i *D<i denote 
the above symmetrical detenninant of four rows and columns by A, the 
equation A«0 represents a quartic surface having a node Sit x^O, y^O, 
jt » 00 ; the equation is in fact a quadratic in g. For any value of the plane 
0* — 0ff — y»0 is a tangent plane of the nodal cone, whose equation is 
at once found to be ff* + 4yB0, and two such planes ^-0x-y«O, 
^ — ^— yisO cut in the line x^d-^^, yim^d^. The equation A«0 
can be found easily to reduce, when a; » + ^, y » — ^0, to 

[^{0-4^yz-F{0, ♦)p-4/(tf)/W. 

where /(ff)»X«-fXiff4>... + X^ -fid:*. We have thus the parametric repre- 
sentation of the sorfiBkoe in terms of two arbitrary parameters 0, ^. The 
equation A ^ may be supposed to arise geometrically as follows. If {, 17, 
(; T be homogeneous coordinates, and 

Qi-4(i?T-f«), Q.-4(i,{:-fT). Qs-4({f-i7«), 

p,- - x^ + x,fi, - x,i,« + \.i,{:- x,r + ♦fr, 

the equation Q«a^i + yQt+'Qi + P4«0, 

for varying parameters x, y, z, represents a system of quadric surfaces having 
six common points, namely those where the cubic space curve 

is intersected by the quadric P4 <« ; these are (0, 0, 0, 1) and the five points 
of the cubic curve in which is one of the roots of f(0) » 0. The quadric Q 
will be a oone of vertex (f , 17, f, r) if the four equations dQ/8f » 0, dQjdvi » 0, 
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dQlh^^O, dQ/br^O be satisfied; eliminating (, % {; r from these equations 
we have the relation A » 0. If we eliminate m, y, £ we obtain also a homo- 
geneous quartic relation for (, % (, r, say «» » 0, given at length below ; this 
is capable of being put into the form 

^fdP,dF dP,dF\ dP,dF dP,dF 

where J'-efijfT-iCf- Vr + Sifp-fV, 

and represents a quartic surfitce having nodes at the common points of the 
quadrics Qi - 0, Qt « 0, Q, « 0, P^ ^ 0. Any point of the chord (6, 4) of the 
space cubic is represented by 

by substitution of these in the equation «» « we find thai this chord cuts 
the surface in 

and another point obtained from this by changing the sign of 4>, where 

as a chord of the space cubic can be drawn through an arbitraxy point of 
space, these formulae give a parametric representation of the surface c» » 
in terms of two arbitrary parameters B, ^. 

Further,, it is not diflScult to verify that the equation 

e.(r)«i(f)-«i(r)ft(f)--P4(r)es(f)+ei(r)P4(f)«o. 

when (f", fi\ (^, r') is any point on c» s 0, represents a cone whose vertex is 
the remaining intersection with c» « of the line joining the node (0, 0, 0, 1) 
of a> s to the point (f , ff, ^, r) ; putting, as above, 

f«e-.*, V--e^ + *tf,etc.. 
we find 

where ^#. 4 = i [F (0. 4>) - 2®*] (* " ♦)"" ; 

the cone has therefore the form 

and this, compared with wQi + yQ^ + sQ^ + P4 « 0, gives the preceding para- 
metric expression for A»0, 

It will be found that the surface oiibO is also represented parametrically by 
means of 

f-Pbi(tiX Vfm(u), t«|t,(u), T-p,„(ti). 
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THE DIFFERENTIAL EQUATIONS FOR THE SIGMA FUNCTIONS. 



18. Suppose dow that c, y, t, which we may regard as the coordinates^ 
of a point in three dimensious, satisfy the equation 

A-i-X, iX, 2t -2y|-0. 

JX, -(X,+4«) iX,+ 2y 2a? | 

2« iX, + 2y -(\,+ 4«) 2 ■ 
-2y 2x 2 

that is, ]ie upon a quartic surface, the properties of which will more 
particularly ooiioem us later ; let A^ denote the minor, in thb determinant, 
of thejth element of the tth row. We find on expansion 

iA„ « X, + X,« + \,a!* + 4«y + 4a» + 4«, 

i A« - X, + \y» + 4aiy* - 4y«, 

J A« - X^ - X,<ty + X^ + 4y»*, 

iA«, - tV (x,*x« + x;^» - 4X,X,\,) + (i V - X^) « 

+ iX«X,y + (iXjX, - X^) * + X^ + X,y« + X^ - 4X,«r + 4«*, 

JAb - |X, + iX^ + X^ - 2<w + 2y* + 4<y, 

i Am — JX,(t + Xiy + iX^ + 4y* + 2«** + 2a!y», 

iAu — iXjX, - iX,X^ + ( JX^ - JX, - iV) y - V 

- X,a? + 2X^ -X^-^X^ + SX^s-it^ + Gxyt - it!; 

JA. — X^ + JX,y + iX4^ + 2y + 2a:y«, 

iA« - - JX^ - JX,X|«; + (iX,V, - X.) y - JX,* - 2X^ + Xjxy + JX^« 

+ ^* + 2a»*, 

iA^-iV- iX^ - iX,X,» + iX,X|y - 2X^ - X,a!y + jX,y*- iX,a» 

+ X^» + 4y«», 
while A itself is given by 

tVA - A V - iX^ - JXA.«t + iX,X^ - X^ - iXAii^ + ( JX,V. - X,) ary 

+ (ix, - ix,x« + tVX.*) y» - ix^ + x^* - x^ + x,«^ - x^ 

+ iX, (y* + «y*) - \,y** + 4y*« + (« - y»)«. 
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Now let (, 17, (i T be four quantities detenmnad by 

A|, Am ilu Am' 

wherein, it is understood that x^ y, z are suppoeed mibjeet to the rebtioo 
A«*0; then, as A is symmetrical. 



aad ao on. 
If now 



^-if*-i-^^"-*^' 






it eao be easily verified that 

Pn-Qf PC-«i7, Pt-QC 
For^ of these, the first equation, multiplying by {ii, is the same as 

or 

Att(4^ + A»(JX^ + ary-4i)+Ai,(-4y)-A«(X,+ 2\,« + 4y+12a«) 

+ A.(4c)+A.(4); 
fton the determinant we have 

0--2[2^A«+(2y + jX,)A«-(*p + \,)A, + 2AM] 

-(X4 + 6«)[- 2vA« + 2a;A« + 2A,]; 

adding these respectively to the two sides of the equation to be proved, it 
rsdness to the identity 

Aii(2X^ + 12tf;y 4') « A« (2X^ + 12^ - 4r). 
Ths ssoood equatioo, multiplying by i^C, is the same as 

or 

- A. ( V) + A» (2X.y + 8«y - 4x) + A„ (- 4y) ; 
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•nd benoe 

*i.4.,l.«l + «l g(y^-n-»-iy(iyg-fr) a 

the oonditioDfi are 

and in virtue of Pit « Q{, P{;^« Qi;, these are the identities 

Potting TVA-*(«.y.f).wehaveCf-i)»-A^-|^. ««! 

wherein Au, A^, Au, 9^/9{ may be ezpreaBed as rational functions of f, x, y. 

Jt may be verified directly that for all values of «, y, {, even infinite values, 
satisfying the equation Y (or, y> f) * 0, these integrals are finite. For the 
sake of brevity however we shall follow the easier plan of shewing that they 
are reducible to fiuniliar forms. 

For this, define two quantities ti^U^y means of the equations 
and thence two quantities Si, i^ by means of the equations 
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wherein ti 18 the rational function of m^ y, ( given by i|«fAu/A„. Then 
from the explicit equations 

P-iAn, fiy-iA„, if-iA„, 
it is at onoe verified that 

,,t . Xo 4 X, t, + X,«,« + X,f,» + X, V + «,•. -/(<,). say, 
and Jb« «/(«, 

and altK) that 

which, from the equation A ■> 0, is the same as 

•i«i-i(A«-A„)--(ff-if); 



thus 






and since, from A«0, -yf+^iy + f-O, or (r»-(ii + <t)?;-^^(*-^^-^^> 
this gives 



while 






Now we have developed the theory of these integrals in the preceding 
chapter ; and we know thence that u;,, Wt are always finite, and that «, y are 
single-valued functions of Wi, tc;,; fiK)m their values ff>"ii + (|, y" — ^tg, 
coupled with ( *■ (^ — it) / (^ - ^)> (' * i An, it can be calculated that 

and hence t is also a single-valued function, where as before 

F (e,, <,) - 2 (e,«,)- [23W + X«,+, (e, + (,)]. 

It is therefore possible to prove these &cts as to x, y, ^ directly from 
the expressions 

* 
and, as will appear, it is of considerable theoretical interest to do this. 

These integral expressions shew then that the functions w, y of u;,, w^ are 
such that 






I 



dx 



32. 



;""' .^"^' 



and so 



hx dy 
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Their inver9e$ are single-valued. 



[ciup. n 



while, in virtue of the easily verifiable identity 



dx 



we have 



■0 that 



y f,dz dz 



tbo8 we may introduce two fuDctioD8 of u;,, Wi by means of 



then 






and we may introduce a function S(tt^i, u;,) by means of 

log 2 - j(Ztdwt + Zidwi), 



and 80 have 



«« — 



az. 



. 1 32 



8« 



dic^tdt<^ 



1 ^ 



logs, 



-al^'^^' 



and if these last be respectively called, for a little, P., Pa, Pu, we have 






»y. 






dfOi dic^a 



SttT, 8f£;, 



while from the easily verifiable identity 



we have 

The integral! 
in fiu^t 



ds ^ yds dz J. 



while 



-^.tt.„(!^.yb).,,(|.^) 



*l . *l\ _ «!**! . V*I 



• '"'•u, ^^.y^ 4(<,-«,)i U^»./' 

•nd we can verify that 
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this being, after cbaDging s^ into — j^ and multiplying throughout by - , the 
same as the identity remarked, Chapter I., p. 10, namely 



*^h (u^ur 



«3 9i St 



4»i 






thus in the notation previously used (p. 10) 

On the whole then the integrals w^, Wi differ only by additive constants 
from the integrals previously used 

while Zf, El differ only by arbitrary additive constants from the functions 
previously denoted (pp. 36, 37) by fsC^i* ^s)* Ci(^i> ^t) i^d the general 
form of function S is 

where ili, A^, B, Ci, (7, are arbitrary constants. This is a single-valued 
function, and an integral function; and the integrals thus make «, y, t 
quadruply-periodic functions of u;,, ii;,. 

But another consequence follows from these integral forms. From 

or 2fP„-f(X, + 2X4«H-4y+12«") + i|(*«) + 4C, 

which, since the form of A gives 

-2yf + 2a?i7 + 2f«0, 
leads to ^P^n - { (^ + iX^m + 4y + 1&e>) + 4y{, 

so that P«a - 6P«» - iXg + X*/^. + 4Pa, 



where 



^— 5^«^- ^-— a£.'o«2'«*- 



Putting, as before. 






d« 



it may be shewn that 

P{:-^-4y' + 2a» + iX,y. PT-g{:-6y«-X,-iX,« + X,y, 



Wffl^ 



I 



I 



• 



I 



] 
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aod hence, from the equations 

i*«i-iA„, p»«-iA.. p»«,-iA„ P",„-iA^, 

if we now replace P«, P^, Pan by fjy, pn, fi^, etc., that 

These equations are satisfied by ^ (u^i, tOs), and, as their form alone shews, 
by e^>"'»'*"^«^"*'^&(tt;i + Ci, w, + (7,), where Ai, A^... are five arbitrary 
constants. Their deduction given here, hom the forms for tc;,, tc;, as integrals 
of total differentials, shews that they are self-consistent; that their most 

general integral is of the form e^»"^'^-^t«^»"^^a(tt;, + C,. w, + Ci) will be 
obvious when it is shewn conversely that they lead backwards to the 
forms for tc^t and Wi as integrals of total difierentials. It is suflScient to 
indicate how this may be done ; and it may be remarked in passing that 
it was in carrying out this process that the forms f^m^\^ ^ere at first 
discovered ; the preceding deduction of these forms, though artificial, has 
been adopted as requiring less numerical computation. If tLese five 
differential equations be all satisfied by a single function o^ of iV|, tciy, with 



I 3* I 3" . 



then there are four identities such as 

substituting herein the values of f^, fba*--- given by the differential 
equations we have four equations which are linear and homogeneous in the 
four functions fi^, ff^n, fpm* fuu and linear also in ff^a. fVi> ffn- Eliminating 
the former functions we find that x^ffm* y *fb> '«fu are connected by the 
determinantal equation A «0, while f*f^, ^^ffm* C"f^> '^^fm bave 
their ratios determined by 

Au An Au Au' 

where A^ is the minor in A of the jth element of the tth row. Since A is 
symmetrical, and therefore A^ Aa » Aii A^, this is the same as 

Au A« '" As, '" A,|' 

aod it is required only to find these ratios. Putting ffm^l^ut fm^l^nt 

eta, we have 

3m A . ./a 3A„ , . 3Au , . 3Au\ 
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from which, sabstitutiiig for f^ and fp^a from the differential eqaations, 
and eliminating 8ft/9ut, we find /i* as a rational function of «, y, s, and in fact, 

as is seen on carrying out the work, M'^^tt-' Then the equations d?«ff^si 

y*fVi> give at once d«»{{{u;t+i;c{u;i, cly^i/cIte't+CcIti;,, from which the 
forms for u;,, ti^ as integrals of total differentials are obtained at once. 
By differentiating Pm^/iAu, |^*m^u in regard to Ui, and eliminating 
dfifdtii, we also obtain a form for /i* as a rational function of x, y, z; and 
similarly a form for ft' is obtained in two ways by taking such a pair as 
fm ^ A^itt fVii * f^u> i^cl so on ; that these various ways lead to the same 
form for /i* is clear by the deduction we have made of the differential equations 
from the forms of Wt, tc^ as integrals of total differentials ; but conversely we 
could start from the differential equations and verify this tsuct from them. 

18. The differential equations are capable of a much more gteeral form. ^ ^ 
This may be regarded as a consequence of the fact that if in the integrals V^ 
fdtis, ftdtis, where J*-X,+ ... + X^, we replace t by a form (ilt + B)/(0 + D), '•^^;fjj 
they are' changed into linear functions of themselves. It will however be ^"-^ ^ 
more interesting to establish the transformation directly from the differential 
equations ; and we begin with the general form of these and reduce it to 
the torm obtained above. Let then tt|, tt, be independent variables, a, or 
a (u), a dependent function, and 






y-- 



a» 



log*. 



3* 1 



Qmi'fmi- ifn9u - ♦f»«i*; 



these being also respectively denoted by f^(u), fn(v), f>ii(t(), and ^f^du^ 
by fi^, etc; let a,, a, a, be any constants and, for brevity, 

consider the five equations 

- 1 Qaa * i (OiO* - SotOi + 2a,a<) + a,x - 2a4y 4 Ot'. 
-iQ«u-i(a.Oi-9a«a4 + 8a,*) + a,* - 2a,y + a,*, 
- iftm - i (a.a» - 8aia4 + 2a,a,) + a,« - 2a,y + a,A 
-i0iui-a»O4-*<'i<H + 8o,» + a,x - ia^y + Ott. 

It is at once verified that if 



A i. -L 



an, au," 



we may write 



I t 
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where, after the differeDtiations have been performed, we are to replace 
<h^ W by Ui and u,. Using the ordinary iiymbolical notation put further, 
in any expression in which Oi, Oi, ..., a« enter linearly, 

confusion being prevented, in case squares and products of the second order 
enter, by the use of another set of symbolical quantities fix, A, such that also 
a»»/9/ ... Of «/9/, and similarly for expressions of higher dimension in a^...a^] 
then, with (a/9) » aifit — Oi/Si , it is at once verified that 

i(aia,-8a,a,+ 2a,a4)-i«,A(a,A+a,A)(o/8)*, 

i (o^o, - 80,0, + 2a,a,) - { a, /8, (Oj A + o,/9,) (0/8)*, 

i(a.a.-9a,a4 + 8a,«) -TV(«iW + *«i«iAA + «tW)(«/8y; 

hence if the differential equations written down, taken in the order of those 
involving Qfo^, Q^m* Qmi* Qnu* Qnu» be multiplied respectively by At^ ^%, 
6h^hi\ 4Mi', hi\ where A,, h^ are arbitrary quantities, and then added, it is at 
once seen that they give 

i AaW - («/8y (uW . trc' - a»f (a^Y at/, 

where A^vAiAi + AtAi, oj^ >■ aA + Ot^t* (aA)«aiAs<-a|Ai, 
and, as before, after differentiation Ui\ u^' are to be replaced by Ui, u,. 

Now let Xi, /bH, Xt, /As be arbitrary constants whose determinant X^fi, — XtAH 
is supposed not to vanish, and will presently be taken equal to unity ; put 

tii«X,»i + MiVs, <-X,»i' + /[4i«i', *i-X,*| + /[4,ii, 
u, « Xgth + /4,«i, Ui' « X,»i' + A«iv/, As - X,*! + /i,!^ ; 

further let il^, il,, Bi, B^he symbolical quantities defined by 

ill - «iX, + «,X„ -Bi-AX, + AX„ 

• -it « «i/t*i + at^» ^t-A/tH + /8,/i„ 
80 that, for instance, 

A,* - a, V + fioi V^ + . . . + a. V; 
we denote ^1, Af, Bi, B^ respectively by Sxi fl^) /^ai /9|,; we have then 

a ^ a . ^ a a 3^3 

5;;"^air,"*'^as;' aJi"^aJr,"^^ajj,' 

a a 

and V^ « — - — , « X, Aj + x,At, « Ax, say, 

a a 

^t - gr - g;^/ = Ml Ai + /A, A„ - A^, say, 

and hence Aa « Ai A^ + A,A, « Ar,Vi + ifct^t « Vj^, 

with (ilB) - (X^) (0/9), (^V)-(V)(«V). 
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Thus the differential eqiiations are the same as 

iV.^lT - ( V)"' (ABY Ai?Bi? . 22' - (V)-^** {AVyiT, 

where 2(vi, t;^)«0-(ti,,U|); herein k^kf, being independent linear functions 
of the arbitrary quantities hi, A,, are themselves arbitrary, and the equation, 
save for the powers of (X/i) which enter, is of precisely the same form as that 
from which it is derived; supposing (X/i) ■> Xi^ — Xt/b^ « 1, we may then 
equate ooeflScients of like powers of ili, itt* ftnd shall so obtain five differential 
equations of precisely the original form, save that a«, Oi, ..., a» are respectively 
replaced by il,- ax*«atX,'+...+a,X,', ili«aA'a^"a«Xi'/bH-l- ..., ..., il,* «[,»•; 
these are the ooeflScients of the powers and products of ki,k% when we write 



The functions 



P-— 



a" 



O^tfiVi 



log 2. 



Pu-l-.log 2 



are then given by 

and there are similar equations for the differential ooeflScients of the third 
and higher orders. 

We can now choose the four constants X,, Xt, fH, fi| to satisfy three 
conditions in addition to the one already imposed, Xifi,-Xt/bii»l. For 
instance we can take 

A.^0, il,-0. 6il, + 16il,+ 20^+16i^4 + 6^»0, 

so that, for arbitrary tc, 

ilt + (Ll,«+... + -4««*»6il,«(l-a:)(l-pix)(l-p,«)(l-p,«); 

or we can take ^••■O, 6Jt*4, in addition to another condition, which may 
be for instance J4 » 0. 

We shall limit ourselves to taking ^^ « 0, 6il. « 4 ; for this it is necessary 
that fh'^fh^t where is a root of the equation 

/(«)-a, + 6a,«+... +0,^-0; 

taking X^^ 0, we have then Xifh'^ 1, and 

|-jl.«aAV«a,X,/[*i» + 5aiX,M,*/^ + ... + a,X^A^*-^A*i*(«t + 5ai^+... + a.^)» 

or 1/^"*- Of^* + 5aitf^ + ... + a«; 

then 



£2 The solutian [chap, n 

Now put 

ilt«X«, 6ili«X«, 15ilt«Xt, SOii,«X„ 15il4«X«, 
and 

Jf--P«-AVi-^«-M4. F-P„-A^-P„-i^, -y-Pu-A^-Pn-M.» 
•o that 

where Si « e'^S, 1/ « i<^4 V + i^^tt^bVi + 1 AfVi\ 

and put Pan * ]r-t • ®^* 

Then it can be verified that the differential equations take the forms 
previously obtained; for instance 

- 2P,» + il.il. - *A^A, + 3il4« + A,Pn - 2il,P« + -4eP„ , 
which is the value of — ^ 7—^ log S (v), becomes equal to 

-2(Z + f^y-Jil, + 3^« + ^(X + fil,)-|(F+M.X 
or - 2Z« - y ^, - 6il4X - |F, 

or -J(6Z« + iX, + \,Z + 4F), 

as in the differential eqiiation of p. 48. 

We recall now (pp. 13, 25) that the dependent variable of the previous 
differential equations was a function 

where iT is a matrix of non-vanishing determinant, such that if the periods 
for the integrals 



Fj*'^- Ty-^cir, Vj^^m^Ty^wdx 



be given by ly^cfc 



Sshi 249|| Sd^ii Zii^ 

^CI9|l Zl0|s Z€0f| ^C0|| I 



then 2JEro» » wt\ 2iro»' « wtr ; while C was such that 

J.Je 4(«-*y y * ''^^ 

To obtain the dependent variable of the generalised form of the differential 
equations we are thus, as appears from the preceding work, to multiply by 
e^, where fl" « - ^Kv^* - A^^^ " ^^ V. and afterwards to replace Vi, Hb by 
111, 111 determined frx)m the equations 
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where |/ir*«at^+...+a,. 

Now let 

add, to the equation above which defines C, the quantity 

or 2/{A^«^ + A^(* + '^) + A^}y7; 

it is at once found, with the values ^o*^> 6Ai»\i, etc^ as given above, 
that the expression 

+ 6 (^, + 8il,« + SA^a^ + J.«*) ^ + 2 (il, + iA^x + SAgO^ + A^a^) ^ 
is equal to 

the expression F(«, s) being as before S (o:^)' [2Xtf + Xt(^i(d? + r)] ; and it will 
be seen that the former of these expressions can be written symbolically 
as 2(Ji + ^afl?)'(ili + ilt')'; finally notice that if we put 

we have 

we can then formulate the result of our transformation as follows : — 
The differential equations of p. 49 

- H^(^) ■ «A - 4aA + 8a/ + o4f>B - 2a4>n + 0^, - 2pB», 

etc., etc. 

are satisfied by 

where, if 2s», 210' be determined for the sextic f(x) » a« + fioid? + . . . + a«a^, and 
a certain dissection of the surface representing j^w^f{x\ as the periods of 

the integrals f y^da?, I wyr^dx, then A is a matrix of non- vanishing 

determinant, r a symmetrical matrix of non-vanishing determinant deter- 
mined respectively by 2A« « wt, Huaf » irir ; and c is a symmetrical matrix, 
determined, if /(«) be symbolically written Otf = (a, + «,«)•, and «" «/(*), by 
the fiM^t that 

is the normal elementary integral of the third kind !!''*• 
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The differential equatioDS being thus shewn to have an invariantive 
diaracter, various properties of the qnartic sarfaoe which is represented by 
tbe relation o(mnecting |^, fVn fVi &i^ ^t once dedudble. This is explained 
below, in the chapter dealing with the geometry of this surfitce. 

But the form obtained for the differential equations, 

is of importance also as shewing almost at a glance how the differential 
equations may be used to obtain the expansion of the integral function c{u\ 
This is explained below, in the chapter on the expansions. And these | 

expansions in their turn enable us to prove succinctly various relations | 

involving the functions ff^a(u), f^2i(u), |^i(u); the properties developed in the 
next chapter in regard to the geometry of the surfitce are for the most part 
restricted to those which interpret these analytical relations. 



/ 



CHAPTER III. 



ANALYTICAL RESULTS RELATING TO THE ASSOCLLTED 

QUARTIC SURFACES. 

14. iNTDfATKLT related with the theory of the functions under con- ^^^^^T^^^^^ 
sideration are two quartic surfaces. We give now certain elementary ^^ tZJi^xiii 
properties of these, deduced, for clearness, independently of preceding 
results. 

To illustrate one step in the argument we presently employ, consider first 
a simple example. Let a quadratic form, of non-vanishing determinant, 

which we denote by oj*, become, by a transformation written {«/^, that 
is by 

fr « Mnf / + A*r.f/ + A*r.f.'. (r-1.2,8), 

changed to aff^ or 

80 that a'f*« af"«a/i4f. /if « T^^jJ^^, 

and therefore a'^fuifi, namely 

W On' Ou'V-Za^u /%! fh\/(hi Oil «m\ /Mu 9hM A*it\; 
On' dm' ^' \ I Mis Ms Aht if On a» a» ]| Ms /hi /% 
Oa On On'/ \Mi» fht fht/\<hi ^s as/\Ma Ms A*s^ 

if A, A", if denote respectively the determinants of a, a' and /i, this gives 
A' K if >A. Now the relation a' « fia/i is the same as a ~^ » fT^w^jA"^, 
obtained by taking the inverse of both sides ; if Pn |>t» Pi be three variables, 
and (j)|', pt\ pi) - m(Px. ft» Pi)» o"* P ■* M~y» ^^ have therefore 

or, since 

a-»-/A-M„, A-M«, A-'il«\, 

A-M„, A-Ma, A-M« 

A-'il„, A-M«, A-»il, 
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we have 
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a.' 


ft' 
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Oh 


Om 
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a.' 


a.' 


a«' 


ft' 
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<>« 


a» 


ft 


ft' 


ft' 


ft' 







ft 


ft 


ft 






tbe determiDant on the right being the quadratic form a*^ multiplied by 
- A. The transformation p' « Jip gives p'f ', or p,'f/ +Pi'ft' + Kf»'» ^^«^' ^ 
MP^^I^?P'^iP^Pi\ conversely p'f "Pf defines the transformation of p 
from that of {. 

Consider now the expression 
where 

partially expanded this is 

2 A*^A (^W + «.•*!• - Stfi^i*!*.) - 2A/8. (^1^ + ^.^i) (^1*1 - 9^r 
+ 2A«d,^ {d^r - K'^i* («iW + 8a,^i^«^ + 8a,a,Vi*i' + «,»^0 

suppose that, in the fully-expanded form, /8,', /SiiS,, /S;^ which enter linearly, 
are replaced respectively hy x, —y and « ; that 6i*, 6^^, 0,0,', df^ which also 
enter linearly, are replaced respectively by f, - 17, (T <^d — r; that ^*, ^*^, 
^^'1 ^' ckre also replaced respectively by {, - 17» C» ~~ ^ ! ^i^^l that Oi*, ai'Oi, 
al^^ ... , «,* are replaced respectively by a,, Oi, a,, ... , 0^. The expression 
then becomes the quadratic form in {, % {f, r, 

-f(a*f-8a,i| + 8a,f-a,T)-i;(-8a,fH.9cvy-9a,f + 8o4T) 
-f(Sa,f- 90,17 + 9a4t-3a,T)-T(-atf + 3a4i|-8a,{:^.a.T), 

whose coefficients form the matrix 

IT" ^ — Oi , Soi , 

Soi , — 9a,— 4f, 

-8a, + 2r. 9a, + 2y , 

a,-2y , -Sa4 + 2fl:, 

80 that, using f to stand for the row (f, 17, C, r), the quadratic form may be 
written K1^. 

Now subject {, 17, (T* ^ ^ ^ linear transformation, as in the illustration just 
considered, but not to the most general transformation in four variables, but 
to that, depending only on three parameters, which is defined thus: let 



-3a, + 2r, a,-2y 
9a,-|-2y , -8a« + 2a; 
-9a«-4p, So, 
So, , -0, 
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\^ ^> Mil A^i 1>^ four parameters subject to X,Ait — X^»l; put, in the 
symbolical expression we have used to define the quadratic form K^*t 

•iDoe these give 

they leave the form quite unaltered ; they give as the transformation for 
ff ^» C* ^» ifi of course, we take f « tf,'*, etc., 

-X,%, 2X,X^ + X,«/4, , - X^i* - 2X,/A,/i„ ft,*/*, 
or its equivalent 



(rv,r.T'). 



-8X^» 



Mt* 



(f.v.r.T')-/ /i,*. 



8/i|^/ , A4|» V (f i». t,T); 



MtV, 2m,XAi + M,V. a*, V + 2/*|X,X„ MiV I 
V . 8X,«X| , 8X^« , V / 

at the same time w^Bj*, y^-ftft, e«ft* are connected with x'^d^^, 
y^ s - 01 di^ t « ft'* by the linear transformation 

(«.y.^,l)-/ V . -2Vi , ^« , X («'. y', «M). 

-XjX,, Xi^ + X^, -fti/i,, 

V , -2X^ , Ai,* , 

, , 0,1 

which 18 afterwards denoted by {x, y, r, 1)« m(d/, y', /, 1^ or its equiva- 
lent 

(«^,y',/,l)=y /!,« , 2/HMi . Mi\ Ox(«,y,#,l); 

V . 2?gi, , V , 
, , 0,0 

while 

Ot' -ax*- o^* + 6a,X,% + ... + o^X.*, 

With these changes we have 

that is 

«4r' (17V- n + ... +(-a,'p + ...-a,V»). 



«A*«^. ...» di^fl^. 
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i\ i 



Thus if we write the transformation for f , i;, (; r in the form ( » |&f, 
we have 



f. a,-2y , 


c. 


, - 3a4 ■»• 2ay, 


, -Sc, 


'. So, 


, 8c 


-flf , 


► -c. 


-c, , 






and, since, as is easily verified, the determinant of /a is (Kifh^'^^hY* <^ nnity, 
we have, as in the illustrative example previously considered, the conse- 
quence that the determinant 

-Oi • 8a, , -8a,-haf, 

8a, , -90,-4^. 9a, + 2y 

-8atH-2^, 9a, + 2y, -9a4-4a:, 

a,-2y , -3a4 + ar, 3a, 

C . -3c , 3c 

is unaltered by the transformation, provided the transformed quantities 
Cf', c') Ct\ c' ^ defined by the identity 

cf-8ci? + 8cf-CT-cT-8cV + 3cr-0iV; 

this identity gives, if we write, symbolically, c«7i*t C*7iVt» ^"TW** 
Ct^yft And similarly c'">7i''> c'^'Yi'Vt'* -"i ^he eqoation 

7/-7/V 

thus the equations of transformation for Ci C> C> C &re 

Ci'«7A*-CtX,»+8cX,«Xt + 8c^V + C,V, c'-Ya'Ym. c^^y^y^^ c^^y^^ 

In explicit form the ten equations expressed by K' » JiKii are 

r r # • 

these giving every element of the matrix £*' as a linear function of the 
elements of the matrix K. 

Further, it will be remarked that the equations above which express 
« , y\ t in terms of x^ y, t are the same as those occurring in the previous 
chapter (p. 61) to express P^, Pn, P-a in terms of §1^, fn, f,,; and if we 
there form the corresponding equations to express P^i, P^,, ... in terms of 
fbiif^t*** > n&melyi by means of the equations there occurring 

— « — + — , -^«X,-?-+X,^, 
cOf cii% 9u, cv, 9us QU\ 

it is at once seen that these are the same as those whereby here ^, ^\ KH, r 
are expressed in terms of f , 17, C, r. 

Taking in particular X,, /i^, X,, fi, so that 

a,'«a^«-0, 6a,'«6aAa/=4, 
putting then 

a,'-X^, 6a,'«X„ 16a,'«X„ 20a,'«X,, ISa/^X. 
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\ 



I 




wherein, however, x, y, z do not necessarily satisfy the equation V » 0; if we 
denote them therefore by o^, j/i, jTi, and denote by x,y,z a point satisfying 
VaiO, the quadratic form may be written 

dv dv dv VJ 

and its vanishing represents the tangent plane to V « at (or, y, z). 

It may be remarked in passing that the determinant of five rows and columns 
occurring above, oouiiieting of the determinant X with the elements c^, -3c], Sc^, — e^, 
written to make a fifth row and a fifth oolumu, if we change the sign of the first and third 
oolumns, then of the second, fourth and fifth rows, then divide the second and third columns, 
as also the second and third rows by 3, and write {x«i6|, {y=6|, {<-^>, becomes 



Oo • 


«i 1 «f-3^» 


0,-96,, e^ 


«1 , 


a,+afco, a,+6, , 


04-861, 0| 


«i-3^. 


a»+^, ««+«*», 


<H • C| 


0,-9*1, 


a«-85„ Oft , 


Of > ^ 


<ki , 


Cl 1 c, , 


ct , 



and it follows by what has been proved that this is unaltered in value by replacing 
Or by oj"**©!;, 6^ by J^"''^, where 5,«-6tt, ^A-61, A"-^, and c, by yj-''yj[, wherein 

Xi/i,-X^i = 1 ; namely, for linear transformations of determinant unity it is an absolute 
invariant of the three binary forms, sextic, cubic and quadratic, denoted by a/, y.*, B^. 
So the determinant of four rows and columns obtained by omitting the last row and 
column of this, is an invariant of the sextic and quadratic And herein 6^, 6|, 6, may be 
rei^aoed by any the same constant multiples of themselves. 

15. From the invariant character of the matrix K we can now obtain 
certain geometric properties of the snriace Vb|£'|bO. 

Firstly, as we have seen (pp. 57, 59), by means^of equations of the form 

X « iifw + 2ihlhy + Ih*^ - }aA*a,.*, F- /*At« + (MiX,+ f4,X,) y + /^X,jr- \aifa^, 

where Xi, ^h, X,, /i, are such that Xifi,-X,/4,«i 1, a/«0, ^^0^^%^ it is 
reduced to the form A » 0, in X, F, Z, of which the expanded form has been 
given before (p. 41); supplying a multiplier T(-> 1), to render the equation 
homogeneous, we have V » \QF, where F is of the form 

j'-r»p-r[Xo2:«-x,2:«F+x,zF«-j\,(F«+xFZ) 

thus 7aiO gives F^{XZ^ F')', so that the surface touches the plane at 
ity along the conic XZ— F* ■■ ; also, in form, 

^-rZ + 2Z(X?-F«), |p«rif-4F(ZZ-F«), 

^-riV+22:(JZ-F«), 



^F 
df 



2rP-[X^J«-X,Z«F+X,ZF«-iX,(F»+ZFZ) + X4F«r-4F^«]; 
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the surfium dFfhX^O, BF/dY^O, d/ydZ-O, 8^/87-0 thus meet T-O 
retpectiTely on the conic XZ * F' » and the line £^0, the coDic 
XZ- F*«0 and the line F-0, the conic XZ^ F*«0 and the line Z«0, 
and on the cubic X,Z' — ... — 4FZ'sO; the six intersections at infinity of 
the conic and this cubic are given by Fb — 0X, Z^ 6^X where, as we see at 
once on substituting in the cubic, is a root of the equation 

together with X^O, F»0, Zsl, corresponding to 0b». Also when 
Z, F, Z are infinite we have 

Thus we infer that the surface V » touches the plane at infinity along 
the conic «x — y* » 0, and has nodes on this conic at the six points 



i--^ 



z 



X 



-2F 
2Z 





where 9 is any one of the roots of the equation 

0, + eoi^ + 15a,^ + ... + a.tf»« 0. 

Further, by taking the coefScients of trausfonnation X,, ^, X,, ^ to 
iatiafy the equations 

the transformed form of V becomes of the shape 

. W . 2Z . 

W , -(4Z+X,), 2F+iX, , 

2Z , 2F+iX,, -(4Z + X,), 

-2F, 2Z . iXe , 

differing from A in having X» » and X» not necessarily equal to 4 ; when 
expanded this is 

(iX,X,-4XZ)»+4F[X,Z(4Z + \,) + Xei^(4r+X,) 

+ (iX,Xe + 4ZZ)(2F + iX,)] + 4P[(2F + i\,)»-(4Z + X0(4Z+X.)]; 

thus the plane Fb touches the surface along a conic lying on ^XjXe"- 4ZZ. 
Now the transformation to these coordinates is given by Xi/i,— X«/ii""l* 
^ ■■ ^^, X^B Xi^, where 0, ^ are any two different roots of the equation 

0,+ 6a,tf + 16a,^+ ... + a,tf»-0, 
and 

Mi^i+MiXt, fhX, 

*XfXi , Ki 




i 
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in particalar 

F-/«,X,x+(^,Xi+MiMy + MiM-i(5— J^T^^- 

DividiDg this by fh\t mkI denoting a, + a^O by a«, we infer that the plane 

touches the surface V b along a conic lying on the quadric 

We have had the relation K' » jiKfi for the transformation of the matrix 
K (p. 58), equivalent to Kf/ » SSiT^/iri/i^, and here — 2Foocur8 as the fourth 

element Ku in the first row of K' ; the elements ftri i Mm in the matrix fi of 
the transformation ^^fif' are (p. 57) 

(V. -VXt. X,V, -V) and (- /^», mi*/*., -MiM.', A*.0; 
thus, dividing by fh^V* the plane P«,4 can, also be written 

and this can be at once verified to be equivalent with the form above. There 
are thus fifteen such planes touching the surface VwmQ along a conic, beside 
the plane at infinity. 

If now 01, Of 0$ denote the roots of the equation 

a« + 6o,tf -f loa,^ + ... + Ottf* « 0, 

we can prove that the point of concurrence of the three planes P^.n, P9g,t^> 
P$^ #, is on V B 0, and is a node, and coincides with the point of concurrence 
of Pi4,i^> <^i4.ib' Ph,H> the sur&ce has therefore ten nodes of this form, 
beside the six nodes proved to exist at infinity. To prove this, we first 
transform the ten equations P#, 4 into the forms which they take when the 
equation V » is transformed to A «= ; these special forms will be of interest 
later in considering the expansion of the sigma functions in series. 

It has been remarked that the plane P^, 4 is given by 

further it is part of our definition of the transformation (p. 57), that the 
ratios of the quantities (1, —0, 6*, — ^) are transformed by the same law 
as the quantities ({, 17, ^, r), previously denoted by { s ^ ; the equation 

0fP,.4, 

<?^ + ((? + *)y + ^«2^^, 
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is therefore ioTariaDtive, and we may suppose, herein, a, y, z to he the 
variables denoted by a^, 5^, / on p. 57, and ^, ^ to be the roots of the trans- 
formed sextic. In particular let 

a,« - X« + X, a? + X,«» + X,«» + X4«< + 4a*, «/ (a?), say, 

and put, as before, p. 59, for a?, y, z respectively, 

-T+AX,, F+t\yX„ Z+3^jX,; 

the equation is thus, on utilising the identity given, p. 68, which connects 
Ja#V with i^(tf, ^)- 2 (tf^y[2X,i + X^, (« + *)]. found to be 



t-O 



0^x^ie^i.)Y^z^i^^, 



where now 0, ^ are any two roots of f{x) » 0, or consist of one of these roots 
together with the root x, which has not been expressed in our non- 
homogeneous method of writing the transformation ; when ^ is x , the 
tntnsformed equation is 

where we are to take the limit of the right side for ^s x, which is ^. 
There are thus ten singular planes, P#,4, of the form 

where 0, ^ are any two roots of/(a;)ai 0, and five, P#, of the form 

where B is any root of /(a?) « 0, beside the plane at infinity. 

Denoting ^(^ — ^y^F{6, ^) by ^4, it is at once evident that the planes 
P$f P^. -P#.4 intersect in the point J-tf + ^, F«-tf^, ^««#.4; let 
6^, ^', ^' denote the roots of /(a;) » other than 0, ^; the plane Pg^^' passes 
through the same point if 

by writing e#. 4 in the form i(^- ♦)"^[P(tf. ^)-/(^) -/(♦)] it is at once 
found to reduce to 0^(^ + ^O + ^'(^^ + ^'^')> which establishes this 
identity; thus also the planes P^\^' and P#,^' pass through the same point. 
If in addition to the conditions a/s 0, axap,*"- }, X,a^ — Xt/A]« 1, imposed on 
the four quantities Xj, /a,, X,, /it, in order to obtain the equation AsO, we 
make also Oa* "■ 0, the transformed sextic has also Xe » and the ten points 
(0+ ^, " 0^, e^ 4) break up into a set of six of this form, where 0, ^ are any 
two roots of the equation Xi + X,tf -f X,^ + X4^ + 4^ « 0, together with four 
of coordinates of the form (0, 0, W ^') ; that this last point is a node appears 
at once from the transformed form of A, already given, p. 61, 

(X,-4ZZ)>+4F[4X,J« + X,X4-r + iX,(X, + 4ZZ) + 4X,Z+16^] 

+ 4P[(2F+lX.y-(4Z + X^(4Z-fX,)+2(Xt + 4JZ)]«0, 
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wherein the coefficient of 4)' is reduced to zero by X»0, Zb^Xi^', 
provided 

thas it follows that (^ + ^, — 04>» ^#. 4) ^ ^ ^^^ of A « and an intersection 

of six singular tangent planes. It is at once evident that the node of A » 0, 

1^ corresponding to the infinite root of the transformed seztic, namely the point 

X-i 0, 7 « 0, Z-i 00 , lies on each of the five planes OX + F* 6^^ 0, as well 
as on the plane at infinity ; that the node Z/1 »— F/tf bZ/^b x , lies on 
the six singular tangent planes constituted by» the plane at infinity, the 
plane 0X + F-^»O, and the four planes tf^J+(0 + ^) F+Z-^,4«0, 
where ^ is one, other than 0, of the roots of the equation 

and that conversely the plane OX -f F — ^ » contains, beside the noile 
X^O, FbO, Z-i X , and the node Z/1 «- F/0bZ/^« x, the four nodes 
(tf + ^, — 0^, ^, 4), where ^ is any one of the roots, other than 0, of the same 
qnintic ; while lastly the plane O^X + (0 + ^)Fh-Z— ^,4»0 contains, 
beside the two nodes X/1 «- F/0-Z/^- 00. X/1 «- F/^:=Z/^« x, 
the node (^ + ^, -0^, 6^4), and the three nodes (^ + ^', -0"^', ^.4), 
where 0', ^ are any two roots of the same quintic other than and ^ 

The sixteen nodes of V » thus lie in sixes upon sixteen planes each 
touching the sur&ce along a conic, while through each node there psss six of 
these planes ; in particular, as was stated above, if 0, ^, ^, ^, 4/, ^', be the 
roots of the fundamental sextic, one node is the intersection of the six planes 
P#,4, P#.4, -?♦.♦! Pr,^'» -Pr.**! P^'.f- If ^»^. ^ be the roots of the cubic 
/^ + 8p,a; + 8p,«» + p,«»«0, and ^. ^', ^' of jt + S9i« + 89f«' + 9i«'""0, the 
fundamental sextic a«-t- 6a,a7+... +(^0* being written as a product of the 
cubics, or say, symbolically 

the node in question has coordinates w, y, z obtainable by equating powers of 
the arbitrary quantity X in the equation 

«X« + 2yX + * = - A(M)*Pa?a, 

or, what is the same thing, of the arbitrary quantities X, fi in the equation 

xX/A + y (X + ^) + JT « - A(m)"(Pa?m +Pii?A). 

To prove this result we may either proceed as before, first shewing this 
equation to be of invariantive character and then considering a particular 
system of coordinates for which the coordinates of the point («, y, #) are 
known; or we may proceed directly as follows, with the notation of 
symbolical algebra. Writing ac«a|d^«f a,d^, and differentiating the equa- 
tion oiz ^fm^m three times with the operator Zidfdxi-k-M^d/dXf, we find 

20 a,»ag« ^ Pm*qf -¥ Pu^qt? + 9 (p,«ft . g.g,* +i>.i>i' • 9«'ji) ; 
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but 
(«ir)* (pg)» (/>.}, +Prg«) « 0>«'9** + P*'S«' - 2p.p,9,g,) (/>,g, +p,y,) 

write now o^a-l, d;«B0, 'i>"li ^»^» with />#'aO, p^'-iO; thus 

20 VV - - 9 ( W (W)* 0>#94 + P^ffiX 
and the result to be proved becomes, in the particular case when the arbitrary 
quantities X, ^ are replaced by 6, ^, 

which is of the form of one of the six planes passing through the point 
whose coordinates are stated to be given by the formula. The result is 
then obvious. 

One further remark must be made; the transformations of the surface 
V so far employed have changed the nodes which are at infinity among 
themselves, and the finite nodes among themselves; there is, however, 
geometrically no such essential separation of the sixteen nodes into these two 
sets, any two of the sixteen being equipollent (gleichberechtigt). We do not 
stop now to prove this, as it is unnecessary for our purpose ; it will appear 
incidentally below. 



ru 



16. Associated with the surface V « 0, which in future we may call '/f^,^^ 
Kummer's surface, is another surface, also of the fourth order, having a point ^X^a. -^-^^ 
to point correspondence with Rummer's surfiBM^e, but in some respects t^j^^S-t^ 
simpler; to this surface, called Weddle's surface, we must, for the Bake'U*;^^^^^ 
of the periodic function/s by which it is expressed, devote some remarks. ^Z^ 4a^ 

If as before K denote the matrix whose determinant is V, each of the "^^^ ^ 
four expressions denoted by K(f, i;, f, t), of which for instance the first is '■-*^"-''^^*^ 
(p. 56) 

-Oof + 3a,i; + (- 8a, + 2^) {:+ (a,- 2y)T, 

is linear in x, y, z. We can then write 

where W is the matrix 

W« / 0, -2t, 2{:, - aof + 8a,i;-3a,C+ a,r 

2t, 2{:, -4i7, 8aif-9a,i;+.9a,{:-8a4T 

-4r, iff, 2f, -3a,f+9a,i;-9a,{:+8a,T 

2i;, -2f, 0, a,f-3a4i; + 3a,{:- a.r 

and the Weddle surface is that expressed in homogeneous coordinates {, i;, C, r 
by the vanishing of the determinant of this. 

We have denoted by {»f&f the general transformation of f, i;, ^, r, con- 
B. 5 
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Bidered here (p. 58); denote similarly the general 

by («, y, *, 1) « m {x\ y', /, 1). We have seen that with 

«,-4(i7T-n, ft-4(17f-^). «.-4(J;f-i;«) 
and 

ft--aop + 6a,fi7-6a^-9a,i;« + 2a,^' + 18aiiyt-6a4irr-9a4r+ 
the expression «Q, + yQ, + zQt + Q4 is unaltered by this transformation ; thus 
if Qi> Q2, Qm\ Q4' be the transformed values of Q„ Q,, Q,, Q.. we have 
{Qi. Qs'> Q/> Qi') " ^ (Q,, Q,, Q,, QO- Also if W denote the transformed form 
of W, namely the matrix whose first row consists of the elements 0, - Sr", 
2r. - o»T + 3a,'i;' - 3a,'f ' + 0,7', we have, as we have seen that K' « jiKfi, 

and hence W'^Ji Wm, 

whereby every element of W is expressed as a linear function of the elements 

of IT; and the determinants jTF'j, ITT; are equal. 

Considerinff the cubic curve in space expressed by 

1 irg gi ir^' 

and in particular the six points 0i,0u...,0% upon this, where 0u tfs, ....^t &re 
the roots of the equation 

a« + 6a,tf + looa^ + ... + a«d» « 0, 

the cones Qi^O, Q^^O, Q$^0 contain the cubic curve, and the cone Qi«0 
passes through the six points, as is obvious at once on substitution. The 
quartic surface expressed by |TV|«0, or, as we shall write, flsO, may be 
regarded as arising by the elimination of a?, y, /, 1 from the four equations 

3e/af«o, ae/3i7»o, ae/ajr-o. ae/ar-o, 

where Q » 0, denoting 

is the most general quadric through the six points; it is thus the locus 
of the vertices of quadric cones containing these six points. The cone formed 
by joining any point of the cubic curve to all other points of the curve 
is a quadric cone ; the surface H thus contains the cubic curve. A degenerate 
quadric cone containing the six points is formed by any pair of planes 
of which one contains three of the six points, and the other the other three ; 
thus n B contains the ten lines of intersection of these pairs. And if any 
point be taken on the straight line joining two of the six points, a quadric 
cone can be constructed with this point as vertex to contain the six points ; 
the surface H thus contains also the fifteen joining lines of the six points. 
Also each of the six points is a node on the surface, as may be seen directly 



r 
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by taking such a transformation as makes one of the roots of the fundamental 
ieztic become infinite, and verifying that if a« » the ei]uation H « contains 
DO term in t*. 

These properties are derived by regarding \W\^0 as arising from the 
assumption of the consistence of the four equations expressed by )f (x,y,^,l ) sO. 
We may however regard ITTj « as arising from assuming the consistence of 
the four equations expressed by W{^\ i;', f ', t) = ; these are the equations 
faQr/3f + ly'aQr/Si? + r3Qr/a{:+TWaT = 0, for r = l, 2, S, 4; they express 
that the polar planes of (f , 17, ^, r) in regard to the four quadrics Q, « 0, Q, « 0. 
^bO, Q4BO are concurrent, or that the points (f, 1;, f, t), (f, 1;', f, r) are 
conjugate to one another in regard to all the quadrics passing through the 
six base points, and as they are symmetrical in regard to these two points 
(f) and (f 0* ^h® surface O also contains (^, V> r> O- If ^^ put 

F- efiyfr - 4rf - 4i7'T + VJ? - pT«, 

so that Fmi is the developable surface generated by the tangent lines of the 
cubic curve f/l » » ff/0 b j;/^ » — r/ff*, it is at once seen, by evaluating the 
minor determinants of the elements of the last column of the matrix W, that 
r> V> i\ 7' <^i^ expressible in terms of {, 17, (^, r by means of 

8t sac 3917 ~af 

so that the equation n » can also be expressed by 

dQdFldQdFldQdFdQdF 

wherein Q is the general quadric through the six base points ; and as this 
relation is mereljr an identity when for Q are written either Qi or Q, or Q, 
it is suflElcient, to represent H, to write Q4 in place of Q. We may interpret 
this form geometrically by introducing the line coordinates, ^sic' — 6'c, 
m^ea'^cfa, n«a6'- a'6, r-da'-d'a, m'^db'^dfb, n'^do'^d^c, of the 
line of intersection of two planes ^ 

af+6^ + cf-frfT«0, a'f + 6'i7 + c'f+dV = 0; 

then the equation expresses that the polar plane of ({, 17, C* ''') in regard to 
the developable /*» 0, is intersected by the polar planes of (f, 17, (; r) in 
regard to all the quadrics Q^O, in lines belonging to the linear complex 
{ -i- Sr « ; and ((", 17', C'l t') is the pole in this complex of the polar plane of 
(f» ^i t» t) i*^ regard to F* 0. Putting 



^- 
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it can be proved that 

hence it follows that the joining line of ({, 9, ^, r) and (f', Vi T* ^0 h^ f^i* 
it8 intersections with Qi » the same two points as with Qt "* 0, and with 
Q,«i 0> namely is a chord of the cubic curve f/1 « - ff/B » {/^ " ~* ^1^ » ^^ ^* 
divided harmoDically at (f , 1;, C, r) and ({", V> (', 7^^. 

If Q, B 0, Qs «* 0, Q, B 0, Q4 « be any four quadric surfaces whatever, the 
conditions that the quadric Q » «Q, + yQ, + ^ + Q4 « should be a cone with 
vertex at (f , 1;, (^, r) are expressed by the four equations such as 

which we may denote by W^(x,if,s,l)'»0, or W^(x)^0, where W^ denotes 
a certain matrix ; if !!« |1F||, the equation H » represents a quartic surface, 
the Jacobian of Q,, Q,, Q„ Q4. When this is satisfied the four equations 
expressed by W^ {(') « 0, obtained by multiplying the rows of H respectively 
by ^, v\ r> ^'» can all be satisfied, and the points (f , % (, r), {f\ V» ^, r) are 
conjugate in regard to all the quadrics Qi^O, Qn^O, ^«0, Qi'^O. We can 
write W^ (x) in the form K^ (f ), where ITs is a symmetrical matrix, and when 
Q B is a cone, the parameters (x, y, ^, 1) are the coordinates of a point on 
the quartic surface {iTsja- 0. It can be shewn that, under this condition, the 
polar plane of ({', V* T* 0> i° regard to this cone, is the tangent plane of 
n B at (f , 1;, H, r) « 0. For putting down the relation W^ (f ') « for 
consecutive corresponding points ({ + c{f)i (f' + ^)» we have to the first 
approximation 

leading, hy Wf (x) <> 0, if (x) denote {x, y, «, 1), to 

^it (r) («) - - W^t (rff) (•) - - TTt (X) (df) - ; 
thus the arbitrary increments (d^) satisfy a linear equation 

Jdf + ifrfi; + Caf + Ddr = 0, 
in which A, £, C, Z) arc definite functions of (f, 17, ^, r) ; the tangent plane 
of n « at ({, 17, i^, r), if (X, F, iT, Tj, or (X), be current coordinates, is thus 

Wx (f) («) - 0, - Tf ;r («) (f ) - E, (X) (r) - iSr. (f) (X) = Fr («) (X) ; 



or 



[' 



ar "^^ ar ■^'. af "^ ar J 



0, 



which is the polar plane of (^) in regard to thecone«Qi + yQtH-^ + Q4">0t. 

* It 11 6M7 to aee that the taogvnti of the cabio onrre beloiig to the complex Z-t-STsO, and 
that any point of this enrre and iti oconlatiDg plane an pola and polar plane in thif complex. 
For this oomplex of. Beye, Oiamitrie de Potition (Gbemin), Deux** Partie (188S), p. 114. 

t The quartic surfaces 0=0, | IT, | sO axe coniidered by Gayley, CoiUeUd Paperit roL lii, 
p. 160. The above oonstmction for the tangent plane of tiie Jaoobian is proved geometrioally 
for the case of four quadrics with six points common by H. Bateman, Proc, Land. Math, Soc., 
New Series, vol iii (1905), p. S82. 
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Paw back now for a moment to the functional relations; the general 
differential equations of p. 49, if we differentiate that one involving f^ in 
regard to U|, and that one involving f^sn, in regard to iit, and then subtract, 
lead to an equation linear in f^, f»i,, f^,, and also linear in f^, !»». fni* (pm; 
and there are four equations similarly obtainable; replacing (pb, ... by ^, ... 
9^ ifmt ••• by f, ..., these are the four equations expressible either by 
jr(f,9,{;r)-*0, or F(«,y, f,l)«0; thus the sur&ceV-i jlTiBO is satisfied 
by writing x^f^i^^)* yfaC^X '"^fpnCt^)* ^^^ the surface ti^\W\^0 is 
satisfied by writing f « f>«(ii), i? « |^ (w), f « p», (u), t « f>,„ (ii). Either of 
these two sets of functions can be expressed algebraically in terms of two 
parameters ; see above p. 40, and below p. 77. 

17. With a view to having ready to hand concrete geometrical 5^ter-(?j-^^^'*^^^^'^ 
pretations of certain functional relations which will be subsequently obtained, ""v^^/^ 
we desire to give now the proof of a group of birational transformations ofpTT^gLL ~^^^- 
which the surfiskces V ■■ 0, O » are each susceptible. The relations expressed ^<.c>^^^ 4L^ 
by W{m, y^g,l)mi K (f , i;, {; r) » establish a point to point correspondence 
between these surfietces; we shall prove the transformations for the surface 
n » 0, and thence deduce the corresponding formulae for V mtO. ^ 

Put» as before 

Q,-4(i7T-px Q.-4(17f-^). Qt^^ilX-v'l 

Q4 « - Off + 6aifi7 - 6a,f f- 9a,i;« + 2a,fT+18a,i;{:- 6a,vr - Ba^l^^ Bo^fT -a,T« 

and P4« ©4 + ia,Qi + ^a,Q^ + ja,e, 

- - Off" + 6a,f 1; - 16a,i;« + 20a,i;f - Ua,l^ + fiotfT - a,T« 

so that P4 s is, equally with Q4 "" 0, a quadric passing through the six base 
points, which becomes, for 

a,aiX«, 6ai«iXi, lich^Xt, 20a,BX„ 15a4«\«, 6a»»4, a«»0, 
reduced to P4--X^ + X,fi7-X,i;» + X,i;{:-\f« + 4{T; 
while, correspondingly, 




IO4 V - 


V ° 


-2t 


2r 


- 0^ + 30,9 


i«. \ 


/ 2t 


2? 


-4, 


8o,f - ISojij + 10a,{: 


!«. i 


l-4t 


2.J 


2f 


-10a,i7-16c4C+ 8a,T 


1 / 


\ ^ 


-2f 





8a,{:- a,T 



of which the left side will be denoted by TTP, where P denotes the second 
matrix. When a«BO, the surface ObO has a node at (0,0, 0, 1), correspond- 
ing to the infinite root of the fundamental sextic ; let a« » 0, fiot ■* 4, 15a4 » X« , 
etc., and let (f, 19, {; r), (fi, i;i, Ci> ^1) ^ two points of 11 « collinear with this 
node ; we firet verify* directly that 

* GMBMfcrieiUj, ths aqnalioii 

^•pimnta a eoae with fvtax at ths itnudning inteneetion of the Waddle rarfiMe with the line 
ioliiiiic the node (0. 0. 0, 1) to (Ij. i^. ft, r^). 



r 
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2t, Jf, -in, iX,ft-X,i;, + }X,t, 
-if, 2i7, 2ft iX.i7,-\{:, + 2T, 
2i;, -2f, 2r, 

where P^ has the form given above. We have denoted the genera) matrix 
from which this is derived by W, and its determinant by O ; we shall denote 
this matrix, with ft 17, {;, r for variables, by w, and its determinant by «, 
indicating the substitution of (ft, i/n Ci* ^i) for (ft 17, C> ''') ^y writing tiF, 
instead of w\ similarly Qi^\ Qt^\ etc. will denote the result of substitnting 
ft, ... for f We may suppose ft « ft i;,» 1;, fj « f. We are to prove 

Wi (- e», C. -Pi, - ft) - 0, - w (- ft«'. ft «\ P,«', - fto)) : 
it is at once found, with ft » ft 171 « 17, iTi ■> C> ^^^ 

«,<»'- ft + *i7(t,-tX ft^'^-ft-iHT.-T). ft«'-ft, P.''»«P4 + 4{:(t,-t), 
or say 

(- ft"». ft^\ P4»». - ft'") « (- ft, ft, P4. - ft) + 4 (t, - T) (ft 1;. t. 0) 
and that «c^(ftiy, {:,0)--i(ft,ft,ft,0); 

hence 

tc^ (- ft^', ft ^', ^4^', - ft"0 = tiF (- e., ft, -P4, - ft) - 2 (t, - T) (ft. ft. ft, 0) ; 
now, since f ft + i;ft + fft « 0, we may put 

^ (- ft. ft, P4. - ft) - {iNu 2Jyr,. i^,. 0). 
where Nu N%, ^\ ftre certain cubic polynomials in ft 1;, C, ^i ^^^^ ^^^ 

^'(f,i;, {:.T) = (ft,ft,ft.P,), 

we have 

2 {N,( + ^,*7 + J^.O - « (- ft. «,. P4, - Q.) (f. i». f. t) 

- (e.. ft. ft. -p*) (- ft. ft. -p*. - ft) 

--ftft+ftft+e.-P4-P4ft 

-0, 

•swell as 

ftf+ft'»+e.r-o; 

thus identically 

■y,ft - jy.ft iftQi-N.Q, jy.ft-iy,ft 

and we find in fact on computation that these fractions are all equal to — 4«», 
where o> is the determinant of w. Thus, when ft 17. ^, r satisfy the equation 
M « 0, we have 

ft"ft"ft* 
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But when both (f , 17, {; t), and (f , 17, ^, T|) satisfy the equation m » 0, or 

we find, by an easy calculation, 
On the whole then we have 

as we desired to prove. 

This result relates to the case when the fundamental seztic has the form 
\ + \w ■»-...+ X4«* + 4iaj*, and the points (f, 17, t t), (f,, 1;,, f,, t,) are coUinear 
with the node (0, 0, 0, 1) of « « 0. By transformation we can obtain the 
corresponding result when the fundamental sextic has its general form and 
the two points considered are collinear with any node of O » 0, and thence 
again the result for « ■■ when the two points considered are collinear with 
any node of this. 

Attach dashes to the variables which have been used in the preceding 
verification, and so write the result obtained, 

t^/j (C/. Q.\ Q.\ p:) - 0, 

where j= / -1 

10 
1 
0-10 

Now take (f 1;, {^i t), (fi, ^n Ci* ^1) collinear with any node 

^ -^ ^ -1' 

of n B 0, where ^ is any root of the sextic 

(•it + o-y^V^^W 

- 0,^ -f 60,^ + ISo,^* + 20a,^ + 15a«V^ + 60,^ + a. « 0. 

and take four ooefiBcients of transformation Xi, X,, /aj, fi, defined by (p. 51) 
put also (pp. 67, 69) 
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-2X,M, 


M.' Ov 


/I 








l«*'V 


-x,x. 


XiMi + ^»Mi 


-M./^ \ 
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1 





w«^* 
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-2\,Mi 


th* I 


1" 
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!«**«m' 
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ii 

I : 
I ■ 

:t 



ft 

1 



the matrix ^ being given explicitly in tenns of Xi, /4,, X«, /i, on p. 57 ; then 
/JATFm is of the same form as the matrix IT but has ooeflEicients a^ ^a^f^aj!^ 
in place of Or, and variables (f ', rf, f', t') in place of f, i;, f, t (p. 66). and 
/AlTmP' or ikWm is of the form w (p. 69) in variables (f , i;', ("> t ) and 
coeflElcients 

X^«ao'«aA*, X,«a/,..., \,-a;, X,-*, Xe«0; 

thus we have 

further «„ «,. ft, ft being as on p. 60. ifn(ft, ft. ft. ft) is (ft', Q/. ft', ft'), 
in the variables ({', Vi Ti ^O* ^ ^^ have seen, so that P'm (ft. ft. Q,. ft) is 
(ft', ft', ft'. P:) as on p. 69 ; thus 

(ft',ft',ft',P;) = W(ft,ft.ft,ft). 
Hence, the equation 

«'i'i(ft'.ft',ft',p;)-o, 

is the same as 

?Tr,wjw(ft.ft.ft.ft)«0. 

In passing from the variables x, y. ^ to x\ y'. g\ and thence to 
(X, F, Z) (p. 60) we have put successively (ar, y, /, 1) « m(«', y, z\ 1) and 
(x', y'. z\ 1)-P'(2r, F. Z, 1). so that {x, y, ^, 1) = m(X F, Z. 1); put 

Y«i;= .0-1 

t 
t 
-t 

so that, as we see easily, 7*^ 1, and deBne a matrix T^ by means of 

so that r^~' is a skew symmetrical matrix whose elements are functions of the 
quantity 0, where 6 « ^~\ and 

and, if 

(«i, yi. *i, 1)« w(-r„ F,, Z„ 1), («,. y„ ^„ l)««r(X„ F„ Z,. 1), 
ri(«„ y„ *„ 1)(^, y„ ^, 1)- r,m(J„ F„ Z„ l).m(J,. F„ Z,. 1) 

= mr,m(Z„ F,. Z„ 1)(Z„ F„ Z„ 1) 

thus finally the relation above becomes, if we omit the factor fi, whose deter- 
minant is not zero, and multiply throughout by t, 

H^irr*(ft,ft,ft,ft)-o, 
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•nd 

^(^) - (a, Vr + a,)* - (a*^' + a^Y . (X. - X.^)* - F, (f) . (X, - X.^)*. 

where ^' . 0*.^ - ^)/(X, - X,Vr) ; 

then we find 

«-> r,-w-' - / - r' 9' ;» X . - 7;'. ««y. (^ - -f' -'X 

r^ -p' q 

-5' p' r 

— p -} — r 
where, with 

we have 

P.p-t'*. ^--V''. P.r-1, p,p' - i (X.t'* + iX,f), 

/».*' - i (^f + ^V''* + x.t'* + ^V'" + ^.Vr' + ix,). 

80 that /)p' + 9}' + r/ • — 1, 

•nd the equation ^Wt F,-* (ft. ft. 0$. Q*) - 0, 

written in the fonn 

MTr,«.«-«rr'«-.«(Q„ Q.. ft. Q4)- o, 

becomes (p. 72^ if we further suppose (p. 51) 

X,-0. M.-MiV'.. ^M.-l. 4/i,--'-6a,^,«+...-i"(Vr,), 
where ^« is a particular root of Fi^ft) « 0, the equation 

«^7.'-'(ft.ft.ft.P4)-0. 
where 0' is any root of the textic, 

X, + X, tf ' + X.d'* + . . . + X,d'< + 4tf '• - 0, 
and P«--X,f»+X,fi,-X,i7»+X,i,f-X,p + 4rT. 

the form of w being given on p. 70. This form includes the case when ^ft'^0 
or ^'v«; then 

/>i* = -i(6X,V^'» + ... + 4)--l. p,--t, say, 

p-0, }-0, r-t, p'-O, }'»0. r' = t. 

and 7^~' reduces to y'. 

' When ^' is not lero we have p\f^'» — \, and pip', piq' may be taken in 
the forms 

1/1 



M''\{^)(^\i^+^r+^)- 
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Aiao, if a be AD arbitrary quantity, t« -, ^.'-x»i and «,,, be given as 
before by 

4(tf-T)«e,.,- i (^)r[2X» + X»+,(d + T)]. 



r«0 



we have 
And, if 
we have 



or 



- \^'*i\ + ^0' + •• + 4X,^'» + iQ0'% 

»,'fH0'*''>^irW). 



that 



If («,, y,, s,) be a point determined from (f , i;, (, r) by 

(«i, y.. *.. D- cr-'(Q.. ft. ft. ft) 

where C is a number, so taken that the fourth quantity on the right, as on 
the left, is unity, the fundamental equation (p. 72) 

ir,r-«(ft,ft,ft.ft)-o 

gives Tr,(«i,yi,«i. l)-0, 

80 that (xi, yu Xi) is on the surface V ■• 0, and is the point previously (p. 65) 
associated with the point ((i, iht Ci> '''i) of O ■• 0. In the same way the point 
(^f y> ') determined by 

(^. y. J. 1) « C,r-' {Q,^\ Q,^\ C,«). ft^'O 

is on V n 0, and is the point associated with ((, ff, {; r). The tangent plane 
of V ■• at (ff, y^ s) is (p. 59), if X, F, Z be current coordinates, 

and contains the point (^, yi, «i) if only 

which is satisfied identically in virtue of the skew character of T^K Thus 
each of the points {x, y, i), (oi^jfi, ii) is on the tangent plane of the other, 
and their joining line is a bitangent of the surfince V ■• 0. We shaU call 
(^f yi> 'i) the satellite point of (a, y, g) associated with the root ^ of the 
fundamental sextic which occurs in T, there being six such satellite points, 
one for each root ; they are the points of contact of the tangent lines to the 
plane quartic curve in which V = is intersected by the tangent plane of V 
At (x, y, $\ drawn from the double point, (d?, y, z\ of this curve ; denoting the 

X ^ X 

equation of V » in homogeneous coordinates x^ y, x, t, when -; » 7 * 7 l^ve 

www 
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been written far x, y, m, by F{k, y, t, ()« f V, the satellite point is detennined 

(aee p. 69) by 

,, ^,(bF dF dF 9F\ 

In particular when the fundamental sextic equation has an infinite root, 
and / denotes what F becomes when we put a. « {, a« * 0, and at the same 
time put tt, y, t, t for X'-^a^t, y-^Oft, «-|o,<, t, the satellite point of 
(c, y, z) corresponding to the infinite root is (see p. 70) 

{^. yi. *..<,)- 4 y - 1 V (Q,. ft. Q,. P«) 




4(-Q..ft.P.-«.).(-|.|.|.-^/). 



and the tangent plane* to /■• 0, or say A « 0, at (x, y, m) is 

in terms of the satellite point («^, yit'i); it can, as we have found the matrix 
yg (p. 74), be similarly expressed in terms of the other satellite points. This 
equation arises below from the functional relations obtained ; geometrically it 
expresses that the tangent plane at (x, y,s) of A ■• is the focal plane of 
(^» yi> 'i) ii^ the linear complex expressed, in line coordinates (/, m, n, l\ m\ n'\ 
by 

fi + n'-O. 

In general terms, the bitangents of V ■• are rays of six linear complexes 

expressed by 

r(X, F,Z, T)(«„y,.r,.O-0, 

or, in line coordinates, by 

jrf' + jm' + m' +/)7 + j'm + r n « 0, 

where /i, q, r, p\ q\ r^ have the values given previously (p. 78). 

Two further remarks should be added. Taking the case when in the 
fundamental sextic Xf -> 0, X« « 4, let a; -> |pb (u), y » |^ {u\ i -> fu {v)^ 
i^ifmi'^X ^»fbi(t^)i etc., so that A((, fl,K^r)^Q\ let the satellite point 
of (x, y, z) be denoted by (x\ y\ x') and ((^ 17', (^, r) be determined to corre- 
spond, so that A' (f ', V, r r') - 0, and f 7f « ^'N » T/f • With ft - * (i7t- D. 
ft->4(i|{'-^X Q«"'4(tl"'^)» <^<l -^4 ^ before, we have 

* Any raifMS of whieh the tanssot pluie ia f s «« + 5y +/(a, ft) mUiSm a diflbmtial aqiuition 
«-F«-flf«/(Pif). Compariiis 

Xp+F,- JEr+«-|«-fy=0 with ;«p^ («)- Fif.(ii) - JET+iPi, W^O. 
wt havt for the Kummar rarCMe p«l^a(«)sy\ f« -|»a(ti)s -x', «-jMr-9ys|9,j(ti), and 
htoee A(-f,p,«-|»*-f}f)sO, where A ii the ^jmiiMtrieal determinant of the teit. 



ART. 17J The WedeBe and Kummer »ttrfaee$. 



77 



so that -y'f+«'i| + ?-0, -y'i|+«'{r+T-0, 

while we also Lave, from the form of A, 

-yf+«»+f-0, -y'r+a^v + r-o. 

aod hence 



«-«' y-y *-«' «y'-«'y y'Cy-y*) -*'(«-*')* 
If then 

«'-t.' + t.'. y* --«,%'. •.'-t.T + V. */-«.r + V. 
we have 

/■t» — 77 — r» "~fl 






U'-U 
y'x't - («'» + y') V - ^T - y V - ^ («' f - y'l) 



80 that 



which are to be compared with the formulae (p. 38) 

In other words (cf. p. 40) the chord of the cubic curve 

which passes through the point ((, 17, {; r) of the Weddle surface, cuts the 
cubic in the points 6^i^,6» W, where (ii\ t^) are the hyperelliptic parameters 
associated, not with ((, 17, ^, r), but with its satellite point (^^ ff, T* ''^) ! s^ 
that, if u' be the hyperelliptic arguments associated with this latter point, we 
have 

From the relations 
we have 

Also 

and «iV-16(a,-0(ai-t,)(a,-0(a,-t,)...(c-t|)(c-t,X 



-'1 
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where Oi, a,, Ci, c,, c are the finite roots of the fandameotal seztie, ao that, if 

•Pa, - y + Oi« - Oi*. etc., P.,' • y* + Oj** - «i*. etc-, 
we have V«,» - - 16P^P^ . . . 

and 1.2.f.5^». ^-^ «!* .. 

farther the cone containing the space cubic (/I b — 1|/^ b etc., whose vertex 
is at the point of the curve, is (7« » 0, where 

Hence (cf p. 43) 



80 that 
and thus 



— "•!•» a. 



and 



Q,dii + Qtdi:+QtdT 






x'dy-i/dS+di 



_ Qidi+Q,dv + Q ,di: 

lliefle are forms given by Schottky, CreUe, cv., 1889, p. 249. 

Taking the expressioDs on p. 41 for ('*, eta, it is found, for » » 0, that 

f» 16«r' 
where «r-C,[X,fi,-X,ij« + X,i,i:-X,(ijT + r) + 8M 

+ <ii [>• ({f +»;•)- Mf+ X. r - ^W. 

while 4a. - ft [X^fij - X,i;« + V,ijt- 4^] 

+ Q. [- sx.?"? + >i (» + If) - Mr + ^r - VifT + *T»] ; 

hence ^^ i ■ — — , 

-16(ftC^...)' 16 <r 

or (ftC^ •..)*-- «rQ„ 

so that Schottky's forms for the integrals of the first kind are expressed 
as to contain only a square root. 
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-ft' 9. \ 
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r, J 
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^-ft -Jt 


-r, 0/ 




rijh'-pi'r. 


-»"i9« + ?.r. 



/^ ^ 



/_ / 



'_ / 



n?2 -?ir, ripj-piVt 

-Mt'-ftft'-n>t -?ift+ft?t 
-ft'ft'+ Jift' -ft'ft-?/?a- nV:« 



- g,'r,'+ r, g, ft r, - r/p,' 

from this it follows that we have the equations 

rjr* + r,rr' - 0, rrT,+rrT,«o, (FirrT — i - (rrT.y, 

of which the others are the same as the first, either being equivalent witE 
what in geometrical phraseology is expressed by saying that the linear 
complexes associated with Fi and T^ are in involution, or are i^lar. 

Take then the correspondence (pp. 75, 76) of the surface V expressed by 

(^„y„^„«sr, «^^. ^, 3^. -g^j, (A,) 

the sign s being used in place of «, to indicate that we disregard a common 
fiM^r of ffi, yi, ^, ^; the geometrical interpretation of this correspondence 
which has been given shews that, in virtue of 

F{x, y, J. t) « 0, F{w, , yi, ^, t,) - 0, 

this is equivalent with 

if then we take 

that is («M. yif. *it, t„)srrT,(«, y, i, 0» (-^tt) 

the equation Ta-T, + TrT, - gives 

(«is> yifl. ^» ^) s (a«> ysi > 'ffi. ^)t («> y. '• ^ TrTi («!„ y^, ^, inX 



18. Consider now two matrices Fi, F, corresponding to the roots ^i, ^^ ^-^u^x 
of the sextic equation of p. 73; with the values for p, ...pi' .,. mDdj^...p^' ... J-m^-^t^oL^f 
there given, we have, identically, ^ ^ .^^ 

« ti'(«.V^»'+ Sa,^/+ 3a,^^ + a,) + ... +(a.^,» + 6a,^/ + ... + 3a.) ^^^jT^ti^ 
which is zero because '^i , '^j are both roots of the sextic ; hence 

riFr*« / -n ?, 

r, -;>i 
-?i ft 

-ft -?l -^1 

- r,r/ - 9,g,' - p, ft Jift' - ft '?« 

ftjt' - Ji'ft - ^iTt - ftft' - ?i'9f 

ftr/ - r/|>, 9,r,' - r, 9, 



t 
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!\ 



and the eqnatioii (ili,) determiiies an involutoiy linear tmnsformation of the 
tiiifftoe V»0 into itself. 

If we further put 

(^.y«,^.W-lt ^^g;^. ^^^. g^. g^j. 

and notice that any linear transformation 

(«, y, *• - A(«ii» yis. *it. W» 
or ««*ii«is + AnyM + *i»»ia + *i/M, 



gives 



gj^.A„gj^ + A«^ + A,^+A«g^.etc.. 
«F 3^ a/- dF\ T/dF dF dF dF 



namely. y^^, ^^^^, ^^, ^j.^^^g^, ^, ^, ^j. 
we shall have, as the transposed of the matrix Fr^r^ is rtrr\ 

(^«.y».-r«,<,»)sr, T,r, »^g^, ^, ^. -g^j (^«) 

It can be shewn that the matrix rf^VJi'r^ is a symmetrical matrix, 
independent, save for sign, of the order of the snflBxes, and that the trans- 
formation ilia is also involntory. To prove it a symmetrical matrix, notice 
that its transposed matrix is 

iV^i\ rr^- (- rro (- r.)(- rr) - - rrT,rr* - rrTj^.-s 

because r,rr' « - T.rr', and this - - rrT,rr' - r,-T,rr\ which is the 
original matrix ; to prove it independent of the order of the suffixes 1, 2, 3, 
notice that 

each of these equalities arising from the equations Fr'Tf ■> — r^^Tr ; to 
prove the transformation involutoiy, denote it by 



so that 



(*'.y',z'.05rrT,rr'(g. ^. g". ^) h r,-T.(*,. y,. /.. a 

F dF dF dF\ ^„./dF dF dF dF\ 

' di" dl^)' 



fd£ dF dF dF\ j^r ,fdF 
\dak' dy,' 8*,' dt^J'^^*^' W' dy 

because r,r,~' u the transposed of Ft'Tt; then 

{X,y,M.t)-V, \^^, ^, ^, g^j-1. 1.1. [^. gy.. g^. ^), 

which, reairangiag the suffixes, expresses a, y, t, t by the same functions of 
c, y', «*, <" as does Ai^ express af, ^, if, t' in terms of x, y, s, t 
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If for an instaDt we write 



(^«» Jfm* 'i«» *!«) = 



a h g u 

h b f V 

g f c w 

u V w d 






the pole of the tangent plane 

r^F ySF dF dF_ 

in regard to the quadric 

is given by the three equations 

and thus coincides with {xj^, jfi^, Jui, f,n). 

As we have obtained a point («,»> •••) from (^> ...)> ^ ^^ ^^^^ obtain points 
(d^, ...) etc., there being twenty in all. It can however be shewn that 
(xm, ...) is the same as (x^, ...), namely that 

rrT,rr*HrrT,rrs 
or TjrrT.rrTj'r* 2 1. 

Of this result a geometrical proof can be given, founded on the interpretation 
of the transformation rs'TtPr' as a reciprocation in regard to a quadric 
surface, which has just been noticed ; we shall give an analytical proof, 
having, it would seem, an interest of its own ; not to interrupt too far our 
present work, it is placed as a note below (Appendix to Part I., Note I.X 

Assuming this result we have now shewn that, from any point (x, y, x, t) 
of the surface V s 0, can be found 31 other points of the surface, whose 
coordinates are rational functions of («, y, x, t) ; these are, first, the six 

whose geometrical determination from (^, y, r, has been described ; then 
there are the fifteen points 

(«<^. Vii' ^ii> k) = rr'r^(a?, y, *, t\ 

obtained from (d?, y, x, t) by a linear transformation ; and, last, there are the 
ten points 

(«<^.yafc.-r^.t^)=r, T^r*»^g^, ^, gj. -^y 

which, as we have seen, are the poles of the tangent plane of V » at 
(«, y, «, t\ taken in regard to ten particular quadric surfaces. Each of these 

B. 6 
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oorrespondeDces is involutory, in the sense that they are respectively equivip 
lent with 

(«, y, «, t)B rr*r^(«<^, y(^. *o» ^X 

If the writing of dF/dx, dF/dy, ... be denoted by T, the symbols of the 
82 points are 

or, if rr*!*- Si, are, in virtue of r»- 1 and i8^« 1, 

1, S|, S<Sj, SiSjSk, 
which, because SiSj^SjSi and 818^898^8^8.^1, represent a group of 
82 transformations, every one equal to its inverse, and every two commutable 
with one another. By application of all the operations of the group to any 
one of the 32 points, all the other points are obtainabla The sixteen 
operations 1, FrTj form a group by themselves; the sixteen points arising 
firom (a, y, s, i) by the operations of this subgroup, lie by sixes on sixteen 
planes, of which six pass through every one of the sixteen points; for 
consider the plane represented, when Z, F, Z, 7 are current ooordtinates, by 

it contains x, y, 1, t since r< is a skew symmetrical matrix; it contains 
(^rVii, ^, tii) provided 

Ti{x, y, 1, i) rrT^(«. y, j, 0-0, 
which, since the transposed of the matrix Fi is - Fj, is the same as 

r<FrT^ (x. y, z, i) (x, y, z. t) - 0, 

and is satisfied because F^ is a skew symmetrical matrix. The plane in 
question thus contains the six points (x, y, z, t), (d^, ...) for j^i; next 
consider the plane 

r,FrT,(x, y, z, e)(X, F, z, r)«0; 

since the transposed of the matrix Fi^T, is FtFi'~\ and 

F.FrT,FrT, («, y, z, t) (x, y, 1, i) - 0, 

it follows that the plane contains the point Fi'Tf (x, y, x, t) \ and thence, as 
r,Fr'F,«Fjrr*F,«FJ'r*F„ and F,Fr*F,sF4Fr*Fg the same plane contains 
the points 

FrT, («, y, 1, t), FrT,(«,y,i,0, Fr'F,(«,y,i,e), FrT. («, y , #, e), 

rr*F4(«,y,i,0; 

there are six planes whose coefficients are the four quantities F^ («, y, #, t), 
and ten planes such as that whose coefficients are the four quantities 
riFr'F,(a?, y, 1, f); the six planes F<(«, y, x, i) pass through («, y, 1, t\ and 
the six planes FiFa'~T{ («, y, z, t) pass through the point FrTs(d;, y, «, t). 



CHAPTER IV. 



THE EXPANSION OF THE SIGMA FUNCT10N& 



19. The differential equations denoted (p. 50) by 
have been seen (p. 48) to be satisBed by an integral function 

where ^(tfi, u,) is a power aeries in U], u, converging for all finite values of 
these, and Oi, a,, Ci, c^, 6 are arbitrary constants. By choosing these constants 
suitably we can introduce various simplifications into the form of the solution, 
and then, as we know, by the formula here put down, the general integral, we 
can obtain this by reintroducing the constants into the particular integral. 
We have seen in particular (p. 24) that the equations are satisfied both by 
odd and by even functions. Consider first an even function; we have for 
any values of Ui, u,, if a, o-i, a^ denote (t(u), da/dui, Vafduidu^, etc., 

1^ s - {a^ffm - Saa^n + 2<r,»)/^, etc., 
80 that, if cr(0)-l, cri(0)-0, cr,(0)»0, 

|>a(0)--a„(0), |l«(0) = -cr.(0), 1^(0) - - cr„(0), 
MO) - M<>) - MO) " MO) - ; 

the last equations shew that the values Ui^O, u, « make vanish all the 
minors of the determinant V (c£ p. 59), so that the point is a node of the 
8ur&ce V « ; it is however not at infinity since |^a(0), etc., are finite ; and 
denoting these last quantities, the coordinates of a finite node of the surface 
V ss 0, by fof yt > 'f > the development has the form 

o- (u) ■• 1 - ^(x^u^ + S^fUsUi + x«Ui') + terms of fourth and higher order ; 

it will presently be seen that the terms of the fourth and higher order are 
determined, from those of the second, directly by the differential equations ; 
the aeries then represents one of the ten even functions before met with 



ff^JL ^^^^^-^U^C C£>1>tM^ 
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Consider next the case of an odd fuQction; as then o'(0)«0, we have 
alao iPb(O) « 00 , 1^ (0) » « , fu(0) » oo , and the point u, » 0, i«t ■• is at 
infinity on the surface V » ; as we approach this point, however, the ratios 
fmM ' fn(^) - fu{^)t being those of aa^ — a^ : aan — a^i : acu — o-i', become 
the same as a-f : a^i : 0-1* ; now the terms of the fourth and third order in V 
are easily seen to be 

(«s - y«)F - IMJ* + 8o,afy - 8a, («■! + 4«y«) + *a,(8«yjr + 2y')- 8(*,(«s* + 4y«jr) 

and, for « ■• — (o-a^ — o-,*)/a*, etc., we find 

«r - y« « {cr (at^u - <r„") - (aacri" + ctuCt,* - SaacrtO-OJ/a*, « Pcr-«, say, 

so that V K is equivalent with 

P» + a,(aa« - cr,«)" + ... + cu(crcr|, - crj*)" + ir*H « 0, 

where J? is an integral function of Ui, 11,; for o-vO, ^bbO, ^sbO, au">0 
this reduces to 

— Ofir,* + GoiO-t'o-i — 1 ha^^a^ + tOa^fa^ - 1 ba^fai^ + 6a^^i* — a«o-/ ■• 0, 

and the ratio o',(0)/o'2(0) is the negative of a root ^ of the equation 

JP(^)«a,^ + 6a,^+16a,V^+... + 60,^ + 0,-0; 

thus the terms of first order in the expansion of an odd function are, save 
for a constant multiplier, of the form U| — u,^, and the values iI]kO, ic,»0 
are associated with one of the infinite nodes of the surface, there being, as 
we have also previously seen (p. 24), six odd functions. It will be seen below 
that the terms of third and higher orders are directly determined firom those 
of the first by the diflferential equations. 

We apply these results now, first to obtain some terms of any even 
function ; we use for this the general form of the differential equations, as 
affording the most convenient way of explaining the general method of using 
the differential equations for the expansion of the functions: and then to 
obtain some terms of the expansion of a particular odd function, which, for 
several reasons, appears fit to be regarded as the fundamental sigma 
function. 

90. An even function is of the form 

, U. U. U. 

tifi^j ^Jgj. where V^ denotes a homogeneous polynomial of dimension r in Ui and u,; we 
juJJuJC^^ ^^^ expressed U^ above in terms of the coordinates of a node of the surfiAce 
J^ ^^ j**^^ V « 0, and we have previously found these coordinates (p. 64). It appears 



tj^tLa^ 



zJU 
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where pu^qu\ or (j^Ui -^ptthfiqi^ -f ?f«it)*, is one of the ten ways of writing 
as a product of two cubic factors. If, now, iu the differential equation 

we equate the terms of aggregate dimension 2n in U|, n,', u^, «,' on the two 
sides, we obtain, if we put 

^'k' *"4' ^''^" ^'in' «-*•*+*»*• «'-*.*'+*.*'. 

the equation following, which we shall refer to as die determining equation, 

4 (a* - 4»y 4- 8»y) J ^""^ + ^'■**^»' + ^»?«'+ 



y.17', 



(2n + 2) r (2n + 4) I j 
^v««p;-"»P» |2n!^(2«-2)12r (2ii-4)!4!*"* 
2 ! (2n - 2) ! "^ (2n) !) 



** ((2n + 2) ! ■•■ 2n ! 2 1 ■•■ ••• "•■ 2 1 2« ! ■•■ (2n + 2) !j ' 



butt if 17, be a homogeneous polynomial in «|, tit of dimension r, which we 
may write symbolically (jhu, + jHtity or p^', we have 



rl (r-*)!' 

and if in this we put U| for A, and tt, for ht, it becomes Pulir^»)\ or 
I7',/(r-«)I; as in our differential equations the &,, A« are arlntrary and we 
are to put «,, tij for «,', «,' after differentiation, the substitution A, * «,, A« » u, 
after differentiation is allowable ; thereby, from 

m Ki 
if both m and k be greater than 4, we shall obtain 

Urn Uk Uk Urn .( Urn Uk , Uk Urn \ 

(m-4)!ib!"'"(A-4)!«»I V(m-3)!(A-1)! (fc-8)l(OT-l)iy 

. „ / Urn Uk . Uk Urn \ 

■*■ V(»»-*)l(*-*)l (*-*)K«»-*)l/' 



or 



iC^kU^Ut. 
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where 

on „_i * , 6 

^ -•* fHl(ife-4)! (m-l)!(ife-S)l"^(m-2)I (4-2)1 

4 1 



(m-S)l(ik-l)!^(m-4)!i!' 

the same formula applies to cases where m, or i, is less than 4, provided it be 
understood that terms which would involve in their denominators fiictorials 
of negative numbers are to be omitted. In particular, if m ■• 2n + 4, 1; » 0» or 
if m « 2n + 2, ib » 2, we have 

^^-^^ (2n)!' ^^-^* (2n-2)I2!""(2n-l)r (Sol* 
thus the left side of the determining equation has the form 

where under the sign of summation no polynomial Ur occurs for which the 
suffix r is greater than 2n + 2 ; from the form of the determining equation it 
is thus clear that the differential equations determine U^^^ in terms of 
polynomials Ur of lees suffix ; taking then, in turn, iia>0, ii»l, etc., all the 
terms of the expansion of the sigma function are seen to be determined when 
those of zero and of two dimensions are given. It may be worth while how- 
ever to enter into more detail as to the form of the right side of the determining 
equation; if U^^pJ^, Uk^qu\ we have 

this being a polynomial in «i, iis of dimension 9ii4-2, whose coefficients are 
linear functions both of the coefficients in Um and of those of the sextic ow* 

or/; denote this by . _gv |(/ U^\; fbrther 

becomes, on putting Ui, lit for Ui\ Uf\ 

2 

(m-l)f(ifc-l)l <^> <««> ^'P^'^'i^'"' 
where (op) denotes aj j9, - Oipi ; we may denote this by 

(m-l)I(ib-l)I ^•^' ^- ^*^' • 
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then 

when Ui\ %i are replaced by u,, u,, is equal to 

ifc!(m-2)!"" (4-1)1 (m-1)!'^ m! (4-2)!* 

it being suppoeed that neither k nor t^i is leas than 2. The value assumed by 
the other terms of the right side of the determining equation when t//, u,' 
are replaced by i«i, u,, needs no explanation. 

The terms of second degree in the expansion of the sigma function have 
been seen to be an integral oovariant of the two cubios into which the funda- 
mental sextic is spli}^ in order to define the particular even function under 
consideration ; it is manifest from the previous work that the terms of any 
other degree are also an integral covariant of these cubics. 

21. If we attempt to apply the preceding method to determine an odd ^>'«^^Xs>«^^ 

function f^' 

1r^ 



the differential equations will similarly determine 

( J4 . 48ry + 8««S^) ( U^U,' + U'^,U,)l{2n + 8) I 

in terms of Uu ^9% •••>I^«i-i-i; on putting, after differentiation, Ui,iit for v^, u^ 
and Ui, lit for ki, A,, this gives 

rjrj [ 1 4 ] (2n - 4) tr, [7,n^ . 

^'^""^•t(2n-l)!"(2n)!r (2n)! 

thus the terms Um-^t ^^i^ determined in terms of preceding terms, except 
when ti tsB 2 ; namely Vt and ETb, in succession, are determined from CT,, which 
we have found to be of the form c (ui — ^rut), and 17^, I7n , . . • , without exception, 
are determined from preceding terms; but Ut is not so determined. It is 
necessary then, presumably, in order to use the differential equations to 
determine IT,, to keep them distinct, that is, to abstain from replacing the 
arbitrary quantities ^>Atby«i,ii,; itistobe remarked however that the five 
separate equations are in general more than is necessary : after four differen- 
tiations of a term I7]ir«H-t + £7/I7M44 there results, when %^\ u^ are replaced 
by tCi, lis, a binary polynomial of 2n dimensions in U], ti, ; thus each differential 
equation gives 2n + 1 linear equations for the determination of the coefficients 
of Um^, ftnd the aggregate of the differential equations gives 5 (2y? + 1) linear 
equations for the 2n + 4 coefficients in C^nH-i; these are known, by the theory 
preceding, to be consistent, and that they are sufficient, except when 
2n 4- 3 ■> 7, is shewn above ; but in general they are more than sufficient, 
and it will be shewn below that when U^ and JJ^ are found we can determine 



jUCa 



AJL^^JL^^^ 
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the terms IT, and U^ Bimultaneoosly, by equating terms of dimension six in 
the differential equations, and this without utilising all the linear equations 
given by the differential equations. 

{| In order to justify this statement in detail, it is suflScient to take the 

differential equations in the forms to which they are reduced by such a linear 
transformation of the arguments tt,, 11, as corresponds to a transformation of 
the associated sextic to the form 

this linear transformation of the arguments being accompanied by a 
multiplication of the sigraa function by an exponential e*«i"-»-Ai,ih+cs« 
equivalent with the addition of certain constants to the second logarithmic 
derivatives fn, f^m f^i ; this has been explained in detail in a previous section 
(pp. 49 — 52). The forms obtained, which we shall utilise, were, writing m, y, t 
for f»B, fn, (^„ 

fm>-6fB* «iX« -I- \,«-l-4y, 

Poll - 2p«fhi - 4pa' - i\y. 

multiplying these by A,^ 4A,*Ai, ..., Al^ and adding, we obtain 
(8*-4S>S' + 3fi»S'«)<ra' 

where P = - X, V + 8X,A, V -f iW - i\^) Al^ 

A « X4A,* - 2X,*,A,» - 8X,A,*, 
B - 4*,* + 4X^ V*i + 8X,V*i' + 4X,A,fc,« + Xi V, 

With the general form of the fundamental sextic the linear terms in an 
odd function have been shewn (p. 84) to be a constant multiple dof Ui — ^ru, 
where '^ is a root of the equation a«^ + 6ai^+ ... -|-a«« ; with the trans- 
formed form now under consideration one of these roots is xero ; we shall 
therefore consider that particular function for which the linear terms, in the 
notation now being employed, reduce to Ui ; any other is conversely derivable 
from this by transformation. Putting 

where U^^i is a homogeneous polynomial in Ui, u^ of dimension (2n — 1), 
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with Ui^Ui, mad equating tenoB of dimension zero in the differential 
eqnatioii, we have 

- [A W - 4,4,') ^B(d,d, - d,d,') + C W - d,rf/)] ti,ii/, 
and hence -|fi»I7,.r£r/-- C?d|d,'tt,M,'. 

which, putting U|. «, for Ui', «,' after differentiation, and A] « tt|, A, « «,, gives 

4I7,u, « - 8tt,«tti + Xju,*, 
or O; « iXjU,* - 2u,«. 

Equating terms of aggregate dimension 2, in u,, t/,, u/, «,^ we have 



(8-4a.«' + 88.n(^i^^^'4 8TTl) 



iPu.it,' + [A (d,* - d,dt') + ...] 
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and this gives, when we replace u,', 11,' and A, , A, by tt,, 11,, 

leading to 

For the determination of 17„ as has been Cjqplained, a more laborious 
process may be followed. Picking out the terms of aggregate dimension 6 in 
^> t<t> ^', ^ in the composite differential equation 

we have, for the determination of the 8 + 10*18 coefficients in 17, and I7„ 
the 85 equations obtained by equating the coefficients of hf^h^u^Ui', for 
rB0...4, ««0...6; putting 

71 71 

17, « JSr.u,^ + j-j F, ii,*u, + 2|yj fl,ii,»u.« + . . . , 

it is found that the 14 equations obtained, by taking the coefficients of 
h^vJ^Ui\ h^K^iJ^Ui^ for «« ... 6, that is, the first two of the five separate 
differential equations, determine 

XI,, XIl, ...y /Z,f A,,..., A,, 

bemde Aimishing a single relation connecting Hj and JT,; the remaining 
coefficient IT,, of C7,, together with JST,, may then be found by taking the 
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ooeflBcients of VVvi«i* in the oompoate differentul equation ; and finally 
the remaiiuiig three ooeiBdeote of U,, namely Krt ^*, ^»t nuty be determined 
Iqr taking the terms in VV«i*> lh*ttt*h\ V«i* reepeetivdy; and Iwving 
thereby determined Uj we may verify the form ■imaltaneonily obtained fbr 
V, by patting, in the oomposite differential equation, after differentiation, 
ki^ui,h,mut. Except as, perhaps, the best practical method, and to secure 
accuracy, not all the work indicated is really neoessary, since the covariantive 
character of the expansions enables us to determine all the coefficients in Ut 
firom one of them, and similariy for the twms of any other dimension, as will 
be exemplified in detail. Nor is it neoessary to give here the actual 
computation; the results, found by the method, are 

H.--(X, + 2X,«), 
J5r,--(2X, + iX,>0. 

J5r.--(|x.x,+ix,x.), 

for V, ; and for Ut are 

E, - 16X, - 6X,\, - 2X«», 

ITi - - i V - 8X, - *\,\ - 1X,V. 

E,m- \W - 4X,X« - iX,V - 20X,, 

JT, - - 6X,\, - 4X.X.X, - JX, V - i V - iW, 

JT. « _ i V - i,\*\, - ^W* - |x,x.\ - \WK - x,x„ 
^. - - A V - AXiX.x, - jx,x.\, - 2\x, - |x,v + i V\, 

Kr~- lOV + iX,X,\ - i^^W + A^% - A^i V. 
^. - - ¥>• V + |^x,x, - 4\*\ + svx,, 
Jf. - 7i» V + IV + A^ vx. - H\y^*\ - ^wx, + IX.X, V 

+ 1 VX.X, + V VA, - AW + 1\>^W - 1 W. 






The nmplicity of the forms of the differential equations which have 
just been used aroee partly from the addition of certain constants to the 
fbnotioas |^, |^, |pu (see p. 62); we introduce now the more general 
function . 

oz - «^v, H~-^(\u,*+ |X,ii,«, + X,ii,»), 



I 
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god write 

«4(il«<+5il,l^*M, + I0il,ii,»tt,«4 l0il,l^•ll^»+6il4l^«l,*-f il»ui*)iii, 

80 that 

A^^it ^1 « ^x<, •A|Bs^x,, At*^x«» ^4*]ny^» ^»**t^> 

17. 17. 



putting 



<rx-F. + F,+r.+...,-e»(p. + J-; + ^;+...). 



where each F denotes a homogeneous polynomial of the dimension indicated 
by its suflBx, we have 



«. 17. „U, H* „ 



5! ' 8! ' 2! 
and 80 on. The forms Vi, F,, Fg, ... are then unaltered by any transfonnation 

provided the correspondingly changed values A.. Ai\ Af\... are also intro- 
duced, those namely given by 



or 
where 



Ar'--Ar + hBAr'^^h*»Ar'^..., 



Now if 

V\A^, Aif ... , i<s, U|, •••)>» V(A^, Ai, ..., Ill, tti, ...), 

then, as II,' « II, — Aui, 

thus, if F« B P.fi,* + mP,tt,*->i/, + ^m (m - 1) P^u/^u^^ + . . . , 
we have &P«»0, 8P,«P#, 8P,«2Pi, ..., 8P|««mP^„ 

and so '^-"(^ + 5;*"*"^!j«^"*"-)'^~'*»~ 

which we may denote by 

F^««^"'"«'P«u,~ 

When we carry out the changes of notation we find in fiu^t 
o-xCui.ti,) - (1 + t*,-Hi,8 + g^Uj-hi,* + ...] <rx(iii, 0), 



i 



I I 




92 Covarianlive form. [chap, iv 

where 

<rx («, 0) - 1. - J^,tt» + \ (5A^, - SAf - li, J,) u* 

+ rh (61 A/ + eOAMt + 75il,il«* - WAxAtA, - ISSA^^^ - A^A,) u* 

+ livt {250il«' + 3»10A,AM* + 276AiAM» + lOSA^t* + dOOA^A^Ult 

- iniAt*- S4SAtA^t - 900A,A»At* - UKAM** - l90AMi* 

- IHHA^A^t] If 
+ etc. 

The full values for 

»*(«!, «.) - ^1 + F,+ r, + ... 
are 

F, - Ju, {8 (il,» - .4,) «,« + 6 (A,At - At) «,««, + (8il,» + 2il,il, - 6il4) «,V 

+ 2 (^^, _ il.) «,u,« + (- 3il,» + 5 J,4« - 2il,i!,) V), 

1^ - t4»(-A.*- -a.) «.' + A(6il,^-2il,-84,»)a.«u.+i(4i!,«-^«-8il,M.) ti.V 
+ is(3SA,At - lOil, ^4- At - SAM»-9AiA/) u,V 
+ ^(23.i,*- lOAtA^- 9At* - *A,At - QA^A^A,) u^W 
+ ^SAtAt + li,M. + ZAiAt* - 4il,il. - bA^AjL^ - A/A,) «,V 
+ t^(10il/ + 6il,i4,il. + 9.4,il,* - lOil^^l, - 15il/il4)u,tt,« 
+ Th(67ii.» + 60il,»il, + 75AtAt* - QQAtAtAt - 135il,^^« - A^t) «,» ; 

while 

u^(A,-9A,A, + 2A,*) 

+ ^ (21il.« + 16il,i!, - ZiAM, - At* - iA,) 

+ ^ (- 85il,^,« + 2lAt*At + UAtAt + ZAM* + A,A^ - At) 

+ ^^ (- Z9Af + 27 AM** - 10 J ,il,4, + 6 A M* + 18il»4« + 5A^*At 

+ 4A/-6AiAt) 
+ ^* (8il,il,» - UAt*At + ZAt*AtAt + lOAjAtA, + .l,^, - 8J,»il.) 

+ ^^{SAt* + \2AMAt + ^Ai*AtA, + 4il.il. + 20il,M« + 40J,il^« 

- 6il4* - 62iliil,*> 12il,il,il, - 12AM*- l^^M**) 
+ ^^ (- 6il,il«* + S0il,^^4 + 20J,il,il, - ISAt'AtAt + 45il,.i,*il4 

- VIAiAtAt* + ZA,*At - 2A^t - SU.* - 15At*At) 

+ ^^{8SA^4* + n2At'AtAt + 210AiAtAtAt + lOSA/A^ + 12AtAtAt 

- 15At*A, - 6SA,*At* - 16A,AtAt - U2A^Mi - IS^AM 
-4A«-150il,M4*) 
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- 67il,il,« - 81^>il»- 4il,il»* - 75AiA^/ - fiOila'il.) 

23. From the ezpausion which precedes we can obtain that of any odd ^* \jj 
function in terms of variables u,', «,' associated with the general form, '^^"^ 

of the fundamental sextic ; for this we have only to write 

where m{p + n^) » 1, and change the notation for the constants by means 
of the identity 

Instead of doing this we shall obtain, as fiur as the terms of the third 
degree, the expansion of any other odd function than that considered above, 
for the reduced case when the differential equations have the form given by 



putting 






^l + ol + ••• > 



and equating terms of zero dimension in Ui, «,, Ui\ u^ on the two sides of the 
equation, there results 

leading, when ii/, u^ and hi, A, are replaced by tii, u,, to 

where il«, £«, C« are the values of ii, B, C when h^ A, are replaced by iii, u,; 
the right side is found to be of the form 

as ^ makes this last quintic function vanish, we therefore find 

-I- 8t«,u,«t (^+* + V^ + M + w,*(3X,^ + X,Vr - X,). 

M. As a last example we find the terms of the fourth order in an even ^^^ Ia^^^^ 
function with the same reduced form of the sextic and differential equations. £]^x ^ ^^ « 
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As in the general case (p. 83), if the constant term be taken to be unity, the 
terms of the second (Nrder will be — i(dBt«t* -t- 2y«i%u, + ^•iii'), where 

«• - Fbi(O) - - y log <r (0)/au,«, eta, 

are the coordinates of one of the finite nodes of the surface A ■« ; equating 
terms of sero dimension in the differential equations, we have, if 

<r- 1-1- J 17;+^ it; -I-..., 

leading to 

«u,*(8fl;i«-l-iX, + Vt + 4y.) + ^hH (Sx^. + \y« - 2j,) 

+ ti/(ar.»-iX^ + iXtX,-8X^ + Xj^.+ X^.). 

It will be noticed that in the coefficients of the powers of ii|, U} here, the 
linear and constant terms are the same as in the fundamental differential 
equations of p. 88. The reason for this will appear below. 

86. In the preceding expansions the arguments have throu^out been 
denoted by U], Utl they are not the same in the various cases; in order to 
give clearness some remarks may be made. For the function 

the coefficients o^t, y«, r« in the expansion 



*(0) 



1 - i(«.ttt' + 2y.«,u, + *,u,») + . . . 



are the values of fib(O), fb(0). fuiO), where fib(u)»-d'log&(u)/9ii,*, etc.. 
We have proved (p. 88) that if, with »» - X, + X,« + . . . + *t^, -/(«), 

A «ft p. (ft n' tdt , f** tdt 

where the sign = means that additive integral multiples of periods are dis- 
regarded, then 

^ + <•- Pbi(ti), ^t.« -Pfl(ti). F{t^. t,)- 2«A= 4tt - tnfpuiu); 

hence putting <|, d at Oj and Og, 

a^-Oi + o,, yi^-oio,, *o«i^(ai. a8)/(a,-a,y, 

the branch-place values Oi, Ot being those used (p. 31) in describing the dis- 
section of the Riemann sur&oe whereby the matrix r, and the matrices h 
and a, are determined. 

For any other even function we have a similar expansion; without 
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entering into unnecessary detail, such a function has been shewn to be of 
the form 

4>(u)-eft"i+W%+*a(tt,-il„ w,- J,); 

expressing Ui, 11, in terms of fi, ^ as above, and putting (p. 29) 

. [• dt ^ f ♦ dt . [• tdt r* tdt 

the coefficients x^, y«, t^ occurring in the expansion of 4>(u)/4>(0) are the 
values, for Ui ■> 0, u, « 0, of the expressions 

namely, preserving the notation f>rt(u)B — 9* log ^(t/)/Bur9u«, are the values of 
f^fff (ill! ill) ; thus Oil « 9 + ^, yo * — ^^* As to jr« the general form is simplified 
here in virtue of the fisict that 9, ^ are roots of the equation f(t) « ; to 
make this perfectly evident we recall two &cts : first, every one of the ten 
even functions 4> is obtained (p. 24) by taking ii|, il, so that 

where nii, wis, m!, m^ are such integers that mim/ -¥ nigmg' is even, with 
proper corresponding values of the constants pi/p^ in the outstanding ex- 
ponential ; every one of the six odd functions is also so obtainable provided 
minii' + ffiimi' be odd : second, if by the rule of p. 82 we calculate the values 

A \^dt_^{^di . fUdt^f^tdt 

we find that they correspond to even functions when 9, ^ are any two different 
roots of the quintic /(f) « 0, and correspond to odd functions when ^ is the 
infinite place a, and is either one of the roots of f(t) » or is also the 
infinite place. It follows then that in the function above Pii(Ai, A^) reduces 
from i(tf - ^)-« [F{0, ^) - y f ], where 0'* «/(tf), f « «/(*). to 

and we have 



26. For an odd function 

<D(u)-e^«i+i't««+*a(u,-il,, ti,-il,), 
we may consider two cases: first that when 

J Oi 9 J at 9 J^i* J Ot ^ 
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where is one of the roots of f(t) « ; then the qoiintities 

- y log * (0)/Sttr3tl„ 

or Pn{Au A^y are infinite, but have finite ratios obtainable by proceeding to 
a limit from the general formulae when t|, tt are finite, 

namely, |)bM) ' f>a(^) ' fpiiM)»l : — ^ ^ ^; these however arc, as previously 
remarked (p. 84) the ratios 4>,' : 4>,<1>, : 4>|', where 4>r *84>(il)/dur. Thus the 
linear terms in the development of the function 4> (u), with the values of 
Ai, A^ here taken, are, save for a constant multiplier, Ui — ^Hif Lastly, for 
the odd function 4>(u) in which 

the argument is similar to, but not a particular case of, that just given ; both 
are particular cases of the argument for the case when the fundainental 
equation is a seztic, not a quintic. Either for that reason, or because we 
have exhausted all the other cases, there can be no doubt of the result : the 
odd function 4>(u) in this case is that given, save for a constant fisustor, by 
the expansion (p. 89) 

<r(tt)«u, + J(jX,u,»- 2u,«)+ ... . 

It is interesting to verify that this is in accord with a result previously 
found (p. 34) as to the necessary and suflBcient form of the expression of the 
arguments of the function ^(u) in terms of one arbitrary variable in order 
that the function may vanish identically. In accordance therewith, a{u) 
vanishes when 



where 



as (p. 82) - Ur«» •• = u,*' ^ 

this is the same as tir = i£r''*> 

which, by replacing (x) by its conjugate position, may equally be written 

herein {x) is any position on the Riemann surface i^^f{t). Considering now 
the case when (x) is near to the infinite place a, putting x»^ia the forms 
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28. It follows by a preceding investigation (pp. 20, 21), that ifV be a 

Tl'symmetrical matrix of two rows and columns, such that the real part of the 

^^^quadratic form tm', which is the same as t (xutii* + 2T|An, -f T«fi|*X >> 

^. necessarily negative, an analytical integral function of two variables V|, «« 

which satisfies the conditions 

^{Vi + 1, «,) « ^(vi, V,)- ^(t>i, r, -I- 1), 

^{Vi + Tu, «i + Tn) -e^»^(ri, «,), ^(t>i + Ta, »i+ Ta)«e*^^(»|, 1%), 

where -ffi«-4w»(«i-l-iTu), i?t * - 4in' (o, + fra), 

is expressible as a sum of four theta functions, in the form 



p*e(2t;.2T|**). 



when h denotes in turn the pairs (0, 0), (0, 1), (1, 0), (1, 1). It follows thence 
that in terms of any four such functions ^, which are themselves linearly 
independent, any other such function ^ can be linearly expressed. 

The conditions for ^ are included, as was shewn, in the single equation 

if a be an arbitrary symmetrical matrix of two rows and columns, and 
h, fl», »\ ff, f{ such matrices of two rows and columns that 

it was shewn (p. 25) that, for arbitrary /), f\ each of which is a row of two 
elements, 

aiy.^- [IpY - au* - 2w%p' {v -k-irp')- 2w%pp' = iT, (u + ^flp) - wipp\ 

«Xp(u), say, 

where fl, « 2o>p + 2fl0y , iTp « 2^/) + 2^^', hu^iriv; 

it follows therefore that an integral analytical function, ^ (u), of two variables 
Hi, lit, which for arbitrary integer pairs m, m\ satisfies the equation 

^ (u + 2fl»m + 2«'m') - «^^ W ^(|^)^ 
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tenns of the fourth and sixth dimensioD, we have, if a, a^, ... denote 
«•(«*)• <ra(ti),... 

^(M)pii(«*)--<^<^n + «'i' - 1 +F4, 

and hence 

^(tt)<^W[P2i(tt)-F«i(^)]- t*,V- tt,V + i5f., 

On the other hand, up to terms of the fourth order, 

in this last the only quadratic terms are those in tt|**V|*; comparing with the 
quadratic terms in 

we infer, therefore, that C7b — 1, F»0, GsQ; and comparing the quartic 
terms we infer il » 0, £ « 0, IT » 1 ; on the whole therefore we have 

a«(tt)<r«(y) " '^^'^^ "^^^^ " '^^^^ ^^^^ "^ "^^^^ " '^"^'*^ 

We return to this formula later; it will be seen that the geometrical inter- 
pretation furnishes another proof of it ; references to another analytical proof 
are given in the Bibliographical Notes, at the end of the Volume. 

:^4<^>. W 81. Next take any even theta function, so that 

Jflfti'0, uKJhe square of this function is then expressible in the form 

^ (u) [Af^(u) + Bfn(u) + Cpn{u) + D], 
so that 

* and hence ils — y«, B^x^, C«l, D«:-i«; 

thus "^0 ■ " y*»(^) "^ ^« ^^^ + fu(<*) - *•» 
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is expressible linearly in terms of any four such functions ^ which are 
themselves linearly independent. 

29. Now we proved the equation, when vi, vi' are pairs of integers,^ 

therefore, as X,n(u + 1£;) + \m{u — w) = 7XnSu\ 

it follows that when q consists of half integers, the product 

& (it + 1£;, q) ^{u — w, q) 

is such a function ^(u). 

Thus also a^{u) and, because the functions |>e(u), etc., are periodic, each 
of the following functions, which are known to be integral functions, 

a^{u\ a»(u)pn(u), cr*(tt)fVi(w). a*(u)pu{u\ cr*(u)[jf^(tt)- 6i>a*(w)]. 

is such a function ^(u), and there is therefore a linear equation with constant 
coefficients connecting these five functions ; this is one of the five differential 
equations previously discussed. 

Or again, the five functions 

which occur on the left sides of these differential equations, are themselves 
connected by a linear homogeneous equation, obtainable by eliminating the 
functions fti(u), f>a(ii), (pu(t^X <^^ ^^^ constant term, from the differential 
equations. 

80. Another illustration is furnished by the five integral functions of u ^fCu^^ 
<r(u+»)flr(u-v), cr«(u) cr«(r), cr«(tt)a«(t;) jpa(tt), o\u) ff\v) i^{u\ ^ ^. 

^(t*)^(v)fu(«^); /fj 

thus the function o'(it+ v)or(tt- v)/a»(u)a*(t;) is expressible as a linear ^ 
function of ftM* fnC^)* f^il^X ^^^ coefficients independent of u; its form 
shews that it is equiJly a linear function of fj^v\ (p:a(v)> ft^u(v); and it is 
changed in sign when ii, v are interchanged. Thus 

+ ^[ff»i»(«) |^i(») - f>ii(tt)|««i(»)] + [f„(u) |»a(t») - !>„(») ^„(u)] 

+ H [|>a(«) ?»(») - |>a(u) !»„(»)], 

where il, B, C, F,0,Hare constaQts. Taking now the expansion (p. 89) 

a(tt)« til + VjX,tii«- iM,«+ ... , 
and denoting by H^, H^ power series in u^, u, beginning respectively with 
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found (§ 31) for a* (u, q), we can thus express each of |V« (u + Clq) as the 
quotient of two linear functions of ^ (u), f^ (y), fu (v) ; Qcing a ftotor 
of proportionality p, in fact equal to er*(u,q)/a*(u), the result may be written, 
if ti'«ti + n,, 

[pPto(A PP«0O. PPiiCA p] - -»^ [fa (tt). Pbi(t*X Pu(wX 1] 

where M, a matrix of four ro?ni and columns, is found on computation to be 

micli that, if 





M. 1 





then 





Jlfj = 



i(O-^tyo) 



ya 




this being a symmetrical matrix. We have previously had the matrix j 
(p. 71), in a formula which is essentially connected with this, we have 
found previously the values of P, Q, -R, S, 7 in terms of «^, yo, t.t (p. M), 
and we have found also (p. 95) 

thus the symmetrical matrix Mj, and therefore also Jf, can be expressed 
in terms of 9, ^ and the coefficients in the fundamental quintic. 

It can be verified that each of the four expressions given by 

-^(^0, yo, ^0, 1), or Jfj(yo, - «i, - 1, *o) 
vanishes ; of this the geometrical interpretation will appear. 

84. Consider similarly an odd function 
yt<^^ o'(u, g) = ii,-'^, + i(pu,« + 8}U8Hii-|-8ru,Ui« + «i,»)+...; 

4 ^n M ><^p to quadratic terms the expressions 

cr* (ti, q) iptt (tt, q\ etc., 
or o's* — o-o-a, <r|0't — 0-0*11, 01* — 00U, 

where 0^ « 80 (ti, 9)/du8, eta, 

are respectively 

-V^ + iO^ + J^^)!*,* -i(r + «V^)t*i\ 

1+ (9 + ri/r) Ua* + (r + «^) tiji/j ; 
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comfMnng these with the terms ap to those of dimension 2 in 

a« («) [ilf»a (tt) + fipa (tt) + C(p„ (It) + DJ 

we obtain the ezjnressions for 

<r»(tt) •^^ • '^' ^7^0 ^ ^ ' '^' <r'(u) ^' ^"' '^' 

we have previously (§ 82) found the expression for 0* («, f )/ff* («) ; hence as 
before if A, be the half period given, with B ib '^~', by 



<°.^-i:7. <».)-/:'-?. 



the fanctions fb (i^ + H,), eta, are expressible as fractional linear functions 
u^ fb (t<)* ^tc^ by formulae given, if p be a factor of proportionality, in fact 
equal to a* (w, q)la*Xu), by 

[Pi?«(«0> PfnCtt*)* PPii(t*0, p]--»^[p«(«), Pa(«X fu(M), 1], 
where «' k u + Xl,, and ilT is a matrix of four rows and oolumns given by 

Nj^/ l(p + J^) J + rf r 

-(9 + rt) -i(r + #^) 1 

where the matrix on the right is skew symmetrical, and j is the matrix 
previously employed. We have previously found the values of p, q, r, s 
(p. 98). It can be verified that the expressions given by N{h — ^> 6*, 0), 
where « ^~S are all zero. 

If we substitute the values of p, q, r, $ we find 



-r' q' r\, 

r' -p' -^ \ 

q' p' 1 I 

Vr» ^ -1 0/ 



where 



J>' - i OW^ + iX.^). S' - - i (X,^ + X,t» + X^t* + i^V'). r'--l; 

compare this form now with that obtained on p. 74 ; putting, with a slight 
simplificatioD of the notation there adopted, which will not lead to confusion 
because we do not further use the sextic there denoted by F{'^), 



and 

we have 
and 






• m 



i 
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where [iprf(n)] denotes [faCti), pn(ii), f„(tt), 1]. 

Thus the equationn expressing the functions PfvCn + O^) in terms of 
ffriiv) ^^^ the same as those given by the transformation A^r of p. 79, 
r having five values according to the root ^, other than lero, of the 
sextic F{^\ 

We have at once 
and hence 



or 






cr»(u + n,) 

Similarly for the symmetric matrix Mj of § 33, we can verify by actual 
computation, on the hypothesis that neither B nor ^ is infinite, that 

the work is rather long, but is &cilitated by using where convenient the 
alternative forms given p. 74 for p' and q\ and the fact that the coordinates 
x^^O-^^^ y^^ — O^, Zo^e^^ make all the minors of the determinant A 
vanish ; these minors are given at length on p. 41 ; making use of the 
identities 7#""'74 = -74"*7#, 7#"*7" — yWf* ®*c- (P- ^9), and putting 

/((9) = x, + X,tf + ... +X^^ + 4tfS 

and /it = P#^«s/i7W, 

we thus have Jf = — ^7^ 7»'"'7*> 

and therefore, when a (u, q) is an even function, 

^^ [Pr, (« + n,)] — ^ yr^, [p„ (u)]. 

It thus appears that the fifleen transformations A^ of p. 79 are all obtained 
by adding half periods to the argument u. 

When o'(i/, 9) is an odd fnnction fig is, save for multiples of periods, of 
the form u^* * ; when c (u, 9) is an even function, ilq is the sum of two 
expressions of this form ; thus the last result can be obtained by two 
successive applications of the formula just previously obtained for an odd 
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86. Consider now the fonnala (§ SO) 4^/'*-*'7^/^ 

we know, if fl, denote a half period, that ^J^Y-*-''^'/^^-*''^/ 

where ili, ilt, £ are independent of u, but depend on q\ hence adSing 
n^ to II in the formula, we have 

thus when a{u^q) is an ocM function, putting in the value found for the 
matrix N^ we have, with fi^^tt**^ 

which, when is infinite, p^^^i (p. 74), gives, for the right side, 

- *y [|P^ (U)] [Pr. {V)] - j [p« (II)] [Pr. (V)l 

and when is not infinite, replacing 77#~^ by — 7«7'~', gives, for the right side, 
and when a (u, 9) is an even function, 119 = 11^'' + u^**, 

From these formulae we have, respectively, 
for the case of an odd fanction, 

v(u + v,q)<r(u-v.q) a*(u) a*(v) .j^. ^ ^ 

^jN . N-* [fr, (tt + n,)] . N-* [fn (e + ft,)] 

- ^-'j [pr. (« + n,)] [f»« (» + ft,)] 

- - - 7« [f>« (tt + n,)] [|>„ (w + n,)], 

and, when 0-(u, 9) is an even function, 

Now since 7^, 7^^, 74^, 7, 7.,, 7.^ are in involution, where c, Ci, Ct, Oi, a, 
denote the roots oif{0) » 0, we know (Appendix to Part I., Note I.) that the 
matrix 

7*f7«,~'7e«««^» 77«.""*7«,«a?', 7a,7"*7e4«p'. 7«,«»' 

7«t7a,~'7ei«»'. 77«if"'*7ei««'. 7at7"'7e,«ar', 7ei«»' 

-i7aar' , -vya^asa?' , -iya^xx' , - t77«i""*7«t«»' 
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ill 



\i 



i 
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is orthogonal Let us toppose the ligiis of the square roots denoted by 
^, /i«i, ... diosen so that (Appendix* fee. eiL) 

then this matrix can also be written in the form 

(*y#i7ei"*7«^» 7«i7r'7«*' » - 7at7e"*7«»' » 
«7«i7r'7«»' . 7*i7#i"*7«a^» - 7at7ei"*7«*'» 
*yf7#i"*7««^ . 7-t7*i"*7«*'. -7«i7ci"*7«*'. 

but we have seen, if 

(«. y, *, - [p, (ii), p« (tt), p,i (tt), 1]. 
« y', *'. O - [p- («X f» (f X Pii (t^X 11 

o- (u + «) o- (tt — t) 



7*1 «^' 



— 1, 



-t7ai7«t 7«^ 



that 



iH (u) a« (v) 

g(u-fty,g)y(K-t,g) 
ir«(u)<T*(«) 






— 1. 



where /a# — 6^p^ ; hence if 

o- (v + v) o- (tt - «) « [o], 

o- (u + 1, tf) o- (u - «, tf)- [^, 

by multiplying every element of the matrix by a* (u) cr* (v), we infer that the 
matrix 



^""^[Ci.c,], -t^-f [a„c], 









[<h.c]. -- [c] 



.a, — c 
t -= 



[a] 












[oi,C|]. - — W 



[oi^oj 



is orthogonal As will be seen (Appendix, loc, cit.)^ there can be formed 
16 such orthogonal matrices; presumably they are obtainable from 2 by 
addition of half periods to the argument u. 

A particular case of this reealt is obtained by dividing each element by 
o* («X M>d then putting v * ; since we have (H 81, 82) 
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P«, P#.4 being as on p. 68, we infer that 



1 



«!««» 



^oie » 



«i » 



_»?iI15p 



— t 



0,-0, 



a%e > 



.flh_--C p 1 p 



P. fl| — Ci p ^ p 









. Ol — Cg p ^ p 



«!•, 



ifl also orthogonal. For instance, taking the first and last columns, we have 

(C - c) P.P.,^ ^{c,^c) Pe,Pcc -^(c-c,) P^Pcc, ^{<h^(h) f^^f^^^ P.,«„ 
while, since i^frnt^f (jB\ we have 

^ (c-o,)(c-aa)(C|-flh)(Ci-a,)(c,-0|)(c,-a,)(C|-Ci)«(c,-cy(c-c,)' 
" (a,-o,)»(a,-c)(a,-Ci)(a,-C8)(a,-c)(a,-c)(aa-c) 

- (c, - Ct)* (c, -cy (c - c)«/(a, - a,)«, 
so that 

(Ci-Ci)PtP., •, + («,- c)Pe.Pe,e + (c-C,)P^P«, 

- ± (Ci - c,)(c,- c)(c - c,)P.,^, 
an equation easy to verify directly, with the upper sign on the right side. 

Again, if in the matrix S, we put v*»u and then replace 2u by u, we infer 
that the matrix 

^ " ^ ^(tt, ccO. - » ^r^ <r(u, a,c), i ^^^ ^ (u, a,c), "^ 



f^f^'i 



A«^Me 



A<ihM» 



/S^ MatA*»i A*»iM»i 

^'"^<r(tt,cC|), -t^^<r(i«,a,C8). t^^^<r(tt,a,C|), 



/««M«»i 



1^1^ 



f^f^ 










a(u,a^a^) 



is orthogonal ; thus for instance 



(^)V(.,...j.(^^V(^.., 



.(&ri)V(,,.,^(l;i^)V(^^,, 



T 



r 



I. ! 

I 
I 






\ii 






Vi 
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« (c, - Ci) (a, - c) a (u, c,Ci) IT (w, a,c) + (Cs - c) (a, - 0,) IT (li, C|C) IT (w, OjC,) 

+ (c - C|) (a, - cO <r (u, CC|) IT (ii, a,c,), 
of which the first is equivalent to 

and the second to 

(Ci - c,) (a, - c)JP^P^e + (c. - c) (a, - (h)JP^JP^c, 






+ (C-Ci)(a,-c)VPee,P. 



cq- oiei 



0. 





86. As an alternative method of obtaining results just obtained by 
consideration of the orthogonal matrix, and as an example of the application 
of a principle which appears at first sight slightly more general than that 
so far employed in this chapter, we give now a formula which, in virtue 
of those idready proved, furnishes an irrational form for the relation A sb 
connecting the fnnctions fp^ (u), f^i (u), p^ (u). 

As in preceding investigations it follows that an analytical integral 
function of Ui, Us which for any integers m, m\ and a positive integer r, 
satisfies the equation 

the notation being as before, is expressed linearly by r* functions of ^the 
same kind. An analytical integral function may however be such that it 
satisfies an equation 

where cm + cfm' « Cjiiii + c^mt + Ci'nii' + c^'m^', 

and C], Ct, c/, Ct' are any constants; it can then be shewn, just as before, that 
it is expressible also by at most r* such functions ; we do not give the proof 
because it will appear that this is really included in the preceding case 
(Part II., below). But now, if '^(i/) be an odd or an even function — and it 
can be proved that this cannot be so unless each of c,, c^, c,", c,' is an integral 
multiple of wi — it can be further shewn that there do not exist always as 
many as r^ linearly independent functions ^ (u). In &ct when r is even, if 
•^ (- u) s €y^ (u), so that e is -f 1 or — 1, the number of linearly independent 
functions ^(u) is at most ^ + 2e when each of Ci, C|, Ci\ ci is sero or an 
even multiple of Trt, and is otherwise \r* independently of e; so that for 
r^2 there is no odd function for which Ci, Ca, Ci', c^ are even multiples of 
TTt, and there are four even functions, while when Ci, c%, c^, ci are not even 
multiples of iri there are two such odd functions linearly independent and 
the same number of even functions; it is this result which we proceed to 
illustrate. When r is odd the number which are linearly independent is 
at most i (r* + hT"*^'), where (c, tT^^iri (/i, is!). 
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We have discuflsed, beside the fuDctiou c{u\ five odd functionb, each 
associated with one root of the quintic equation 

these being those denoted above by c (i/, q) ; one of them may be denoted 
by c (t£, 0]). We have also discussed even functions, each associated with two 
roots of this quintic; one of these may be denoted by a{% 0i0f). Ck>nsider 
the three products 

^(^,0i)<r{u,0M <r(u,0,)a(u,0A)> <r {u, 0,) a (u, 0A)': 

the function a(u,0i) is, save for a constant multiplier, the same as ^((£,9) 
of p. 25, where the characteristic q is that associated with the half periods 

while similarly the function a (u, 0^^) is associated with the half periods 

as explained before (pp. 94 — 96). Thus each of the three products above is 
of the character assigned to the function ^ in the explanation above, being 
an odd function for which the quantities Ci, C|, Ci", c^Vare not zero or even 
multiples of iri. Thus there exists an equation 

A<r(u,0^)a(u,0^;)'\'Bc{u,0;)a{u,0A)'^Ca(u,0;)a{uJ^0;)^O, 

wherein A, B, C are constants. 

And the preceding expansions enable us to determine the coefficients; for 
the terms of first order in the expansion of the left side are 

ii (u, - 0r'u,) + 5 (u, - 0r'u,) -{-Ciu,^ 0r' u,), 

shewing that -4 =*,(*, -<9,), B- ^1(^.-^1), C-tf,(^i-^,). 

We have previously (§§ 31, 32) expressed each of the quotients 

c^(^,g|) o'(u.0A) 
a*{u) ' <r»(u) 

as a linear function of fb(^)> fo(^)> fni^Yi if these forms be substituted in 
the equation above, an irrational form of the equation A » is obtained ; if 

«i « *, + ^„ yi « - 0A, ^ « ^#,. etc. 
and X, y, s denote f^ (^)> fn {^)f Pu {^)» this is 

2(tf,- 0^){xy, - y«, + ^, - i^{y^0iX^0,^)^»O. 
If Oi, a, be the roots of the fundamental quintic other than 0i,0t,09; and 
f-(^i-a,)(^,-a,), m = (fl,-a,)(^,-a,), ii-(«,-a,)(^-a,), 
we find («.-ft)PH#.-(^«-*.)^ih.^ + »^#.-^#.; 
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We CBD give an intarpntetkm of the fMrnnla for the fiuetkn 

which plaoes the fonn obUined fbr the rif^t side in connezioD with the 
resalts oblaiiied above in oonsidmng the geom^ry (p. 76)l Thoii^ 
entailing repetition it aiipean well to make the praoent aooonnt mU<aor' 
tained. 

Regard r as fixed» and |ibl«X iVi(vX 9n(^) ^ ^ cooidinateB of a 
variable point; the equation 

|^(«)ftiW-fti(«)ftiW + fti(»)-Pu(«)-0, 

whidi we may doiole bj 

is that of a plane paflBiqg throQgh («i>3f^>^ (being in fiict that of the polar 
plane of (st. yi. m^ in the linear oompfex denoted in the nsoal notation bj 
«-l-n'«0)L The fnnetion m{m) has been seen preTioQsIj (pi 96) to vanidi 
fDr•»«^^tkatisfbr 

where «'«X«*h V ^ --* *l^^+ 4r, and. save fbr integral mohiples of periods, 
onlj for Tahies so ezpreasible (the kto vahies — «^^ for example beis^ 
ohtaimable by takii« «>*^ where (O » the pinoe eonji^afte to (I)); heaDe 
the product r(a-l-v)«^(a — v) vanidies for 

the sign s i n d icate s the possihle omission of mnltqdes of the periodB; 

if (f) 1^ eonjngate to (IX the second is as-(r-l-«^^ and. ns 

n)»ffb(«XctCL, gives the same point of the snifooe A»0 as does the 

The cnrre of intersection of A » with the plane jyi—ja^^^~#«0 
lerefere points each msfwinlsyi once by 

*-fti(tr+«^0^ y-fti(tr'^ti^'X «-fb(tr-h«^0^ 

(I) is variable This cnrre will have n donble pointy and the plane 
A»0» if we can aatisfy. by properly ^oosiqg (I) and (l|X the three 
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Mow first, the three equations f rt («) >■ fVt (i^') require, as the differential 
equations of Chap. 11. shew, that 

fmm (tt) - f ncm («'). while p^ (tt) - ± f ne (u'), 

the negative sign for the functions of three suffixes being capable of deriva- 
tion firom the positive sign by changing the sign of u'\ similarly by the 
equations derivable by differentiation from the differential equations all 
derivatives of p,«(u) are equal to the corresponding derivatives of ffn{^\ 
or of jprf (-*tt')> ^ i^^>t for arbitrarily small arguments w, 

br f w (tt + w) = iprt (- tt' + w), ipnt(u + t(;)«jp,^(-u' + t(;); 

we can however express (^ + 1(; in teims of these iunctions in the form 

where il, £, C7 are rational in x^f^iu-hw), y » fpn (u + tc;), f ^f'yaCu + tc;); 
thus we have 

u -f t(; B u ^. t(; -h period, or tt + ti;« — u' + u; + period, 

and so u » ± u' + period. 

The only double point of the curve now under consideration is therefore 
to be obtained by considering the equations 

or the equations « + ii** ' = — (t + !!••'»)• 

As to the former, equivalent to Uj^*^ = 0, i/j'**' = 0, they are satisfied only 
by the obvious solution {ti)^(t) (p. 30); the latter, equivalent to 

are, for general values of v, satisfied by one and only one pair of positions 
(0, (^) (p. 29X given (p. 97), by 

f.(2t)-< + t„ fV,(2t;)--tti. *-t(p«(2t;) + fP„(2t;), «,«t4fVB(2t;) + |p„(2r). 

where «*-:Xt+Vie+... + 4t*; thus, with d^^fwC^), etc., and general values 
of V, the equation 

represents a tangent plane touching the surface A » at the point 

W — t + U^'*, 

where e* - tfpn{iv) - fV, (2r) « 0. 

When c (u'''4 2v) vanishes identically for all positions of (.r), the equations 
ym,t 4 i^«.^i = — 2o have an infinite number of solutions; this is only when 
2o is a period, and then we may take (t) arbitrarily and {ti) the position 
conjugate to (t) ; in that case the plane touches the surface A -^ all along 
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its intersection; namely the sixteen singular tangent planes previously found 
are given by the equations 

ir(i« + n^)«0. 

when ilq is any half period ; we have already seen that o- (u) « corresponds 
to the plane at infinity; the equation of the singular tangent plane is given by 

«p« (flf) - yp»(nf) + fu (O,) - * - 0, 

which compared with (§§ 81 » 32), 

^a; + y-^-0, or tf^ + (^4 ^)y + *-e#,4«0, 
gives either fn (O,)/! - - J^n (n«)/tf - p» (tl^W - « , 

or f«(ftt)-^ + ^. PaW--^*. fu(n,) -«*.♦, 

shewing that the half periods are the values of u at the nodes. 

Considering the case of an ordinary tangent plane, depending on a 
parameter v, with point of contact given by 

where ii«»< + u^**> s — 2t, 

if we take two positions {k), (ki) given by 

tt*'* + tt«*» = -2u;, 

we shall have u«** + ii*-** = — 2v — 2u«' ' s u***' - v"* *, 

or u''»* + tt'«**»£0, 

where (^') is the position congruent to (t), and hence (p. 29) the positions 
(k), {ki) are, taken in proper order, the same as (t') and (ti), and 

so that the point fpn{f>)» fVi(v)> ff^i(v) of the surface A«0 is derived from 

tf>s(t^)> f^ii(t^)i 1^1 (^) j^t as this is derived from the former. Thus, if 
Xi'^f„(w), etc., the plane 

touches the surface at the point v. The former plane passing through v, 
since every point of its section of the surfisu^e is given by u = v + u'»^ and 
the latter through w, it follows that the straight line joining the points v 
and i£; is a bitangent of the surface Aa^O, and v is one of the six points 
of contact of tangents to the quartic plane section drawn from its double 
point w. Expressed in terms of the parameter w of the point of contact, the 
I tangent plane is thus 

where (t) is a particular position given, in association with another position 
(ti\ by ti^'' + u«'<»5-2(w-v*'0» that is 
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Thus (b t are the roots of the equation 

f-«|»B(lw)-fa(2tt;)-0, 
and the points of the tangent section are given indifferently by 

where (G) varies, being (0 or (^) at the point of contact according as tbi^^ 
is approached along one or other of the inflexional branches; thus for these 
branches respectively we have at the point of contact te;, 

and the differential equation of the asymptotic curves of the surface is 



(: 



^*-^,^(2.)-ft(!.).0. 



If (t) be a fixed position, this differential equation lb obviously satisfied 
by the curve given for variable {fi) by 

thus the aqonptotic lines are given by 

e«-«|>B(2tt)-p„(2u)-0, 
where t is constant along any particular one. 

Every point of the section of the tangent plane with the surface A == 

has a parameter of the form u;— ii^'^ + u*'^; take in particular (X) at a 

Infmnch-place, so that u^*^ is a half period O, ; the tangent plane at this point 

is then 

fljjj^ (tc; - tt*'* + fig -««•*)- etc. « 0, 

where (A) is a particular position given, in association with another position 

(U by 

ti«.*i-ti*'*5-2(t«;-u^* + ng), 

or fi*'*« - ti«**5 u*''« + tt««'- 2flg, 

so that (A) is the conjugate position on the Riemann surfeuse either of (f,) 
or (0; in the former case the argument w — u*»^ + flg — u»'* would be 
to + ng + ii^'^ — «**' or — (to — Xlg), save for multiples of the periods; in the 
latter case it would be to + n« ; in either case the tangent plane is 

and passes through to if o- (2ii; + fig) o* (Hg) « 0, and therefore if 0'(ng)«O, or 
% (lly -I* Hg) » 0» where p denotes the characteristic s ( a -i ] (cf P* 34)f that is 

if Ap + Og be an odd half period. We thus have the result that the 
bitangents to A «0 drawn from the point to touch the sur&ce in v = to — u''', 
where ti*''> — u'*^s — 2to, and in the five points v-l- fig, where fig denotes in 
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f 

I 



turn the half periods ti*»' in which tfis a root of X«-f X|9-|-... + 4^*0; for 
it is easily seen that with these values fi, <|> fi, is an odd half period (see 
p. 82X More symmetrically, with a slight change of notation, the points of 
contact of the bitangents from ±w are given by v = t(; + 1l'*^ where (8) 
denotes in turn the six branch-places of the Biemann surfiebce on which u**' 
is computed, and (t) denotes either of the two places given by 

1^-tfpn{^)-fm{'i^)'^0, and « -* <fm (2to) -I- fte (Sio). 

This result is also obtainable by considering the vanishing of the function 
0-, (tt + v) a^ (tt — v). 

m 

m 

'^^^*^ 38. The two points ± u;, ± v, capable of representation in the forms 

3vbich are the points of contact of a bitangent associated with the first linear 
complex, may be called tmn paints, or each may be called the BcUellUe of the 
other ; since t, ti are the roots of either of the quadratics 

<»-tfib(2t(;)-fV,(2ta)-0, <»-tfib(2v)- fV,(2t;)-0, 

these points are such that 

fs {2w) - f». (2t), f^ {2w) - f^ (2t). 

Two arguments u, u' capable of representation in the forms 

may be called conjugate arguments, and the associated points ±u^ ±u may 
be called conjugate points; since fpn(^)'^fn(^')f fb (v) "* fb (m^* ^^ f<^ws 
that conjugate points are the intersections of the Kummer surfi^e with an 
arbitrary straight line through the node which lies at the infinite aid of the 
axis of z, what we may call the primary node of the surfiice ; putting 

««f«(u), y-pki(tt), *-Pu(«*), *f-Pki(«*') 
it follows fix>m the equation of the surface that 

Further 

— «(£Ui+2cIl/a 
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80 that we have, as is easy to verify, with x»f^(u\ y^fp»(u), 

i_r. ' 1, g r 2 1-0 

and, also, the incidental consequence that with any point of the Kummer 
surface may be associated, not only the everywhere finite integrals u,, t/,, but 
also the other everywhere finite integrals 

where w ^ fp^{u), y^fPn (u); the former pair, Uj, t/,, can each be expressed in 
the form JAdx-^Bdy, where A, B are rational in x, y and f, «(p9;a(<0'» the 
latter pair cannot be so expressed. 

The line joining the two conjugate points 1 u, ± u\ is the intersection of 
the tangent planes 

ft«tr-y-0, tf-<,«-y = 0, 

of the cone ^^ + 42(80; this is the tangent cone of the Kummer surface at 
the primary node, and its generators each cut the surface in one finite point, 
ooi^jugate to the node u'^0, lying upon the unicursal octavic curve ex- 
pressed by 

F(t\t)'2rT 



where ^, as the explicit equation AsO, p. 41, or the value 



r-.by 



making t'^t, shews 

(1. t)i - AV - iKf^ - iX.^. t - (iW + \^) t» - (J\,X, + 6X,) t* 

- (JX, + ixpi« - tVV) «* - 2X^ - i V + <•. 
while /(0«X, + X,t + X,«»+...+4*». 

* It CM) be ■hewn that 

(1. «).=i[^'J-i/(0[X.+»,«+^«'+»*i»] 

In fmenl, if i»f^(t(), Y"f>8iM» ^^fmi^)* ^-fuiM ^ ^ ooordinates of a point 
of ttie Weddle lOxfiMe, md iiaiu'''+ic''^, the points ^, ^ of the ODbic-eiir?e 

maj be geometrieally obtained bj projecting (|, f , ^, r), from the node (0, 0, 0, 1), to the eateUite 
point (p, Vi f^> ^ )f snd drawing the chord of the cobic curve through (f , V, t* ^')* ^^^ 
oooidinatee of (f, f ', i^, r') are then in the ratios 
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A particular differenUal 



[chap. V 



Each of the tangent planes t* - te — y » 0, i|* — i|d; — y » cuts the Kummer 
surface in a plane quartic curve, with a cusp at infinity whose tangent is the 
generator along which the plane touches the cone. Consider one of the 
points ± u where these quartics intersect ; let «, y, x be its coordinates ; for a 
consecutive point u + du of the quartic on <* — tc — y v 0, and the conjugate 
point u' + du\ we have 

so that, for variable pairs of conjugate points on this quartic, U'^u' is 
constant, equal therefore to the corresponding difference 2u'*' for the pair 
of points U"'2u'*^ u'^O, lying on the generator of contact of the plane 
t* ^ to — y ■: 0, and cone o^ + 4y « 0. Also, on the cuspidal quartic, 

— xdui + 2(2u, , 2y diti + xdu^ 

(«»+4y)i 






du], du^ 



dtti 



(«*+4y)* 



both leading to 



(: 



da^^^dut 



0, 



which is thus the differential equation of the pairs of cuspidal quartic curves 
on the Kummer surface obtained by drawing tangent planes to the cone 

wh«re e>s/(^), «'s/(^), the fourth intertectioii of this chord of the eabie with the Weddle 
■nrfMe haviiig coordinates ohtaioable from theee by changing the sign of ^. For the case when 

^s^st, the point (s fp^g^ (2ii*> '), etc., is sach that there is a tangent of the cnbic eiir?e passing 
through (f, Vf i\ r'), namely the tangent at the point f of the cobio; this cats the Weddle 

(1 t f* f*\ 
T * ' T ' T ' " T J * ^^'"'^ ^"^/(O* Dsmely meets the aorfsoe in three points 

at (, so that the eabic is an asymptotic corre on the Weddle surface ; the point (f , Vt Ift ^ luks 
lor coordinates the ratios of the limits, when ^=^s(, of 



1 1 


• * 


0> ♦» 
©"♦ 




•-*' 


»-♦' 


*-♦ 



which are 



or 



''c^*). 7*(-«^*). iv^'^^)^ Si^'^"^')^ 



dt 



di 



di 



f : V : i-' : t'=/' : V'tf' - 'W-^^V ' ^f't*/\ 



and this is the tangential, on the Weddle surface, of the point ( of the cobic curre. The locos 
of (ft Vf t*9 ^') on the Weddle surface is thus a nnicarsal curre of order 7. The qoartic 
developable sorfsce FsQ, of p. 67, is the locos of the tangents of the cobic conre ; its complete 
intersection with the Weddle sorface thos consists of the cobic corre ooonted three times, 
together with this onicorsal septic corve, which meets the cobic at the six fondamental nodes. 

The locos of the point (a fp^ {2v^ % etc, can be foond, by osing the Taloes 

x=2l. y=-l«, s«(l,lW/(t) 

in the expressions of p. 41, to be a onicorsal conre of order 16. The cone joining the node 
(0, 0, 0, 1) to the onicorsal septic oorre, which contains this onicorsal corre of order 16, is to 
be foond by eliminating ( from the two eqoations (St+S^V+r^O, Vt^^fitp+^'h snd is of 
order 7 ; its interreetion, of order 8S, contains, beside the two corres of orders 7 and 16, the five 
joining the node (0, 0, 0, 1) to the other nodes. 
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ifi+Ajf^O from a variaUe pdnt a^^fp^iu), eta of the mnhce. We have 
xr«<i-|-<, 3fm>^<; that along the cufipidal quartic ti*- ^ — ysO we have 
dtDi^dt, dyi^^tidt, and therefore, du^, du^ denoting as before increments 
along the quartic t**te-y« 0, we have 

dxi dui* 

the differential equation for the pairs of cuspidal quartics may thus be 
equally written 

an ordinary Clairaut equation with X*-Xa; — y^Oasits integral. To reduce 
this form direcdy to the former, it is necessary, after substituting 

dx « f (2us + v^Ui, dy « i/du, + ^dui, 

to utilise the identities 

-y « 1 ' 

which follow at once on substituting C * ^ "* ^- Furthermore the identity 

dtiidyi -f diifdxi « 0, 
is equivalent, either with 

that is ^du^dth^^ + v {du^dui^^ -f duidut^^) + ^du^du^^^ « 0, 

where du^^, dui^^ are increments along the quartic ^* — ^ — y « 0, or with 

f rfy dy, — ff (dxdyi + dydxi) + J^dxdx^ - 0, 
which, dividing by dxdxi^ is the same as the identity 

Comparing this work with that previously given we see that the 
arguments v, w of two twin points are connected by 






_ f 2pn (2t(;) dt(;i -I- fa (2ti;) dw. 



/ 



[fa«(2w) + 4fa(2ti;)f 

equivalent to fa (2v) * fa (2ti^), fa (2v) « fa (2u;) ; we have shewn that these 
are satisfied by rational expressions for fa(v), fa(t;), fa(v) in terms of 
Pb(^)> fVi(^)> Pii(^)'i i^ ^ill he seen that fa(2u), fa(2u) are rational 
invariants, in x, y, r, of a group of birational transformations. Further, we see, 
if tp be a variable point on an asymptotic curve of the Kummer surface, that 
the point 2t(; is a point of a cuspidal quartic t* — tfa (ti) — fa (t<) « ; that the 
satellite point v of w also lies on the asymptotic curve, and v <- te; is constant 



r 



118 Relations connecting four [chap, t 

along the aaymptotic curve, being equal to 2tt'''; also that all the 82 pcuntB 
. tcr-f}fi» v-f^fi, where fi is any period, also lie on the asjrmptotic ennre 
and are common to the two asymptotic curves through w ; and so on. And 
if (^> y> ') be the coordinates of w, and («\ y\ z') those of % we have, as 
follows from the equation d^ — yd/ -f / — « ■• at io, <»r from the differential 
equation of the asymptotic curves^, 

I dx dy f « (w) " p« (w) " fin, (w) ' 

) I so that the tangeot lines of the asymptotic curve, at the twin points v, w, 

project upon the plane r ^ into parallel lines. All the cuspidal quartics 
touch the unicursal octavic intersection of j^ -f 4y ■* given by tt ■* Su** ' ; 
thus the asjrmptotic curves all touch the singular conies of the Kummer 
surface, which constitute the parabolic curvef. 



I 



i 




39. A bitangent is a chord of the Kummer surface whose intersectioos 
I If' ' ^^f^^u-c^^^t.**^"^^^® ^ ^^^ pairs. Consider now any chord. For this let the tangent 

plaoe wfpti (a) - yf a (a) + fu (a) — x ^ 0, be called the tangent plane a ; let 
(^)> (^)» (^)» (^) be four arbitraxy positions on the Riemann surface, and let 



the four arguments 



: I < are then such that o-(a-a), o-(6-a), o-(c- a), o-(d + o)are all zero, and are 

!| If ' therefore upon the plane a ; they are respectively equal to 

and are therefore, similarly, upon the plane fi\ ^hus they belong to four 
collinear points. Conversely let ± a, ± b, be any two points of the Kummer 
surface; take (f,), (^>, (^), {U) so that 

or 

I then, as before, the line joining these points cuts the surface again in t c, ± d 

( where 

« Ths difleKDiial aqiwtion of th« Mjmpiofcie linei, for a rarCMe wlioM tsnsnt plsne i< 
Ix-t-iNy+fUKO, is cLrtf2-i-tfy<f«i + iifdfisO. 

t 8m Kkin a. lie, Berlifu MonaUher. 1S70; Bdehftidi, Nova AeU LeopMina, l. 18S7 
p. 479 ;«^lld•OD, ITtMOiMr** fnar tie murfaet, p. 195. 
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then we have a + fc«v, c + ci« — t^; a — fc« — n', c— d»ii, 
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well 






a— (2» u^'^^ + u^'^*. 



Introduce now the following phraseology ; if ± u, ± v be any two points 
of the Kummer sur£Eu;e, let the two points 1 (fi + vX ± (t< — v) be called their 
forward derivatives ; they are uniquely determined when ±u, ±v, are given. 
If (n denote any half period, f t/, i v are the forward derivatives of the two 
points ±i(ti+v)+4fl, ±}(*'-^)+if^. 80 ^^at ±i(u+tf)+jn, ±i(tt-v)+in 
may be called the backward derivatives of ±u, ±v\ these consist of sixteen 
pairs of points. Then the results just obtained may be stated by saying that 
if four collinear points of the Kummer surface be divided into two pairs, 
either of the forward derivatives of one pair is conjugate to a forward 
derivative of the other pair ; thus each mode of taking the two pairs gives 
rise to two straight lines through the primary node, and the four collinear 
points give rise to six straight lines through the primary node; in other 
words, including the whole result, if a, b, c, d be four collinear points in any 
order, we have 

f^i(6 + c)«pa(a + «dX |>ii(fc-c)-|in(a-ecO, 

where the signs of a, 6, c, (2 are arbitrary, but e, » ± 1, must be suitably 
taken. Further the sixteen pairs of backwaitl derivatives ± ^ (a + 6) -f ^ H, 
± i (c + <2) + ^n, consist of sixteen pairs of twin points, the points of contact 
of sixteen bitangents, and there are six such sets, each of sixteen bitangents, 
associated with the four collinear points, two such sets belonging to each 
mode of dividing the four collinear points into two sets of two. 

It is easy to see the modification arising when the four collinear points 
consist of two couples of collinear points (v, v, io, w\ lying on a bitangent 
The forward derivatives consist then of (0, 0), the primary node, of (v + «;, t; -f w), 
occurring twice, being the coincident intersections of the conic at infinity 
with a line through the primary node, of (v — u;, v-^w), occurring twice, being 
also the coincident intersections of the conic at infinity with a line through 
the primary node, and of (iv, 2w\ which are then conjugate points, as we 
have already found (§ 38). In fret the set of tangent planes a, ff, ..., in 
general four in number, which can be drawn to the Kummer surfSeu^e through 
the four collinear points, contains in this case coincident planes. 

40. The differential equation given above for the asymptotic lines ^ 
of the Kummer sur&ce f^ 




tJ-)j^ 



y.1 



©'-fe«^(««>-'-<*«)-». 
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enables us at once to find rational exprenons for Pn{iu), fiii(2tf) in terms 
of f^ (u), fu (t^X fu (tf X ^^^ ^® asymptotic lines of a sarfiioe in homogeneoos 
coordinates w, y, s^ t being^ 



where x^ y, r, t are sappoeed expressed in terms of two parameters u, v, and 



dx 



"^'Tu' 



df* 



^d«« + 2^dttd. + gdi^. 



we have for m « f)«(u), yfn (u). " f>ii («), t » 1, an the diflTerential equation, 

f i». |»tai<i«.* + 2p«i<'«i<i«i + |»8i,dtt,» -0, 
«;> & fw2«<** + 2f»Bidti,(2u, + ftnudtt,* 

where ( ■■ |ib>(u)> c1>c. Comparing this with the form 

we infer, if as usual Q, - 4 (i;t - f). Q. = * (vK- f t). Q, - 4 (ff - rf), that 

•^^ ^ Q,jpa«(ti) + Q.|>b«i(t/) + Q,|>«i(tl)' 

and, for the equations of the asymptotic curves, 

Q, [<*|^« (u) + 2tjp«i (tt) + |>«u (u)] 

+ Qi [<• jp«i (w) + 2t|Pai, (tt) + puu (u)] - 0. 

It is found (see pp. 41 and 48) that the quintic terms in this are 

16 (« - y*y[e*fl: + ay + r] ; 

as we can eliminate {xz — %ff by means of the equation A » (p. 41), the 
asymptotic curves lie on surfaces of order 4. 

Another way of finding the expressions for |'^(2tt), |^ii(2u), is by the 
equations of p. 117, expressing the integrals at the satellite point in terms 

of those at the original point ; these give, if Jf « [pn* (2w) + 4pn (2w)]^, 

9vt fa(2tt;) dvi 

dvt ^ 2pb(2tt;) 95. ^ 2^ 

* DtfboQX, Tkiorie de» Swfaeeit Pwriie i. p. 18S. 
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We faaye however found (p. 78) 

where ft-4(ir-PX «te., f-ft»(8w), etc., C^-Q,-tfQ« + ^Q,; thus 

2__ Qiftt (w) -h Q«ft« W + ftftni (fg) 

together with expresrioiiB for f^ (2w) and fin (2k;) identical with those above. 
The denominator which occors here has been seen (p. 78) to be the square 
root of aQgf where o- is a certain quartic expression in (, 17, (, r; if 
ii"Qif^(«) + — > B^Qiftmiu)-^..., C«Qif)bu(t')+—» we thus fiud 

4L Another way, depending on the use of Abel's theorem, or rather \\a^i.j.^^\1l^ 
converse, in which the functions ^*b(2u), ... may be obtained, is of geometrical.;^ c«-im^^m>' 
interest \a c4rA<-U^£^ 

To the points ± u, ± 2u, of the Weddle surface, associate pairs of pli 
(^ (^), and (a), 03), of the Riemann sur&ce, by means of the equations J^ 

withont alteration of the points of the Weddle surfoce both {0) and (^) may r^^^fJStS^ 
be together replaced by their conjugate places on the Riemann sur&ce, 
as may the places (a), (fi). We have then 

shewing (Appendix to Part L, Note II.) that there exists s rational function 
on the Riemann surface, of the sixth order, with all its poles at infinity, 
vanishing twice in each of (0), (^) and once in each of (a), (/S) ; this function 
must be of the form 

where t^ mm f(t\ and the coeflBcients \fi,p,p are to be determined by means of 





8^-2vtf + M+Jp'^^ 



0, 



8^«2,^ + M + *P^^ 



0, 



where B, 4> are the values of « at (6) and (^). The function being so 
determined, the places (aX {fi) are found as the remaining zeros, and thence 
fm (2u) ■* a + /8, fPn (2fi) B — fl^. The conditions are those found by expressing 
the identity 

(f-i#+Ai«-xy-p^/(e)-(e-^(t-^y(<-a)(e-/8), 

or, if 4?«tf + ^-|^(i/), y--tf^-p»(u), Z-|^(2u). F«|>b(2u), 

by expressing that (f -to-y)P(«»-eZ- F) + p^/(0 

is the square of a cubic function of t ; when x and y only are given this last 
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form gives the two sets of corresponding values for X and F. The four 
conditional equations give 

shewing that the plane X| + ^i7-fi^C+7"0 passes through the point 
e-*. -(e^-4>tf), e^«-*^, -(ei>-*^), which (pp. 40, 116) is the 
satellite point of u on the Weddle sur&ce» obtained from i u by projection 
firom the node (0, 0, 0, 1), and lies upon the chord of the cubic curve 
joining the points (1, — tf, ^, — ^), (1, — ^, ^, — ^) ; the conditional equa- 
tions give, however, also 

shewing that the plane X{ + /ai7 + vC+tbO contains every consecutive point 
of the Weddle surface ; it is thus the tangent plane of the surface at the 
satellite point of ± u. 

The point i(i) :^(:^^) :^(D :|(^. 

which clearly lies on the tangent plane, is the remaining intersection of the 
Weddle surface with the tangent line of the cubic curve at (1, — tf, ^, - ^), 
and is on the unicursal septic (p. 116) which is the tangential on the Weddle 
surface of the cubic space curve. The point having the same derivation 
from ^ is also on the tangent plane. Further the equations 

«»- 1^« + fia - X + /)il « 0, /8*- v^ + /i/9 - X + /)B « 0, 

where A^^f{u), etc, shew that the point satellite to ± 2u is also on the 
tangent plane. 

The tangent plane of the Weddle surfSeu^e at the point P", satellite to ± u, 
has been seen (p. 68) to be the polar plane, of the point reciprocal to P" on 
the Weddle sur&ce, in regard to a cone afQ^ + y'Qs + /Qi + P« « with vertex 
at P"; if then the tangent planes of this cone which contain the chord (0, ^) 
of the cubic curve be momentarily written 

Jif + ... + At - 0, -4,f + ... + At = 0, 

there is an identity of the form 

- (i!,f + ... + At) (il,f + ... + At) ; 

take the particular case of this when f : 17 : C • t » 1, — ^, f , - f ; then the 
left side reduces to f^f(t)t and the first term of the right side to 

(e*-i^+M<-xy; 

as each of the planes Ail^ -f ... + At * 0, AJ^ + ... + D^r s passes through 
6 and ^, the second term of the right side contains the factor (^— 6f{t — ^y\ 



t 
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the remaining fiujtor is (e - o)(«- /S), where (1, -a, a", -••X (L "A If. - fi") 
are the remaining intereectdons with the cubic enrve reepectivelj of the 
plane Ai( -f ••• + DiT ■* and Af^ -f ••• + At » and the identity becomes 
that previously obtained. In other words, if the point ± fi be joined to the 
node (0, 0, 0, 1)» the job giving the satellite point P'; if the cone with P" as 
vertex to contain the six common points of the quadrics Qi, Q,, Q^. P^, be 
coiistructed ; then the tangent planes of this cone which contain the chord 
of the cubic curve through P', cut the cubic curve again in points a, fi, which 
are upon the chord of the cubic through the satellite point of the point ± 2ii. 

The condition determining f^(2u)... may thus also be expressed by 
saying, if Q,, Q,, Q„ ^4, denote the values of Qi, ... for the point ±u 
(cf. p. 76 for the equations ^V^t"**-*)* ^^^ ^^^ quadric following, for a 
proper value of /a (■* pV$t)> 

must be the square of a plane, namely of the tangent plane at ±ti'; the 
conditions for this are, that in the discriminantal matrix of this quadric, 
every minor of two rows and columns be isero. 



If ± tt' be the arguments associated with P", the satellite point of ± u, 
we know that f^(2uO-*|p^(2ti), f^{iu')^fu(iu); hence if the cone be 
drawn to contain the six common points of the quadrics Q,, Q„ Q,, P4, with 




its vertex at ± u, the tangent planes of the cone, passing through the chord 
of the cubic curve through ± u, will also cut the cubic curve in the points 
0, 0, and the satellite point of the point ± 2u' will lie on the chord a, fi of 
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the eabic, and on the tangent plane of the Weddle surface at ± ik W^^' 
be the two points of the cubic onrve» on the chord of this drawn through ± ti, 
we may draw the diagram annexed, where D denotes the node (0, 0, 0, 1), 
which may help to keep the relations in mind. 

In order that Itf +{|i7 + Ur+2^r»0 should touch the cone 

it is suflBcient, beside the condition that the plane passes through the vertex 

of the cone, that 

b / V ^ -0; 

/ e w In 
V w d It 
l^ h h 

applying this to the cone ^Qi + y'Q9+ f^Q^-f P««0, when {•■■o^^, 
^ s a (tf -f ^) + tf^, /f = a + + ^, ^ « 1, we find the quadratic equation for a, fi 
in terms of tf , ^ ; putting««tf + ^,y«-tf^,and using «y' — 4/y + /-«»0, 
we thus find 

+ 4«c'(« + «') + 4cy + Wy' + 4s4 4s'. 
2(«-«')«p«(2u)«iX,\-4V + 2X,(«+ar') + X,(s«'-y-jO 

+ \»(* + /-i?/- «'y) + 8(«r' + «'#)- 2(s«'+y + y7; 
/» being the equation of the Rummer surface we have (p. 76) 

4/— ^ / ;/ , and therefore («-«') / « « / - ^ . 
dy / dz ^ ' dz dz dy 

The cone xQ^ + yfQt + ^'Qt + P4 « 0, with vertex at ± u\ intersects the 
Weddle surface near ± u' in a locus whose projection from the node D gives, 
near ±u. the locus represented by -«'f^i(i7) + y'|in(tO + ^-fu(^"0, for 
which then, as our previous investigation of the asymptotic lines of the 
Kummer surface shews, 



©'-'"<*"' t-«^<*">-*' 



[ 



X$^ + 27 



W^-'\ 



putting here (see p. 117), 

where X = fpn{^^) = Pa(2tt'), Y^ffn (2ii) = if^ (2uO, it is at once found to 
reduce to 

g)'-.w(2^)^:-^(«.')-o. 

dui ^ (dy^i 



c 



that is 



©-)©-^)-»- 
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80 that the asymptotic lines are given by 

a result obtained in this way by Mr H. Bateman, Proc, Load, Math, Soc 
New Series, Vol. IIL (1905), p. 235. Putting herein 

, dO dd> J 0d6 . ^d^ 
and reducing, it becomes, replacing & + ^, B^, a + /3, a^ respectively by 

this is the relation for -^ when we move along an asymptotic line at the 
point ± u'\ putting (p. 117) 



du^ 
dill 



{^u*")/{'Z-''y 



we can verify algebraically, though the fact is obvious from the geometrical 

interpretation above given for this transformation, that the differential 

duJ 
equation for ^-^ is precisely the same, so that the asymptotic directions 

project from the node (0, 0, 0, 1) into asymptotic directions; putting then 
X - X\ F» F, X « Q^'/Q/, y » - QilQt. we have the form for the differential 
equation of the asymptotic lines at ±u'\ finally dropping the dashes, the 
asymptotic lines at ± ti are given by 

that is by 

Q, -F dti,« 

Q^ X 2c2tv2u, 

and are therefore harmonic in regard to the directions given by each of the 
two equations 



0; 



'*f?V-;f^_y-0. 



<") «'('-5y-««t^«-°- 



It follows conversely that each of these two equations gives a pair of 
conjugate directions; that the latter (ii) does so can easily be seen geo- 
metrically ; a geometrical proof that the former (i) also does so would enable 
us to write down the differential equation of the asymptotic lines at onoe ; 
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the fi^ is equivalent with the statement that the Weddle and ike Kummer 
eurfacee are ntdi that the aeymptotic diredume on either oorreepond to 
conjugate direcHone on the other, a relation projectively generalising that 
oonridered by Lie between two surfaces of which the asymptotic lines of one 
oorrespond to the lines of curvature of the other (Geom. der BerUhrungs- 
traniformaiionen^ (1 896), pp. 473, 630) ; it was by relating the Kummer 
sorfitoe in this particular way that the asymptotic lines of Rummer's surface 
were first determined, by Lie, Compt. Rend. Lxxi. (1871), p. 579. In r^fard to 
these conjugate directions, (i), we have proved (p. 117) that they are given by 

f-tZ-F-0, 

that they are the tangents of the intersection of the cone 

^i + yC» + ^0. + P4-0 , 

with the Weddle surface at the vertex of the cone, that any element at ± u 
of a particular curve t is projected from the node (0, 0, 0, 1) into an element 
of the same curve at ± u\ the arguments u\ u being such that u'^ usu^*^, 
and that the curve t is given by 2u s u^ ^ + u** ^ for variable fi. With regard 
to the directions (ii), consider first the cone joining the point of the cubic 
curve to all other points of the cubic curve, whose equation is given by 

11 A 

it passes through the point ± u\ or P', for which T^s^Sf ^'"'"S'^fi' 

etc., and, as we have seen, the tangent plane of the Weddle surface at this 
point passes through the point 

h0\(b) ' d0\^ ) ' d0\%) ' d0\^ )' 

Oft T, which (p. 116) is the tangential on the Weddle surfisM^ of the point of 
the cubic curve ; in other words the quintic curve of intersection with the 
Weddle surface, other than the cubic curve, of the cone 0^Q^ — ^t + Qi ""^ 0, 
is the curve of contact of the tangent cone to the Weddle surface from the 
point T\ let P/ be the point of this curve of contact lying on the chord 
joining to ^ + (2^ ; the tangent planes of the Weddle surfiEtce at P' and Pi' 
are tangent planes of the cone of contact, touching this along the generators 
TP' and 7P/; thus they ultimately intersect in PT, which is thus the 
conjugate direction on the Weddle surface to P'Pi. Consider now the 
' sindlar cone ^*Q^ — ^Qi + Qi "" 0, containing the cubic curve, with vertex 
at ^ ; its tangent line at P' joins the points 

1 1 



4> e' * ^e' 



d0\^ ~ 



J' 36 



a /-> ^ 



SJ' d0[<b '^ 






• A1k>, Lie, Jfol^ Aimtd. ▼. (1871); Dvboiix, TMarU, Kos. 1S7, 164. 
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\»)'de\%)'"" h^\<b)'d4>\^)'""' 



nunely is the line P'T', thus the two oones 

or the curves of contact of the tangent oones to the Weddle snrface fixim the 
points 

give conjugate directioDS on the surfiioe at P*. We can find the differential 
equations for these curves: for consistence of notation consider the corre- 
sponding curve ff^Qt — VQ^ + Qi ■* 0, passing through ± u, where ^, ^' are the 
extremities of the chord of the cubic curve through i ti. This projects into 
a locus near ± u represented by ff^ — d'x' — y' » 0, which gives, as we have seen 
(p. IH) 

herein put 

where p ■• -f^ ; we thence have, for the differential equation of the curve 

^•Q. - ^C. + «. - 0. 

the form 

which can be shewn to be the same as 

so that the curves f^, - <Qi + Qi « through ± u, the curves t» — tZ — F «« 
through i u, and the curves given by the differential equation ^ — faf— y* » 0, 
or 



<«> ft G^y- *©*«-■ 



through ± u, belong to the same involution ; this is in accordance with what 
we have found, the asymptotic directions being the double rays for the 
involution, and the equations 

(i) f-fZ-F«0, 

(iii) fC.-tQ, + Ci-o, 



(«) «©■-«©-«-»■ 



defining three pairs of conjugate directions; the directions (ii) are the 
harmonic conjugates of the directions (iii) in regard to the directions (i). 

For the space cubic 

u-tt*»«, 2u-2u«.«, Z«2t. F--«*, Q,-0, Q,«0, Qi = 0, 




130 



The group of thirty-two 



[chap. V 



I 



.1 

1 



•( 




terms are {xs-^j^y. Further, differentiatiDg the identity y(— i^v— (""O 
in r^;ard to Ui we find 

and hence 

lf,--2(Cf-if), if,-y|>«,-«Pnu-fi,ii» 

while Mi^ - tfmi - i?|Pkm + ypnii - «yiiiu - Puuii 

80 that each of Mf, Jlf, is a rational polynomial in x, y, r, and each of if a, 
Jlfsi, Jf„ is a linear function of {, 17, (^, r with coefficients rational in m^y,z\ 
as the squares and products of (, 17, {;; r are rational in x, y, ^, we can eipress 
each of pb (2ttX fb (2u), pu (2u) rationally in «, y, «. We do not develop the 
expressiona 

^44. We have seen (p. 114) that if ± tcr be any point of the Kummer 
^^^J^urfaoe, and (f) be either of the places of the Riemann surface determined by 



<* - ^ (2fff) - f)b (2icr) - 



) 

> , or, say, by 2w s u'* « + u*** ■, 



fe^"^ Sm^tfm (2w) + Vm (Sw) 

then the other points of oontact of the bitangents through ± w have argu- 
ments i (10 -f uf' ^), where tf is in turn one of the roots of the fundamental 
sextic (including infinity or d^a). We have also seen that 

lPb(2w)«F«(2w + 2u«'0» fii(2w)-|^(2t«^ + 2u«»0; . 

as ti^'^Btt''^ + ic^**Kti^<-|-half period, the functions ipmC^)^ fpn(^) bave 
the same value at tc; as at each of the six derived points. If ± v be one of 
these six points we have 

where (f) is the conjugate place of the Riemann surfiice to (t). Thus the 
place of the Riemann surfiu^e associated with v as is (t) with w is the place 
(f), and when we derive firom v as we derived from w, we obtain places 

that is places (including w itself) whose arguments diffSsr from that of w by 
half periods. The transformation from tc^ to v is in fact that given by the 
transformation Ar (p. 79), and the next step gives places of the Kummer 
surface derived by the transformations Ar'^^Ag, We thus get on the whole 
82 places, as on p. 81. For each of these 82 places the functions fa (2u), 
|s,(2u) have the same value, and they are invariants of the group of 
82 birational transformationa 

For the Weddle surface the transformations are equivalent only to 
projections from the six nodes in turn. Putting 
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where the siz nodes are 

(0,0,0,1), (l,-tf,^.-n (l.-*....X (l.-t— ). (1,-m,...). (l.-n....), 
and pattiiig 

j_ (g-m) t74» y.^O^-m)^ j_ (^-m)tr^ 

u ^ ffi 1 y — fti 



with 



tf-ii' 






the Weddle surface has nodes at (0, 0, 0), at the infinite ends of the axes of 
JT, F, Z, at (1, 1, 1) and at (a, 6, c), its equation takes a simple form, and the 
coordinates of the transformed points can be explicitly expressed without 
mnch diflScuIty. Regarding JT, F, Z as rectangular Cartesian coordinates, 
the 82 points are the comers of four rectangular parallelepipeds; one of 
these is obtained from the original point (JT, F, Z) by projections from the 
three infinite nodes 0, ^, ^, the others are obtained respectively from 
(Jft9 Ft, Z^X (X|, Yi,Zi), (Z«, F«, Ztt), also by projections from these infinite 
nodes, where (JT*, F«, Z^) is the point obtained from (X, F, Z) by projection 
from the node (0, 0, 0), and similarly {Xu Fi, Zi) and (X«, F«, Z^) are obtained 
from (X, F, Z) by projection from the nodes (1, 1, 1), (a, 6, c). It is found 
that there are two rational functions H, K of the oo(Hrd]nate8 X, F, Z which 
have the same value at all the comers of the first rectangular parallelepiped, 

have also the same values, respectively jt^Vt^X the oomers of the seoond 

rectangular parallelepiped, have also the same values, respectively JT, if, at 

the third set of eight oomers, and finally have the same values, respectively 

1 1 

jft jt*^^ ^® 1*^ ^^ ^^ eight comers. Thus any symmetric fiinction of the 

four quantities -B^ w> ^> 7 ^^ the same value at each of the 82 points, 

and it would be an interesting problem to express |'^(2u), fi^(2u) each in 
this way; if this is possible. The function if, in terms of our original 
coordinates, is 

(tf - m) (<^ - m) (^ - m) UwrnU^U^Un 
(*-n)(^-n)(t-n) (ff-if)t^W; 

which then has the same value for all the eight aiguments 

w + ti^**, w+u**''', w + u^*, w+tif* * + !«♦•'. 
We have, as remarked in an Example given below, 

U%^^P.P^P^, V'^^*P^P^P^. 

where P#«y+^a?-^, P#^- tf^ + (tf + ^)y + ^-e^. 

so that H can be expressed (irrationally) in terms of x, y, g. 

9—2 



BBH 



II 
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We do not pursue this matter. See Proc. Lond. Math. Soc (190S-4), 
Ser. 2, Vol. L p. 247» where the formulae are given at length. 

^'iou^L^' ^ #c 46. The formula 

-^^P^"-p^-|^(«)|»«(t')-|>«(»)|».(i')+|»i.(r)-|»«(«) 
can be used to obtain the expressions for the functions 

in terms of functions of u and v. 

Let Pw(u)«ar, etc., |^i(t;)««i, etc., |>«i(ti)-f,eta, |^«(r)«f„ eta, 
and if«d?y, — fl^y + ^i — -f ; 

differentiating logarithmically in regard to u, and «,, and adding the results, 



we have 



t.(.+.)-6(.)-t.(.)-[f'+f)/j*; 



differentiating this in regard to k, and v^, and subtracting and adding the 
*f I results, we get 

-0-^l-{(f)*-©'!-"'-<--^ 

and ♦i^*{|?B(tt + i')+|»B(tt) + |>,(»)}-P+Q, 



dJf 
we have g— «yif-«ii?-?«(yi-y)f-(^ -«)«?, 

d'Jf 

9j;;i"(yi-y)|^m(«*)-(«i-«)|?«i(^)» 

60 that P is expressible rationally in x, y, e, Xi, y,, ^, and both P and Q can 
be expressed, of course, rationally in «, y, { and ^, yi, {i. Similar formulae 
can be found for |pii(u + v) and fu(^ + v); 

Or we may adopt another method. Let 

and u + v + ti'sO; 

there exists then on the Riemann surface a ratiooal function of order six 
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having its poles at infinity, and vanishing in (0i), (0tX (^t)> (^4)» (^iX (^c) 
(lee Appendix to Part L, Note II.) ; say thii^ is 

where iP^f(t); the coefficients v, fi, X, p are then found from four equations 
such as 

tf<»-ytfi* + Ai*.T>' + pQ<-0. »-l. 2. 3. 4. 

where B; is the value of b at the place (0i) of the Riemann surface ; and when 
the function is found, the places (tfj). (tf,) are determined without ambiguity ; 
there exists then the identity in t 

where ^ (t) is the product of the six factors t — $i, and, since 

we have §:« (m + ») + |?e (m) + fp^ (») = 2i^ + V, 

where in v, p, determined as above, we are to substitute 

e, - tf, jp„ (w) + f „ (u), e,«tf,jp„(t/) + jp«(i«), 

«f « tfijptt (») + r» (»). ®4 - *4r« (») + r» (t'). 

The functions f^ {^ + t^X f^i (^ + v) <^fi^ *1^ ^ calculated, their values 
-tf.tfg, -E;.,^ or H^(*»» tff)-2Bi®«]/(^i-^«)^, being determined by the 
knowledge of the remaining zeros of the rational function above. 

The relations -are capable of important geometrical interpretation. 
Consider the six points (1, - 1?{, 0/, — Of) upon the cubic space curve, eaclf 
being associated with its proper quantity B,-, definite in sign, as above. 
Denoting by b,, 6s, ...,6^ the roots of/((), the identity above gives 

the right side we may denote by 4>,*; it is definite when X, fi, p are 

determined. The plane 

Xf + fii; + yf+T-0 

passes then through the fifteen points of the Weddle surface such as 






+ 1 



)• 



which we may call the point (${, $j\ and also through fifteen points 

(1^1 zh^k ^^^1 Z}L^^1\ /I -hi W -V 
\^i <P/ <I>< <I>/ ^i <I>/ «>« «>>;' \^i' ^i' *<' <Pi 

and is thus symmetrical in regard to the two sets of six points (^i, ..., 0f), 
(b|, ..., i^, 00 ), lying on the cubic curve. In particular it cuts the edges of the 
tetrahedron (^i, 0^, I?,, ^4) in six points lying on four straight lines, since the 
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!{ 



■« 



( 



. I 






poiott ($1, $t\ (0t> ^t)> (^«» 0i) <ure manifestly oolIiDear. It can now be proved 
that, to every quadric suHaoe through one of the eetB of mz points, oorre- 
sponds R quadric through the other net of six points, touching the former 
quadric along a conic lying on the plane Xf + fii7 + i;(f+TsO*. 

To see this in the simplest way, put 

f- *,»Z + *,»F+ 0t*Z+e^*T. T- -(tf,«Z + tf,»F+ 0^Z+ e^T), 
giving 

- (0, - *.) {fix - Bt) {6, - 0i)X~0,0AS + {0t0t + 0*0* + 6,0,) n +(«,+ tf.+^«){:+ r, 

and so on, so that Z - 0, F« 0, Z« 0, 7- are the faces of the tetrahedron 
01, 0*, 0*, 0*\ Bubstitating in 

C - 4* (i>T - D + *y K - fr) + ** (Cf - V) 
it is at once found that this reduces to 

Q — (e,x+e.F+e.z+e«2')»+42FZ(tf.-ft)'P^,^ (i). 



where 



P^,.-M,^+(g,-K>,)yH^- ^^^;'ffr|y'^ ; 



now, for the point {0^ 0j), if the difference 0i — 0jhe denoted by {ij), we have 

(14) (24) (84) T . <ii)^><80 _ (l^M(^^ , 

and so on ; thus for the point (^i, ^4) we have 

(21)(81)(41)Z«(-?i^2^!^\ F-0, Z-0, 



(14) (24) (34) r«- 



(14) (24) (34 ) 



so that this point, and similarly the other points (d„ ^4), (l?„ 0^), and generally, 
all the points (0i, 0j), lie upon the plane 6x^ + ^.7+ B,Z + B4 T- 0, which 
is therefore the same as X^ + AMy + yJT+^'O. Thus, oonaidering the par- 
ticular case of the identity (I) in which the current point is upon the cubic 
curve, namely putting {, i7» C ^ * I* ~ ^> ^1 * ^» ^^ have the identity 

f{t)^A{f^vl^^ld^Xf^^B{t'-0,)(t-0,){i^0,){i^0,){i^0:){t^0.% 

* The oonditidn for a qoAdrie ^ orlaoe to redooe to the iqoare of s plane ii the ▼aniehing of 
all minon of two rowe and oolnmni in the diaeriminantal matrix of the qnadrio; and the 
oonditions for a ijmmetrioa] matrix of « rowi that all minon of «-r rows and oolnmns Tanieh 
are i(r-»-l) (r-»-2) in number [SylTeeter, ColLPmp§n, Vol. i. p. 147]. Thus throne^ four arbitraiy 
points a determinate number, in fsci S, qnadries can be drawn to have plane contact with an 
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where A.Btue certain coDStante, and 0/, I?/ are the remaining intereections, 
other than 0,, 0„ l?„ 6^, of the quadric 

with the cubic curve ; as this identity is of the same form as that originally 
deuced from Abel's theorem, we infer that 6^, Bi are the same as 0„ 0,, and 
have so proved the theorem. And this, to resume, is equivalent to the state- 
ment : Lti ±u^±vhe two arbitrary poinU of the Weddle iurface, P', (^ their 
projections from the node (0, 0, 0, 1) ; let 0i, 0^ he the extremities of the chord 
of the cubic tlirough P*, and 0,, $4 the eairemities of the chord through Qf\ Hie 
arguments ±%±v determine definite signs for the associated radicals B,, B.^, 
®t> ®4i aiuf so determine a definite plane w through the three points 

(©t"" B|i ~ 0i^% + ft®i» •••)* (®4~ ®«i "" ^104+^4©,, ...), 

taking then any quadric Q through the nodes of the Weddle surface, there is a 
definite quadric R through the four points (I?|, 0a» 0$9 ^4) having contact with Q 
along a conic lying on this plane w ; all these quadrics R,as Q tfaries, intersect 
the cubic curve again in the same two points 0^,0%; with proper eigne for Q^,B^, 
the point tiu-k-v) is the projection, from the node (0, 0, 0, 1), of the point 
(Bf — 8„ — ^iBf-f ^cBt, ...). The complete geometrical figure, allowing all 
possibilities for the signs of B|, B,, B^, B4, will involve 8 planes; each 
quadric Q will have plane contact with 8 quadiics R through the four points 
^i« ^t> 0$» ^4» ^^^ there will be 8 resulting pairs of points 0t> 0$'9 the 8 planes 
give two tetrahedra which with the tetrahedron 0i, I?,, 0,, 0^ are in fourfold 
perspective ; but we refrain from further oonaideration of the general figure. 
The points 0^, 0^, by substituting 

(21) (31) (41) jr « (tf. - 1) (ft - 1) (ft - 1\ etc., 
in the quadric J{, are found from the quadratic equation 

2(ft-ft)(ft-ft)[^*.^(<-ft)(t-ft) + ^#,.#,(t-ft)(t-ft)]-0, 
where E,^^ - i [F(0, ^) - 2B4>]/(tf - ^)«. 

The quadric Risot the form 

where 

2i|-4j(ft-ft)«ftftFZ, Ji.-42(ft-ft)«(ft + ft)FZ, l?,-42(ft-ft)»FZ 
are the same as ^, Qt> Qt> >uid pass through the cubic curve, while 

S- - 41(ft - 0^E^Z 
«-l[/'(ft,ft)-2BA]FZ, 

contains the six points ft, ..., ft. The quadric R, written momentarily in the 

form 

/FZ + ^ZZ + AXF+iiZr+rFr+tirZr-O, 
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will be a cone if 

A jT tt -0, 

A / 

I tt V tt^ 

or Vtj/'+A/t^-l- VicSA-O, 

80 that 2(tf, - e,){0, - 0,) VP,..,.P^,, - 0, 

repreaents, with «, y, ^ as current coordinateB, a Kummer surfiice. 

Of this P$^$^, •^#),#«> ^^> <^^ ^x tropes, and therefore as the quadric R is 
symmetrical in regard to the six points ^i, ...,^«> fifteen tropes are given by 
the fifteen tangent planes P$^^^^0 of the original Kummer surface; the 
plane P^i^^^ touches the original Kummer surface at the point sat-ellite to 
(u** •' + ti*' ^). The planes Pi^#,, Piw#,. -?•,.•, naeet the plane at infinity in the 
chords joining the points ti^'^s u^^, u**^, and since 

the point u^^ -f u^'^ + u**^ lies upon the plane P#^#,, and hence is the inter- 
section of P$^$^t P$t,$i» ^^^9* ^^^ therefore a node of the new Kummer surfiu^; 
firom the relation 

connecting six points on the conic at infinity tx-j^^O, the planes P§^$,f 
Pi^i^, P#«.#« ^^ P<^^ through this point; and thus ten nodes of the new 
Kummer surface are determined by dividing the six points 0|, ...» 0^ into two 
sets of three in all possible ways. Further the point at infinity 

reduces, save for the infinite factor, each of P|,,|^, P#,.#., P#,.#., or say, reduces 
each of u, A, g in 

u«/» + ffg* + u^h^-'ivtogh - 2iimA/- 2uvfg, 

to zero, and is thus a node of the new Kummer surface ; thus we have six 
other nodes, at infinity, and the remaining trope, the plane at infinity, of the 
new Kummer surface, which has thus a singular conic common with the 
original Kummer surface. 

By eliminating x, y, z from the four equations such as 

AF+flpZ+wT-O 

we can form the equation of the corresponding Weddle surfistce, having 
l?2, ...,0c as nodes, which thus appears as the locus of the poles of the plane 
X{-hfii7 + y(^-l-T«0 in regard to a properly chosen oo* of the quadrics 
obQ\'¥ yQt-^ zQ^-^- P^^O, namely the coeflBcients at, y, z must satisfy the 
relation 
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line upon each, so that the sur&oes touch along this curve, (ii) in a plane 
quartic curve lying upon X^ 4- m^ + (^(T + ''' " 0, (iii) upon the firat polar, in 
regard to the developable quartic auHace F^O, of the pole of the plane 
X^ -f M^ -f 1^/ + (» in the linear complex l-^H'^O, previously noticed (p. 67); 
beside the cubic, which is an asymptotic line on this first polar, this gives a 
sextic curve. 

It would be interesting to follow out the relations between these Weddle 
surfaces corresponding to the relations between the associated Kummer 
surfaces ; we refrain from this. But when di^d^^d and 6^^6^» ^, the 
arguments u, v become equal, the plane B,X + ... « 0, passing through the 
points 



La^U)'a^(*)'-T 



becomes the tangent plane of the Weddle tur&ce at the first point, 
and the figure becomes that previously considered in determining the 
functions ffu(2u\... (p. 123). For that case, with the notation previously 
used, the new Kummer and Weddle surfaces are to be determined from 
the quadric 

+ i(iif + Bi, + c{:+ T)(ii'e+ B'ii + o'f + t), 

where the last term represents the product of the tangent planes 6f the 
cone x'Qi + y'Q, -f x'Qm -^Pa^O which pass through the chord I?, ^ of the 
cubic. 

It is possible to determine a new Weddle surface with six arbitrary points 
of the cubic ^i, ...,0t as nodes; this intersects the original in a curve of the 
tenth degree, beside touching it along the cubic See Darbouz, BM. du 
8c. Math. I. (1870), p. 357 ; Bateman, Proc. Lond. MtOh. Soc Uh (1905), 
p. 237. 

It is possible in another way to determine a new Kummer surfiu^e with 
nodes upon the old one, and tropes touching the old one, the two surfaces' 
touching along an octavic curve (Klein, Math. Anmd. xxviL (18S6), p. 186 ; 
Rohn, Math. Annai. xv. (1879). pp. 350— 862; Reye. Orelle, xcva (1884X 
p. 248; Hudson, Kummer'a Quartic Surface, p. 159); taking each of Ci, ^, 
e„ e« to be ± 1, and ^i, ..., ^t arbitrarily, the nodes are the sixteen points 

and the tropes are the tangent planes of the original Kummer surface 
touching at the points satellite to 
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After Reiehardt, Nova Ada LeopoUUna, L. 18S7, p. 476, the oetavic curves 
of contact of the ao' Kummer surfaces so obtainable are given, in our 
notation, by 

m + iihQpa(2ti) + 6i|>,(2u)-6|«]* + ...+m5[|^(2M) + 6^|j.(2u)- 

where in, mi,...,m5 are arbitrary, and &k,...,6k are the roots of the quintic 

/(O-o. 

46. The equation expressing the functions f^ (u), etc. in terms of the 
functions fn(u\ etc., of pp. 89, 59, is in connexion with the theory of certain 
cubic surfiices with four nodes, which touch the Kumroer surface along sextic 
curves represented by l^fpm (v) -h . . . « ; these correspond to plane sections of 
the Weddle surfiM^ As the following brief account shews, the theory of 
these surfaces and their reciprocal, the Steiner quartic surfiioe, is of con 
siderable geometrical interest 

Consider the quadric 

where ft-4(in--rX C.-4(i?r-W. C.-4(Cf-if). 

and P4--X,p + X,fi7-X,if + X,i7f-X,t« + 4tT. 

Take also an arbitraiy plane 

The conditions that the quadric should touch the plane in the point 
(iuVifiu Ti) are the equations 

«,?$!+ aft^^3Ct^3-P4^^^.0 
9^ dfh dih dth 

OTi OTi CTi OTi 

;ft+ U+ Ul + ^T, -0. 

leading, for (w, y, t), to the sole condition 

■0, 




-X,, 


ix, . 


2« , 


-2y. 


k 


ix,. 


-(4* + x,) 


. iX, + 2y. 


2«. 


k 


if , 


jX, + 2y, 


, -(X, + 4«), 


2 . 


k 


-2y. 


2x 


2 , 


. 


(i* 


4 . 


h , 


4 . 


k , 






i^» for (ii,fh» (TifTi), to no other condition than ^fi4-Iiih + ^& + 4Ti"0. 
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If Cr^f denote the minor of the tth element of the rth row of (7, we have, to 
express (ft, 17,, f„ t,) in terms of («, y, z), 

C\i Cn Ci, C|4* 

where the denominators are quadric functions, and, to express {x, y, t) in 

terms of (f 1,1;,, f,.T,), 

^ y _£ 1 

where Du At A> A ^re the determinants, with proper signs, obtained by 
omitting the columns in order in the matrix 

, -2t„ 2{i , -X,fc + jX,ih , 4 

2t, , 2fc , -4i7„ iV,R-X,i|, + i\,f„ I, 

-4f„ 2i|, , 2ft. iM,-X,f, + 2T, , U 

217, , -2ft, , 2Ci , /, 

and are cubic functions. This gives a representation of the cubic surface 
C«0 upon the plane ^f + ^i7 + ^C*f 4t»0. 

By immediate differentiation of the determinant C we have, whed (a;, y, z) 
is upon C "B 0, 

g-4((7..-C„). |^-4(C.-C„). ^-4(C„-C'„), 



and "57 ** ~ ^^n + ^Ci2 — ^t7« + X^C^b "" ^^n + ^C^i 



dt 

where ^ (^ 1) is introduced, only for differentiation, to render C homogeneous 
in X, y, Zyt\ since Ci^Cn^ C^rC^ when C« 0, and 

we have, if we multiply by Cn and replace the ratios Ci, : Cm : (7u : C^ by 

ft • ^1 • Ci • ^ii 

3(7 oC dC dC n n n li 

and the surface reciprocal to C7«0 is therefore represented upon the 
plane by 

-^-WA, y'-C./A, /"C/A, 

where Qi»4(i7iTi — J;^*), etc., and is thus a quartic surfisMse; denote it by 8. 
In terms of the coordinates (x, y, z) of the corresponding point of the surface C, 
the tangent plane at any point of S is 

«Z + yF+zZ+l«0, 

where X, F, Z are current coordinates; it thus cuts iS in a locus whose 
representative upon the plane {•( + /i17 + /s(+^t»0 is given by 
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•••f •••! 



Zof'+...-0; 



that 18 by two stiBight lines, fdnce, in virtue of C^O, this quadric touches the 
plane. The curve upou S which corresponds to a straight line in the plane 
<»f + fii? + itf+?iT«0 is cut by any plane ilX + BF+CZ+/)-0 in as 
many points as is the straight line by the conic AQi + BQ^ -f CQ^ + P4 >« 0, 
and is thus a conic The surface S has thus the property of being cut by 
any of its tangent planes in two conies, and the reciprocal suibjce C has the 
property that its tangent cone, drawn from any point of itself, breaks up 
into two quadric cones. These two conies upon S will coincide, and the 
surface be touched by a plane at all points of a conic, if the two straight lines 

coincide ; we investigate now the condition for this : the quadric xQ^ + . . . « 
must be a cone touched by 1^+ ...» 0. Now a quadric 

IT^ (a, b, c, (£,/, g, A, u, v, w][f, 17, f, ry 

will be a cone, with vertex at (fo> ^o* &f To), if the four equations 

afo + Aiyo + fi'Ci + UTo— 0, ..., ..., ..., 

are satisfied; it will touch /^f -I- ... ^0 at ({', V* {T* t^ if we have the five 
equations 

af' + AV + sff' + UT'+wfo-O. .. 

let the minors in 

r- /a, A, g, 

K ft, /. 

9* /. <^» 
tt, r, le;, 

Ui h> k> 

be denoted by the corresponding capital letters ; thus the determinant | F 
is zero and 

AH 5 U L,' E " I,'"- 

9 

but from the five equations 

af» + Ai|o+il'{i + UTt«0, ..., ..., ..., ^{o-f ^i7« + ...»0, 

we have Z^^O, as well as A'O, A*0, A«0; we infer thus that the 
conditions that the surfieu^ 27 » should be a cone touched by (»( 4- ••• « 
are that all the first minors of T should vanish^. This requires, according 
to Sylvester, three algebraically independent relations among the elements 
of r (Sylvester, Phil. Mag. 1850, Vol xxxvil pp. 863—370, or CollecUd 

* In another pbx»8eolosy the two first in?ArUnt lecton of the matrix r f6r the root aero most 
be both of exponent unity, a resnlt foUowing from the two equation eeta r (|', V, ^', r^, «)«0, 
r (To. iio, ^0, To. 0)sO. Ct the theorem quoted in Appendix to Part L, Note L 
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Papers, Vol. L p. 147). Beturoing then to the case now being oMisidered. 
the two straight lines 

will coincide if «» y, ^ be such as to satisfy the three conditions necessary that 
all the first minors of the determinant C should Tanish. This agrees with 
the consequence that then each of dCfdts, dC/dy, dC/dz, dC/di, whidi as before 
remarked are linear functions of these first minora, would vanish; for a 
singular plane of 8 must correspond to a double point of the redprooal 
surface^ C. We can further use the representation upon the plane to 
determine these nodes of C Let 

(i,-tf.^,-n (i.-«,^.-n o.-'f.f.-f) 

be the intersections of the plane 4f 4- ••• « with the common cubic curve 
of the quadrics Qi, Q.. 0$* so that 1^:1^:1^: 1.^6^ : 20^ : Stf : 1 ; denote 



III ■( 



I 
I 




these points hy A, B,C; it is found at once on computation that the Weddle 
surface cuts the side AB in two points P, P' of coordinates 

and (e-<i>, -(e^-<i>tf), e^-4>^. -(e^-<Mi)x 

where ©"-Xt + Xitf + X,^ + Xt^ + \i^ + 4^ 

and 4>*-X« + X,^ + X«^ + X,^ + M' + 4^. 

We thus have four straight lines P'QR, Q'RP, RTQ, P'Q'R\ and the 

* InddnteUj we ■•• that any qrmiMtriod determinantal •qoation, whote dflments mn 
nMooal in thnt aoofdinitei «» y, i» whsl«f«r be the order of the determinMit, r e pr eee o u a 
•orfMe whoee nodei make aU the flnt minon faniah. 



ART. 46] 



representation upon a platie. 



143 



diagram givea Or the points P, Q, P\ Q', R, R\ and hence the points 
A, B, C, may be defined thus: the qnadrics Qi, Q,, Q^, P^ cut the plane 
2^(4- ... « in four conies; the condition that a self-polar triangle of a conic 

should be possible circumscribed about a conic whose tangential equation is 

{A, B, (7, F, G, H\l m, ny « 0, 
is known to be 

ila, + B6, + Cfe, + 2^1 + iOg^ + 2Hh, « 0, 

namely linear in A, B^ C, F, 0^ H\ thus the general tangential conic so 
harmonically inscribed to each of four given conies involves linearly two 
arbitrary parameters and is one of a set of conies touching four straight 
lines ; among these conies there are three point-pairs, say P, P'\ Q, Q'\ R, R\ 
and these will be conjugate pairs of points in regard to the four given conies, 
and' therefore conjugate pairs in regard to the four quadrics Q], Qs, Qi, P4. 
It is a known property of conies that if three col linear points L,M,N he 
taken respectively on PP\ QQ\ RR' and then three other points L\ M\ N' 
respectively on PP\ QQ; RR\ and so that each of LLPP\ MM'QQ\ 
NN'RR' is a harmonic range, then L\ M\ N' are collinear. Consider the 
general quadric ^i4-yQt*f '^Qt+Pi^O, where x, y, i is any point on the 
cubic sur&ce (7*0; the two lines in which it intersects the plane 4f + ...» 
can be shewn to be two such lines as LMN, L'M'N'. For substituting 
in this quadric the coordinates 

putting 

we find 

«^^ + y ( tf + ^) + -r - ^ V ♦ - »»• [^^ + y ( * + ^) + -r - -E«, 4 

which gives two points harmonic in regard to R and R\ coinciding with R 
or R' according as m « or oo . The two lines LMN, L'M'N' correspond, as 
we have seen, to two conies lying on a tangent plane of the sur&ce S; if they 
coincide with one another they must coincide with one of the four lines P'QR, 
Q'RPf R'PQ, P'Q'R' ; for these cases respectively we have clearly 

(i) «^-hy(^-hV^) + -r-^^-0, «tf^-hy(«-h^) + -r--ff'i^-0, 

(iv) «^V^ + y(^-hV^) + i-^^«0, artf^ + y(tf + ^) + ^-iE'«f«0, 

«tf V^ -»■ y ( tf + V^) + ^ - -ff#^ - ; 
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oofrespoiidiDg then, for example, to the equatioms (iv), we have the siDgular 
plane 



X. 


F . 


z. 


T 


<H, 


*++. 


1. 


— E^ 


H> 


e-¥^. 


1. 


— Et^ 


1 ^. 


^+^. 


1. 


— Etf 



of the surface 8 and the node («» y, s) of the surface C « 0. The planes 
are tangent planes^ of the Eummer surface 



-2y 

ix 

2 





0, 



jXi, -(4^ + X,), iX, + 2y. 
' 2*. iX, + 2y. -(4x + X0. 
>2y, 2a: , 2 . 

both passing through the line at infinity joining the points 

Further when «Qi 4- yQt + ^ -f P4 - represents a cone, the point (x, y, s) is 
on the Eummer sur&ce A « 0. It appears then that the surface C » has 
four nodes, these being, if Zo "* ^^V^> k » ^^^> h - S^> ^ « 1> four of the eight 
intersections, in threes, of the three pairs of tangent planes to the Rummer 
surfiice A » which can be drawn through the lines at infinity joining the 
three points d;/las — y/0«z/^»x, etc. of A = 0; and these four nodes lie on 
A « 0. Since every point of A >» is capable of representation in the form 

«-*! + <.. y «-*!<.. ^«-^«,.«. 
there appears incidentally the algebraic resultf , that if 6, if>, ^ be arbitrary, 

* In fMt, if «Bii**^-»-«'*^, the fonner hM the fonn «iPgi(v)'y^s(v)-»-(pi|(v)-f=0, and 
tonebes ii sO it the flnt ntellite point of r ; the eeoond depends limilarly on the oonjngtie point 

vmu^'^-u^'"^. Bee p. 112. 

t If (#), (^), (f ), be any three plaoee of the Riemann rarfaoe, and we detennine two placet 
(<i)> (t|). w that 

H^* ^* + 1^* *•■ U** * + If*' ^ + !!*• ''' 

wshaiv ••''«+«i*»*i-(u*»*+tt«**)«i««»*, 

ibfwing that the point a(ii*»'^ii^^) Het on the tangent plane of the Kommer snrfeoe touching 
the aoHbee at the eatcmte point of a («*• ^* + u''% and that therefore 

The plaeae ((,), ((,) are thot the leroR, other than {$, - 8), (f , -♦), (f , - i"), of the rational 
Amotion 

fi, t, 1, -. 

»•. *. 1. © 

♦*. ♦, 1. ♦ 
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two other quantities t,, t| can be found so that 

and one of the four singular tangent planes of the surface S is corre- 
spondingly 

the others being derived from this by substituting for ti, t, the couples 
similarly derived from 0, if>, ^ after change in the sign respectively of B, of 4> 
and of ^. Let the cone 

which touches the plane 20(+...»O along the line P'Q'A^be denoted by 
V^mO^ and the plane Zof+.-.^O by «bO; draw any plane a^ through 
P'Q'R\ and let the tangent plane of V^ along the other generator lying on 
0*4 be called «« ; we have then an identity of the form 

4 ^ ^^4 "■ w 4 i 

now the points of the sur&ce 8 are given by equations X « Q/, F » Q/, 
Z»Qf\ T^P^\ where Q/, Q/, ... are the homogeneous quadrics in ^, ti, ( 
obtained by writing r « — (^^{+ Stf^ . i| 4- £0 . respectively in Qi, Qti ••• ; 
take for 0-4 the plane joining (0, 0, 0, 1) to P'Q'R\ namely 



I 
1. 
1. 



0. 



17 , f. 

80 that we may write 

or say . <r4-y, + y, + y,; 

we have then, if Ti denote a constant multiple of the linear function 

and similarly Z|, Fi, Zi denote the linear functions associated with the lines 
P'QR, Q'RP, RPQ, as a representation of the coordinates of the points of the 
surface S, the formulae 

ri-(yi + yf + yfy. -r,«(-y, + y, + y,)«, F,«(y,-y, + y,y, 

^i-(yi+yi-y«)". 

which lead to 

y,(r. + X,-F,-ZO-y.(ri + F,-^-XO-y.(ri + Zi— y,-F,). 
a 10 




f 
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I 



and the tsarfBice 8 is given by 

the reciprocal snrfiice C being given similarly by 



47. Now let the determinant 
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jX.+ 2y, 
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iX, + 2y, 


, -(V. + 4.) 
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-2y. 
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< P*' 


0. 
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we have then cubic surfiskces (i)^0»r ]"»0, when A is bordered by only 

one row and column, the same or different ; we have quadric surfaces L ] « 0, 
f , j » 0, when A is bordered by two rows and columns, the same or partially 

different, and we have a plane f . ] "^ 0, when A is bordered by the same 
three rows and columns. If ((, i|» (, r) satisfy the three equations 

Wff + ihi| + n,t + n,T« 0, 
the plane (j^ j « is the same as 

**(i?T - D + 4y (i;f - ^) + 4z ({Tf - 1;«) 

+ (-X,p + X,f.7-X,i7> + Mt-\r + 4fT)«0; 

and the cubic [ , j , which has above been denoted by C, has been shewn to be 

a cubic surface with four nodes. Considering the determinant L j , and the 
minors of the elements (5, 5X (6, 6) and (5, 6)» we have an identity 

and this shews that the cubic surface ( . j touches the Kummer surface A at 
all its intersections with it, and therefore along a sextic curve, as also does 
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the cubic surface [ j » and these two sextics are the complete intersection of 

A with the cubic surface f j . Returning for a moment to the expression 
of A « by the hyperelliptic functions, the identity of p. 89 shews that the 
sextic curve on f .] is given by 

hVm (w) + k^'m («) + ItVm (ti) + UVm 00 - 0, 

and it is to place this identity in a clear light that we have entered so 

£Eur upon the theory of the cubic surface [.]. Considering similarly in the 

(Zfliifi\ 
. j the minors of the elements (6, 6), (7, 7) and (6, 7), we 

have an identity of the form 

/lm\ fln\ _ flm\* fl\ /lmn\ 
[lm)\ln) [in) "WVW* 

Thus wherever the plane f , j meets the quadric L j it touches it, and 
the line of contact is on the quadric [ . ] ; thus [ ^^j , L j are quadric 

. I , the generators of contact being 

. ] , which therefore is also touched by 

the plane (■^]> ^nd the quadric [ . j has with each of the cones L j, 

(in)' ^^^^^ ^ common generator, an intersection which is a cubic space 

. j and the quadiic 
f . j lies upon the aggregate of the cubic surfiiM^ L ] and the plane [ , ] , 
of which the latter can only contain points of L j lying upon its generator 
of contact, so that the cubic space curve common to [ . j and f . ] lies upon 
the cubic surface ( .j ; as, by the same identity, the only points common to 

/?\ //«n\ 

thfi cubic surface f J and the cone ( . j, are points of contact of these, lying 

. j , it follows that the cone f . j touches the cubic surface 




I 



\ 
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f ,j along a cubic space curve, as likewise does the cone f , K uid these two 
cubic curves are the complete intersection with f .) of the quadric surfiice 

[ . j. Further as the cone [. j has a generator upon the quadric (^]> 

its vertex is upon this quadric; if this vertex be taken for origin of 
Cartesian coordinates the lowest terms on the left side, in the identity 
under discussion, are of the second or higher order; thus from the form of 

the right side the lowest terms in Lj are of the first or higher order, and 

the vertex of the cone (? ) is thus upon the cubic surfiiM^e f .] ; what is in 

[ genera] the quartic cone of contact to f . j drawn from a point of itself here 

contains (i^) ^ P>^ of itself, and so breaks up into two quadric cones. 
\ |i Further, taking the origin at the point of intersection of the generators of 

contact of the cones ( , j , ( , j with the plane f , j , this being as we 

have seen also the tangent plane at this point of the quadric ( « J9 the 
lowest terms on the left side of the identity under discussion consist pre- 
sumably of the square of the plane ( , j , which therefore, as we see from 

the right side, is the tangent plane, at this point, of the surfSftoe [ . ] . We 
have already seen that, regarding m«, nii, ... and fi«, fi|, ... as arbitrary, the 
plane (*^) is the general tangent plane of the surSeM^ L j; it is not diflB- 

cult to see that the cone f . j may, by taking mo, m,, ... suitably, be made 

i a cone of contact with vertex at any point of f .]: for the vertex of the 

cone [, ] makes vanish all the first derivatives of the expression (. j; 

these first derivatives are seen, by differentiating the determinant f , j, to be 

linear functions of the first minors of this determinant; as previously remarked 
we can make all these first minors vanish by satisfying three algebraically 

(lMi\ 
, j is thus to be found 'by 

equating to zeio three suitably chosen first minors, and the first minors, of 
which two rows and columns are chosen from the last two rows and columns 
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of [ . ] , are linear in w, y, s. Oeometrically, the condition that all the first 



minors 



of f I j vanish is that the quadric 



Q-4j.(iyT-n + ...+(-X^+-.- + 4fr)-0 

should cut the plane 2«f + ... ^0 in two lines of which one lies upon the 
plane nitf-f ... «0; this may be seen either directly^ or by remarking that if 
tf + ...»0,fn«(-l-...»0, tit^+...»0 intersect in (f,i7,f,T), we have 



/lmn\ 



t •! (Ivfifi 



with 



j is a linear function of ten of the first minors of ( . j wi 
coefficients which are squares and products of n,, fi|, ii«, n,; thus when all the 
first minors of f , ] vanish, the quadric Q vanishes for every point upon the 
line 2»f+...->0, m«(+...«>0; that it touches the plane l^+...">0 is ex- 
pressed by the vanishing of the minor (6, 6) of (t )• We have thus reached 

the results, that if {x, y, t) be any point of the cubic surface C, or ( . j , and the 
quadric 

cut the plane l^+...«0 in the two lines fii«(+...»0, fiit'{+...BO, the 

I j, 

^* and further that the cones of contact 



\lmT 



00 



from two different 



points of C have a common tangent plane touching C at a point where their 
cubic curves of contact cross one another. These quadric cones of contact 
correspond to conies lying on two different tangent planes of the surfisu^ 8 
reciprocal to C, and we remarked before that each of these conies corresponds 
to a straight line in the plane ^#{4- ... ""O; the point of intersection of these 
lines corresponds to a common point of the two conies and to a common 

tangent plane of the two cones [ . ) * (i ) > '^^ ^^^ plane is one of the four 
tangent planes to C which can be drawn through the line joining the 

"^ Or in YirtiM of Um thedrem qooted, p. 164. If (fifTrO. (rVTO b« s^y two poinU on 

do 80 

M^4>...sO,ilM tsngnt planet (*p-»-...,|«p,-f... are both of the Conn «((•(+...)+ v(m^ +...), 

to thftt tht matrix of lii rowt and colnmnt 



diJ) 



-^(fifT^w*)*© and il(rif'Y"r"wV)«0. 
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Examples. Humbert's Theorem. 
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vertices of the cones f , ] > ( i^) • Further results in regard to the geometry 

are given in the following examples ; the matter is by no means novel, as 
may be seen by consulting the following authorities, in wliich are placed 
first those mainly used for the account given here, (i) Reye, Geametrie der 
Lage, a beautiful geometrical account ; (ii) Clebsch, Crelle, LXVii. (1867), an 
interesting analytical theor}^ (iii) Humbert, LiouviUe^ 4th Series, ix. (1893), 
p. 99 (Hudson, Kummer^a Quartic Surface, in particular, pp. 157, 198); 
(iv) Kummer, Weierstrass and Schr5ter, Berlin. Akad. 1863, reproduced in 
Crelle, LXiv. (1865): (v) Cremona, Crelle, LXill. (1864), a geometrical account ; 
(vi) Cayley, Proc, Lond. Matli, Soc. III. (1872), or Collected Papers, Vol vii. ; 
(vii) Laguerre, Nouv. Annal, XI. (1872); (viii) Loria, Teor. Geom. 1896, p. 110, 
where a very full bibliography is given. The surface S was discovered by 
Steiner in 1844, and is called Steiner's quartic. 

48. Examples. 1. In the representation of the Steiner quartic surface 
S upon the plane 1^+..., two points upon the line BC, of our diagram 
(p. 142), which are harmonic in regard to the points P, P', give rise to the 
same point of S; and such points of S are upon a double line lying on the 
surface ; there are three such double lines meeting in a triple point of 8. 
The representation being X : Y : Z : T^Qi : Qt : Q$ : P4, as before, 
the triple point is X«bO, F^O, Z-0, and one of the double lines is 

X : 7 : Z^0il> : tf + ^ : 1. 

The reciprocal cubic surface C meets the plane at infinity in the three chords 
joining the points x/l = — y/O = z/ff' « 00 , x/l « — y/^ « s/^ = 00 , etc. 

Ex. 2. The sextic curve along which the cubic surface C touches the 
Kummer surface A corresponds to a plane section of the Weddie surface, and 
the set of suriaces C for different values of ^i A> ^» ^ correspond to all the plane 

sections of the Weddie surfaces. Thus any two surfaces*[ J, [ j touch i 

(Zfn\ 
, j is an enveloping cone of both. The 

joining line of any two nodes of Lj lies entirely upon the surfieice, and touches 
the Kummer surfaice. 

Ex. 3. The two lines, say OL, 0L\ in which the quadric 

cuts the plane Z^f + ...«0, when {x, y, z) is .upon the cubic surfiiM^e (|)>are 

the double rays of the pencil in involution formed by tangents from to the 
conies touching the four lines PQ[, PQ, FQ\ FQ\ they are therefore the 



m 
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tengenU at of the two conies which can be drawn to touch this quadri- 
lateral and pass through 0. The lines OL, OL' correspond on the surfistce S 
to the two conies in which a tangent plane of 8 cuts the surface. Thus the 
asymptotic lines of 8, each defined as being tangent at any point K o( Sio 
one of the two conies in which the surface is cut by the tangent plane at K, 
correspond to the system of conies in the plane 1^-1- ... ■> which touch the 
quadrilateral PQRQ] they are thus unieursal quartic curves in space, all 
touching the parabolic curve, which here breaks up into the four singular 
conies. 

Ex. 4. The tangent lines of the space cubic along which the cubic surface 

C, or (j\ , is touched by the cone ( , j intersect the surface C again in the 

points of an asymptotic line passing through the vertex of (• )• 

This result is given by Laguerre, Nouv. Annal. XL (1872), p. 342, who 
defines the surface C as obtained by equating to zero the cubinvariant 

Ot Oi Og 

Oi a« a» 

Og Og Cl« 

of the quartic a«^ + 4a,t' -f 6a,f* + 4a,t -h a«, wherein a,, Oi, a,, a,, 04, are any 
linear functions of the coordinates. He shews that one asymptotic line is 
given by the vanishing of the quadrin variant 0^04 ~ 4aia, + Soi*. 

The equations of the asymptotic lines of the surface 4f*-f y* -f ;f* ■> 1, and 
of its reciprocal, are obtained by integration by Darbouz, La Thiorie des 
Surfaces, Partie I. p. 143. This includes the case here, by putting m»^. 
The method consists in writing 

«f»«-4(ii-a)(»-a), y*«fi(u-6)(»-6), ^-C(ii-c)(v-c). 

For the theory of the Steioer quartic surface and its reciprocal, and their 
asymptotic lines, and for the asymptotic lines of the Kummer surfisu^ from 
the point of view of line-geometry, see the following, and the references 
there given. lie, Oeometrie der Be^^rungstrantformatianen (Leipzig, 1896), 
pp. 352, 341, 475; Darboux, La Thiorie dee Surfaces, Note viiL Partie iv. 
p. 466; Jessop, Line Complea: (1903), p. 225; Segre, Orelie, xcnu. (1885), 
p. 302; Klem u. Lie, Berlin. Monatsb. 1870, p. 891; Reichardt, Nova Acta 
Leopoldina, L. 1887, p. 353 ; Hudson, Kummer's Quartic Surface, pp. 60, 111. 

Ew. 5. We have defined the surfaces 8, C by means of quadric functions 
Qi» Qti Q$f P4 having six points in common. It is not diflBcult to see that 
the intersections of these quadrics with an arbitrary plane df 4- ...» 0, which 
does not piss through any of the six intersectionft of the quadrics, may 
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be taken to be the intersections with this plane of any foar qnadric surfiioes 
^\% Utt U9, U4; and the surface 8 is equally capable of being represented by 

The condition that wUi-^yU^-^sUt-^ U^^O should be a cone gives for 
^» y, M ti locus, represented by the vanishing of a symmetric determinant, 
which is a quartic surface with, in general, 10 nodes. 

Ex. 6. When in the preceding theory the plane 2«{ 4- . . . ■> passes through 
one of the six common points of the quadrics Q,, Q,. Q^, P4 the cubic surfiuce 
C becomes a ruled surface. 

If A^^iAut AB^^AiMt etc, where Au, ... are the minors (p. 41) of the 
determinant A, we find that 

where ^, ^ are any quantities, 

^i* - i (^ - *)- [F(0. 4>) - 2e<i>]. 

Thus when the plane /«{+...« contains the common point (0, 0, 0, 1) of 
the quadrics Q,, Q„ Q^, P4 the surface C is generated by the pairs of straight 
lines given, for different values of m, by 

Pi^'^m, 4mP,P^ + (tf-^)-«(«P,-4>P4y«0. 

Ex, 7. When the plane contains three of these intersections, the cubic 
surfisce C becomes a im)duct of three planes. Namely if 9* or f(0) « 0, 
./(^)-0, /(t)-0 we have 
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x[tffa: + (tf + f)y + r-«^]. 

Ea. 8. The Kummer and Weddle surfiBu^es being given by A «■ 0, «» « 0, 
where A» «» are certain determinants defined, pp. 41, 70, 78, prove that 

where Qi - 4 (i;t - {;*)> etc., as before (Schottky, OrdU, cv. (1889). p. 241). 

Ex.9. Let f{t)^\+\tt+... + *e**P{t)Q{t), 
where P(t)-(«-tf)(<-^), Q(t)~t' + Af+Bt-¥C. 



RoMnhain 



18 



Phyre that the remit of eliminatiDg (,, tt between the equations 

o»Z» + 6»F» 4 <?^ - 26cFZ - SeoZZ - 2a6X F 
- 2[ftcX(F»-Z») + caF(Z' - Z») + a6Z(Z»- F») + «ZrZ] 
+ (oFZ + 6ZJr 4 eXF)» - 0, 



we have 






where 

«--^^^[(tf4*)(2^-W* + 2^) 

where *,» «/(«,X V "/(W. »nd, as before, 

P.-y + fe-^, P#f-^fr4(tf4^)y4«-«»#, 

[(♦-^)«W]*-r — P.. [-(^_tf)Q(^)]iF--P«. 

[-QWQ(*)]*^-Ph. 

and the equation above is that of Kummer's Burftce referred to a Bo-called 
Boeenhain tetrahedron. The value of e is capable of the form 

^ jrr-^(* - ^)* [*^ + 8 (*+*»-«<*)- «<*))• 

Em. 10. A Gopel tetrad of nodes is a set of four nodes of the Euminer 
surfiu)e of which the joining planes are not tropes. If the roots of f{t) be 
denoted by Oi, a,, c, c^ C|, such a set of nodes is 

putting Oi-c-ai. a«-c«ai, c,-c-7i, C|-c«7„ 

where 0, ^ are any two roots of /(t), we find, utilising the identity 
that the planes DCA. DAB, BCD, BAG are respectively 

using then (0171) to denote cii - 7t « Oi — C|, etc., and e as a &ctor of pro- 
portionality, and putting 



e« — 
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^ « («i7t)(flWi) {Pt + «i«J. ^f- («i7i) («^i)[-Pe + 7i7J» 

we find CPo,., - o*(o,a,f - r), CP^ - ^(7^7,? - r). 

Ci^a,e, « o' (a,7,f - 7,17 + Oif - t), (?(a,7,)(ci,7i) - cr (17 - f), 

C^J^-ftt " ^ («W«f - 7«^ + «ff - •»•)» C^(«i7t) (^VyO-Pe - ^ («i«if - 7i7t*?). 
where C « aA - 7,7,; 

we have however the identity 

Rationalising this we find 
(«i7inflW.)"[^'f V + iftp] + (7i-72)'[«i Vrr+ifT»] + (a, - a,y [7,VfV + CV] 
- 2S (i;t + flTAtf XfT + 7,7^) - 2 («, + o,)(a,7,)(flvy,) (fr 4 7i7tf^)(^t + >^t) 
+ Sftfiyfr + 2 (71 + 7t)(«i7i)(«^t)(^fT + i7f)(«iai{f + «rr) - 0^ 
where 

M « («i7i)(flVyt)(«i7i)(«i7i) + «i«i(7i + 7«)' + 7i7«(«i + «t)" - 2(a,a, + 7i7,y. 

The object of forming this equation was to make the remark that it allows 
the birational transformation 

It would be interesting to know* what transformation of the hyperelliptic 
arguments Ui, v^ this corresponds to. 

It is to be remarked that the tetrahedron of reference here taken is 
nugatory for the particular surface called the tetrahedroid, considered below. 

Ex, 11. The surface (cf. Ex. 9, above) 
Jf «F«Z* (a«Z« + 6»F« + tfZ^ - HbcYZ - 2caZX - iabXT) 

+ (aFZ+6ZJr + cJF>«-0. 

is a hyperelliptic surface, only one value of the parameters u,, u, belonging 
to any point ; prove that its hyperelliptic expression, when a, h, c, e have the 
values of Example 9 above, is 



x-n-Qm^ .^ !7A:jr" 



0#te+(0+^)f>«i+i^i' 



F- nam^ ^^ tTJfi:!'' 






* A transformfttion of liinilsr slgebrsie form for a Weddle rarface ii obtained bj repeated 
projeetion from two nodee of the niriaoe, and belongi, we have seen, to a Unite group of 82 
■elf-inTerie transfonnationi. JVoc. Lond, Math, Soe. Ser. 2, Vol. i. (1908), p. 267. 
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Shew alao that the teetion of the surface by a plane ilx + By + Cf » 1 is a 
carve of deficiency 9 ; and that for the curve, in homogeneous coordinates 

+ (aFZ+6ZZ+ cJf F>»(ilJr + BF + CZy « 0, 
the adjoint quintic is 

O*XFr[ttJ« + «F« + i0Z« + 2u'FZ+2»'ZJ+2fi;'ZF] 
+ [XFZ(F-Z) + M^Z(Z-X) + yXF(Z-F)]UZ + BF+CZ)» 
+(PFZ+ QZX + JUr F)(ilZ + 5r + C7Z)», 
where u, «, w, u\ v\ w\ P, Q, R are arbitrary, but 

«C* 4- wJ « - 2u^B C 

while /A| y have similar linear expressions in terms of u, v, Wy u\ v\ w'. Cf. 
Humbert, LiawfiUe, IX. (1893), p. 439. 

These results have been worked out in view of an application in the 
second part of this volume. 

Another hypereUiptic surfitce ^ («, y, {) » we have met with in the 
text (p. 48); it would be interesting to have the form of the integrals of 
the first kind for any plane section of this sur&ce also. 

Em. 12. It has been remarked that the cubic sur&ce [ .] of p. 146, 

becomes a ruled surface when the plane (•{+ ^17 + 2s(r-f IsT » passes through 
one common point of the quadrics Qi, Qt, Q„ P4, and breaks into three 
planes when the plane 2»f -f ... =0 contains three of these common points; 
when the plane contains two of these common points the intersection of 
the sarftoe with the Eummer surface also degenerates; in &ct, from the 
fbnnula (p. 102) 



^>[r.(..*»)l-/:,' 

-/ 

— V 



a 
h 

9 
tt 



« - ^ \ [|' « ( «)] = ^ [^'« («)]. 
w — c 



where ii""0 + ^, v^^d^^ ^^^9^, c2 — 1, comparing the result of twice 
differentiating logarithmically the last of the four equations represented by 
it, with the other equations it represents, we shall obtain each of the following 
expressions (wherein P^ = tf^t. (u) + (^ + ^) ^'„ (w) + §:„ (m) - e^) 

[tf^(v) + (tf + ^)p«(u) + f„(u)]VPi*, 

[tf#«(t*) + (tf + *) j?«(tt) + JFm(w)f/Pi^, 



I 



i^tt^^EiAfifii 




^ 



»: 

f 
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expressed as an integral polynomial in i>a(<'). ^v («)> fn ('"■)> ^^^u* respective 
values being 

fi^nm («) + (^ + *)«»■«(«) + fni (») 

+ 2[ -%«(«) + a(i»!a (u) + Mi»M («) - Jf] - %« (w) • ^#f . 
%'tw («) + (^ + *) l^wi («) + {pmi («) 

+ 2 [ - V« («) + V» («) + fii («) -/] - *fr'« («) • ^H . 
^^«i (m) + (^ + *) kliiu (m) + |.'iui («) 

+ 2 [ -/».*« («) + 9i)fl («) + «o*»ii (tt) - c] - 2|j„ (tt) . P^. 
Thus, with X arbitrary, the cubic surfitce 

[X^^a. (m) + (Xtf + X^ + 0^) p« («) + (X + tf + ^) |>a, (tt) + f ,„ (tt)]» - 0, 
contains the singular conic upon P«^ « 0. 

Notice also, from this formula, if x^f/miv), y(fiii(u), ffu {'>')> 

«'-l»ii(«; ^*). y' -!?»(«; ^^). «'-«»u(«; tf^), that 

[ — txt' + uy' + rfr ' — w] [ — tMc + «y + <i* — tff] 
« M^i [if («yzl)], + Af.[J/(«y*l)], + Af.[Af («y«l)l + Mu[M(xysl)], 

Now Jtf * « — /airl\k > ^^^® ^^^ product is equal to the constant (i**^) • 

This formula is analogous to the formula of tlie theory of elliptic functions 

[f>(M)-«][|?(M + «)-e]-(e-0(«-O. 

Ex. 13. 7%« tetrahedraid. When the roots of the fundamental sextic are 
in involution, so that x,c; ai,(h; Ci,c,are conjugate pairs, and therefore 

(c-Ci)(c-c,)«(c-a,)(c-a,), 

or say a,ci,s7,7t, where «i«a,-c, ci,»a,-c, 7,«c,-c, 72«c,-c, write 



a 



VVt, -h V7,/ vVoi -I- vc^^ 



p«V^«V^; 



then, with T«t — c, « 






, we find that 



ifl eoual to 



J2[T(T-a,)(T-a.)(T-7,)(T-Y. 



)]*' 
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(t + y) <£t 
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J 2 [t (T - 0,) (t - 0.) (t - 7,) (T - 7,)P 



-y 



(a--l)(b-'-l) 



ivFTT 



_^lf 



P ^V(y-l)(y-a-')(y-lr*)' 

There are, thus, two everywhere finite integrals (of ambigooas sign) each of 
which is elliptic and possesses only two linearly independent periods. 

If we put H*'ai + a, — f^ — ft and 



«iP^ - «,P, 



*. ^'P^-fkitH, f-P^^ + a,a,fr-lf 



a,f ,. - a.P. 



where, 0» ^ being roots of the fundamental qointic, 

it is easy to verify that each of the planes {"0, i7»0, {^-b 0, T"> contains 
four of the sixteen nodes, the three summits of the quadrangle fcrmed by the 
four nodes in any plane being the angular points in that plane of the tetra- 
hedron ^l^r; namely 

{■bO contains the nodes (ooX (c), (Oi, at)» (ci» c^)» 

1? - „ „ „ (Oi), • (O,), (C Oj), (c, o,), 

f-0 ^ „ „ (Ci), (Ct), (c, C|), (c, c,), 

T«0 „ „ „ (c„ o,), (c,, a,), (cb, a,), (cb. a«)» 
where ( ao ) denotes the node (0, 0, ao ), (0) denotes the node 

and {$, ^) denotes the node (^ -f ^, — 0^, e^) ; through each comer of the 
tetrahedron fi^^r pass four tropes. We have previously (Ex. 9» p. 158) 
given the relation connecting the quantities P^, P«,, Pa,at» under the form 
of the equation referred to a Roeenhain tetrahedron. From this the equation 
referred to the tetrahedron ^(r can be calculated. But in fret this equation 
can be solved in terms of two arbitrary parameters a^yin the form 

(a-xXy-a-O-i'^. {h-x)(y^h-^)^M^^, (1 -^)(y. 1). Jlf l!, 

where M^l 6aia,/(ai - a,y (71 - y^Yl 

thus the curves «« constant, y» constant lie ou quadrics; in particular 
each of the planes f — O, 17 «0, {^—O, t — cuts the surface in two conies, 
intersecting in four nodes of the surface. This expression in terms of two 
parameters should be capable of derivation from the expression of the 



■Man 
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Pliicker's complex nw/aee (m a cage [chap, v 



Kummer iturfoce in general, by use of the elliptic forms* of the integrals of 
the first kind. At full length the equation is 

DS*H*^* + B»r + H*T* + I>ti* + i(AH-B*) (v'lT + iT'f »t») 

+ Iff (.4 - H){v*T* + U'f T) - iHA (f «T» + Df »iy«) - 0, 

where J■■a|•l-e^, B^Ui-a,, ^-ai + Oj-Y,- 7,, D''H*-¥B*-2AH; 

•Dd the MurfiMse is a form of the wave surface. We may put 



1-a 

y-1 



m*{v,h), 



|-— 1« - cn»(», h), j-3^ ■ - dn* (». *). *• - j-^lg 



y - a~' 



y-b-' 



s-»-l 



en* (w. *). |=rri - - dn* (w. *), *• - grri^j 



and 80 have 

11 Jr T 

^■■(tti— ai)cD V cnu», j«(7i — 7i)dD v dnw, =«(a, — a,)sn v snw. 

The asymptotic lines, which are capable of derivation as a particular 
case of those previously obtained for the general Kummer surface, and the 
lines of curvature, are considered by Hudson, Kummer's Quartic Surface^ 
Chapter X. and by Darboux, TkSor. Qdn. des Surf. Note viii. Partie iv. p. 466. 

Ex. 14. Consider the degenerescence of the Kummer surfSftoe when two of 
the six roots of the fundamental sextic become equal ; as has been explained, 
we may, making a linear transformation, suppose, without loss of generality, 
that they both become infinite. For this, taking the equation for i^ A on 
p. 41, we may render it isobarically of weight 12, when x, y, x are reckoned 
of weights 4, 8, 2 and \i of weight t, by supplying in each term a proper 
power of W\ the equation will then correspond to the form 

of the fundamental sextic ; putting then X| « the equation reduces to 
a surftce having «bO, y^Oasa double line, which, putting 



y 



X-ax.S! 



'-|+i^.|-*^V 



», 



IS 



by 

««-iX4 + 



fW 



y«iX,M- 






« «" » + J (X,« + X4M*) + 






* By drawing Tarisble pluMi tltroogfa 2 nodes, any Kummer nirfaoe is expressiUe by dliptie 
Ainetions of wariaVU modulus. This modulus, I beliete, is not constant so long as the six roots 



s«iA Jkimkiw^m^ 
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Now if in the equation 

we make asoo, X,»0, we have X^as — X^; hence, with 

FiOu ^) - 2X. + X, (0i + dj) + 2X^i0j + \0i0^ (0^ + 0jHi\0^^0/'¥\fif0f (0i'\'0j) 

^-'(0i^0jy\}^^\(0^^0j)^\(0^^0jy^\(0^^0j){0f^0^0j^0^^ 

we have the following correspondences : 



KuiniER Surface. 
Nodes: 

Six nodes: 



New Surface (awoo). 
Nodes : (0, 0, oo ) twice ; four given by 

Nodes : three on axis of <, esch of the 
form 

tlie third oooixlinate being -1X4(4^+^1^1): 
at each of these the two tangent planes of 
the sur&ce coincide. 

Four nodes : 

-iX4, iXi^i, i(X,4i+X44fl. 

Fourtiopes: y +4ij;«0, beside j;«-|X4 
and plane at infinity. 

Along 3f+4^jr«0 section of sorftoe is 
two coincident straight lines, constituting a 
so-called torsal line. 

Four tropes : jr+^iX^O. 

Thus as 8 nodes of original sor&oe 
coincide in pairs in 4 new points, so 
8 tropes coincide in pairs in 4 new planes. 

Six tropes: 

These intersect in pairs on planes 

which is the single tangent plane at the 
singular point 

0, 0, -iX4(4|4y+4»^. 

Thus the double line a^O, y « 0, contains four singular points ; through 
the double line pass four singular planes y + 0iScO, each touching the 
sur&ce along a torsal line; and each of these torsal lines contains two 
singular points, one being at infinity, the four finite ones lying on the 
plane m'^l\^0. 



Foipr nodes: 

Four tropes : 

jr+^iX^^Xft^f*, beside 3f+a4r-^X6a^ 
and plane at infinity. 



Four tropes: 



Six tropes: 



m 



•I 



I ■. 
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Substituting in terms of the parameten u, « we find 

•* In e\(u gN, i(^'-^»)/(")-Kg»-")/(^»)-«- (»-^«)/(ft) 

[t>(u-g,>(i;-g,)+i/(ti)r . 
" (»-tf.)(u-«,)/(u) • 

patting similarly Fs«^^, + etc., J? s «tf,^, + etc., 
80 that X»0, F»0, ZsO is the dngalar point 

we thus find 

(*. - e,) y/X(ff-^e,x) + (ft- ft) n/F(^+ ft^) + (ft - ft) N/Z(y + ft«)- 0, 

which is the same as 

2N/(ft-ft)Z(r + mZ-ny), 

where {, m, n, T, m\ n' are respectively 1, 1, 1, iX«(ft-ft)(ft— ft), 
i\, (ft -ft) (ft -ft). iX^ (ft -ft) (ft -ft), and are the coordinates of a line 
(the axis m^O, y ■> 0) ; thus the surface is Pliicker's complex saHace. See 
Hudson, Kummer's Quartic Bur/ace, Chapter VL The irrational equation is 
the degenerescence of such forms as those on pp. 108, 110 here. 

Now it can be shewn by actual substitution that the doubly-periodic 

function 

^ (u) « p [i(u - a,) - {:(m - 0,)], 

satisfies the equation 



(^y-x.+x,^ + x^+x,^+x^. 



provided the invariants of the elliptic functions be 

and p«X4 « 1, IP («, - a,) = (8X,* - 6\t\)l^\; 

and that these give 

i:(«. - «.) « ipX,, |>'(a, - a.) - (iX,X.X,- X,V - 4V)/4pV, 
and also 

^ + JV[f(w-fl4)-f(tt-a.)]+KC(t^-«i)-f('*-«.)?=iQp(u-«i)+p(u-o,^ 

Further the differential equations fpn — Qf^* s etc., of p. 48, when we 
render them isobaric (reckoning fPn* fn^ fiu '^ ^ of weight 4, 8, 2, t) by 
supplying proper powers of }X„ and then put Xt«0, can be integrated 
(as in Comb, Phil. Proc, xii. (1903), p. 230), and give for the corresponding 
^--function, essentially, 

[^^cr(tti-o,) + e-*»««cr(u,-a,)]e«*^, 
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where m « ^\^ v \p, say ; putting 

a (u, - a,) - <r„ <r (u, - a,) « <r„ f («, - a,) - f„ etc. 
and A-«"^»,+«'~"^o-,, this leads to 



i«-- 



4mV,a', 



' »'" 12+ A 

and hence, with the relations above, 

1 



2m«r,«r,(i:,-f,) 






while 



p«(i'.-i'.>-(^y./(*)./(-9. 



1 

•^1 



BO that we have the same relation connecting x,y,g as before. 
The functions w, y, z are rationally expressible by the three* 



•"-^l^r •'<«')• «^<->' 



which are a set of three functions with three pairs of 



2llD 

n(«i-«i) 






HI 911 

but the reverse expression is not rational. 

Other particular cases when the roots of the fundamental sextic become 
equal can be similarly dealt with. 

Ex. 15. The relations 

^^ r(ih. «.) y^ (u) duj + 2yn (u) du, ,^ /'<«"««) 2du^''fPn{u)du, 
^"•'o Vf»* (u) + 4i?a (u) * ^ "Jo Vf»'(tt) + 4f,[(ir)' 

have been shewn (p. 117) to give fnW)^1Pn(u)'f fnOO^Vni^)- I^ ^^ 
found that for small values of Ui, i/,, the function o^ (u) [|V (^) + ^(pn (^)]> 
on expansion, has for its lowest terms 

so that, to the first approximation, the relations are, if t; « Ut/y^ 






1) 



* TbeM (nnetioni oeeor in a paper of I>iaiilev^t, Acta UatK xxm. (19M), p. 40. m • omc of 

the degeneneoeDce of Abelian ftwetioDt of two Tariablei. 

1 1 
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Ex. 16. The most general linear homogeneous transformation which 
gives «f — y*»^<So'- yc* is that used in the text, 

V, 2X,X| , V 
where X„ fii, Xt, m« are arbitrary quantities for which Xifi^ — X«/i, « 1. 

Ew. 17. If in the equation 
cr (u + v) cr (a - v) « cr* (ti) cr« (r) [|»a (u) ^^ (v) - |la («) |?„ (m) + |?u («) - 1>„ (m)], 
we expand both sides in powers of Vj and v,, and put 

B 



8 _. 3 i^' 



3^3 



we infer that the coefficients of the various powers of V], V| in the expression 

where, after differentiation, u/, ii|' are to be replaced by ti,, u., are all linear 
functions of the four quantities 

iF«(w)jPa(t*X ^(w)Pb(«). a«(tt)f||(ll). a«(ll)L 

Ex. 18. If BRP be a chord of the Weddle surface through the node B, 
and MP'S the chord of the space cubic through P*, the plane RB8 touches 
the quadric cone whose vertex is P which contains the six nodea ' 

Ex. 19. If b be a root of the fundamental quintic f(x), the so-called 
principal asymptotic curve of the Kummer surface expressed by 

6^ - frf s (2u) - 13^ (2u) « 

is such (§ 37, p. 114) that the satellite points, for all the roots, of any point 
(w) of it, are obtained by the addition of half-periods u'* ^, one of these being 
xero. Thus the correspoudiug curve of the Weddle sur&ce is the curve of 
contact of the enveloping cone from the node (6); and (cf. Ex. 12, p. 156) 
the curve on the Kummer surface A « lies upon 

(cf Ex. 18, and p. 123), and is an octavic curve. Applied to any point of 
this, the usual birational group of 32 transformations reduces to 16, all linear. 

Ex. 20. Prove (see §§ 32, 35, 43) that the square root of 

6^-6|»,(2u)-|i„(2a) 
is expressible in a form 

jf[Hp''^q'-ry) + ff(q''^rX''pz)'^l:(r'+py-'qx)l 

where M^tftj -^xl^- r; and hence as the quotient of two polynomiab 
rational in x, y, i, where X'^ffn(u), {"■fbi(t(), etc. 



r 



1 
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The tnatrices for a straight Utie. [appsmdiz 



\ 



', 0, m I 

i„ -n„ / 



8. Denote hy rn^Vi respectively the two matrices 

n,, , -I,, < \ / n/, 0. - 

-wi„ /, , , n,' I I -<, f,' 

— I,', -m/, — n,', / ^ - ^1 , — »»i> — 

where Ii, mj, n,, li\ mi\ ti/ are any quantities satisfying the identity 

Ai — fiZ/ + fnifth' + Win,' = ; 

then the determinant of c»|, and of every first minor of «>i, is sero, and 
the matrix satisfies the equation 

«i W + P + m« + n* + r • + m'« + n'«) « 0, 
and a similar statement holds for t;, ; while also 

Denote similar matrices by Wf, Vf, supposing likewise that As ^ ; assume 
also that 

we have at once by multiplication 

i»ifX|B^iiin,'— m,m,'— Z|%> m,t'— f?i,Z,' , thV— ^V , tniii,— f?i,ni v 

/ Z,m,'— Z,m,' , — iii»i,'— ZjZ,'— m,'ma, fiiin,'* m,ni' , Mid— n,{, i 

I (ifis^Zfiij , ffiifif — tnjiii , — fHifiif — Z,*|— fiiiij, fi^'~*B'W] 

^ — fni'n,'+tni'n,' , — fii'V+ni'ti' , — Zi'i»«'+VW » — Zi'Zg— tWi'tiii— iii'nt^ 
and hence, in virtue of Am » 0, 

s»i«i + «it^i « ; 
similarly v,s4 + tib«>i » 0, 

and thus (s»i tii)^ * 0, («i ods)^ » 0. 

8. It is diflScult to avoid references to the following algebraical theorem*, 
part of which we utilise below : let a be any square matrix, say of n rows and 
columns ; let 9 be any root of the determinantal equation | a — p | » 0, of 
multiplicity I ; let the highest common factor in regard to p, of the first 
minors of the determinant |a — p|, divide by (p — 0)h, the highest common 
fisctor of the minors of (n — 2) rows and columns divide by (p — Oy*, and so 
on, the minors of (n — r) rows and columns not vanishing for p^0,BO that 
Zr^O; put ei^l — li^ <i = Z, — Z,, ... , €r^lr-i» so that 

the factors (p-^Oy^ij)^ 0y*, . . . are called the first, second, . . . invariant &ctors 
of the matrix a — p, or of the matrix a, for the root 0; the exponents 

* See, for one proof, Jordan, Comn d*Anaiff$e, m. (1S96), p. 178; another it glren Ptdc. 
Cmaft. Phil, Soe. xn. (1908), p. 66. 
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Theorem of invariant factors. 



165 



<ii Hf •••»€«. are known to satisfy the inequalities C|^Ct^ib^--€r>0. Let 
</> «/»•••> ^'\ Cf"**** be these series for the other roots ^, ^^...of | a — pisO, 
thto the matrix a satisfies an equation 

(a-^)-(a-^)-»'(a-rK...-0, 

and no other equation of the same or lower order. Further, denoting a set of 
n numbers by a single letter, such as jr,, or Xf, ... or y,, ... or Si, or z^, ... , 
I sets, linearly independent of one another, can be found to satisfy the 
equations 

(a-^)«,«0. (a-^)«i-«,. •... (a -^) «..-«.,-!. 

where (a — 9) d?, denotes n equations for the n elements of «, , and similarly 
(a^O)Xi^Xi denotes n equations for the n elements of Xf, and so on ; and 
then the most general solution of the n linear equations for the n elements of 
m which are represented by (a — 9)dp«0 is a linear function of the sets 
^> t/if •••» h» the most general solution of the equations (a»^d?»0 is 
alinear function of the sets or,. y„ ... , jt,, ^, yg, ...,^t> and so on. Further, if 
r be the multiplicity of the root 9", similar I' sets of n quantities can be 
chosen to satisfy the corresponding sets of linear equations for the root ff, 
and similar sets for the remaining roots ^', ..., and the whole number 
x K Z + r + /" + ... such sets can be chosen to be linearly independent of one 
another. CSonversely, when we have independent knowledge of the equations 



(a-^)«i«0, ...(a-^)«. 



«..-, 



ti-i> 



for all the roots, the sets d?,, a:^, ... being linearly independent, we can infer 
the values of the exponents of the various invariant fisMstors. 

4 Thus the equation (e^iV^y^O of § 2 shews that the equation 
I ^^t "" P I " has no root but p « 0, occurring therefore with multiplicity 4, 
and with multiplicity 2 in the minors of | «>itib — p | of three rows and columns, 
.the exponent of the first invariant &ctor being 2 ; it can be verified, in virtue 
of Ai«0, A,«"0, Au»0, that evexy minor of ^v^ of two rows and columns 
also vanishes, so that the second and third invariant &ctor8 of miVg — p are 
both linear, and there exist linearly independent sets 

such that 

•iVt(«*i, v,, Wt, pt) « 0, o),»,(i4„ «|, w,, ft) - ; 
now we have a>ii;ta>, » 0, c»i Vt a>i *" " o>|Vie»i « ; the equations tOiV^t^ « 
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Three inteneeting straight lines. [appendix 



express that the elemenUi of any row of ^tf^ ure proportional to the bomo- 
geneoQS eoordinateB of a point lying on the line (i^, m,, n,, l^\ m,', fi,^, or t^ ; 
similarly «i i)b«i » express that the line «i contains the point whose 
coordinates are the elements of any row of «iVt ; in virtue of A,««> the lines 
Wi, t^ have one point in common; this is then given by the elements of 
eveiy row of mi^, the ratios of these elements being the same whatever the 

row; since c»ii%»i^5i«»Vt«^»— Vi»s, it follows similarly from the equations 
•^iitS^»0, p^m^Vf^O, that the coefficients in the plane containing «i. <ot are 
proportional to the elements of any column of Ci>]V,; the equations 
miVt{u, V, w, p)^0 express that the plane (u, v, w, p) contains the point 
whose coordinates are proportional to the elements of any row of t^v^; thus 
(t«i. Vi» «H> PiX (^> ^1 ^> Pi). (<<»> ^f ^f > P») above sre any three independent 
planes drawn through the point («>i, m^) ; and, denoting the plane and point 
(e»i, a>t) respectively by (a, b, c, d) and (x, y, z, t\ we may write 

miVt^ / ax^ ay, az, at 

by> **» 
cy, cs, 
dy, dg, 

where if ^ be assigned, d must have an appropriate value ; putting 







b 







c 





H 




this is the same as 



«!«, 




s 














y 














M 














t 



6. If now we have three matrices a»i, o),, a>, such that A, = 0, At«0, 
At » 0, and A« « 0, A«, » 0, Ais» 0, the associated lines have either a common 
point or a common plane, but, in the absence of further conditions, not both. 
When they have a common point we may write 

and thence, if we denote by M, momentarily, the matrix 

If « tti cDi + Oieis -f aiO>s> 

we have Mvi « Oi (0) + Ot (- ^B() + Ot {^B^)* 

or, since the diagonal matrices ai« ^% are oommutable, Mv^ » ; similarly 
Mvt^O and A/v^kO ; thus the elements of any row of M are the coefficients 
of a plane containing all the lines a>,, o>t, 0)9; as they have no plane in 
common we infer that 

OiOh + Otoii + ffsoigiB 0, 

which is equivalent to ohOi + a^tOi + a^tffs » 0. 



NOTBl] 



Tu)0 matrices in invohUion. 



167 



when mi, i»i> tN bftve a plane, but not a pointy in oommon, 

Also, when o)], a»i, e»9 meet in a point, 
and this is the same as 
and when e»i, a>t, a»t lie in a plane, we have similarly 

wherein again the suffixes may be taken in any order. 
6. Now consider 



0, 


-r, , 


?i. A 


n , 


. 


-Pi. ft 


-?i. 


Pi. 


0, r, 


-K. 


-9/. 


-r,'. 



where A| '^^piPi' H- 919/ 4- nr/ » - 1, so that the determinant | Ti | » 1 and 

— 9/1 !>/• , r, 

—Pi' "?i» '"*'i» 
Take two such matrices P,, P,, and suppose that 

A„«p,p»' + 9i?t' + r,r/ + Pi'p» + 9/jt + r/r,«0 ; 
it is then at once verified, as in the case of the matrices oh» A>t> ^bat 

p,Pr»+P.Pr'-o, Pr«r.+ rr*Pi-o, 

and hence that (P, Fr'Y = - 1, (Pr* Pt)" « - 1. 

Consider the determinantal equation | PiPt"^ — p | »0 ; it follows (§ 3) from 
(PiPt"^)** — 1 that its roots are % and — t, and that each occurs in the first 
minors of PiP,~^ — p with a multiplicity one less than in PiP,~^ — p; hence 
each is a double root of | PiPt"' - p | » 0, and the exponents of the invariant 
fiictors are 1, 1 for each root; we can therefore find four linearly independent 
»ets (a^, y„ jr„ ti), (x^, y„ *,, <»), etc., such that 

(P,rr* -*)(«,. yi,#„ 0-0, (r,rr* + *)(^,y., *.,<«) -0, 
(riPr*+»)(«i. y.. *.. <«)-o, (PiPs-*-»)(fl?4. y*. s,, o«o. 

Further | P|-»Tt| «| PiPr'-t | |P,|«0, and soon; thus the matrices 

•h-Pi-fP.. ih'-Pi + tT,, f^-Pr'-»Tr*. fri'-Pr*+»TrS 
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have each a vaniBhing determiDaDt ; the pair «», , t^ are related to one another 
as are the two previously (§ 4) discnssed with the same notation, and belong 
to a straight line ; the pair e»/, Vi' belong to another straight line ; but, as 

«,,t»/ + €^% « 2 + 1 (r,rr> - r.rrO + 2 + x(r,Tr - r,rrO - 4. 

these two straight lines do not intersect. 

7. Suppose now we have six matrices, of the form considered here, 

III *lt *•> »4l I»» » •» 

for which Ar«-1, A,««0, r, ««1, 2, ..., 6. 

Take any three of the six, r^. Ft, Tg\ take the remaining three in any order, 
say r„ r4, Ft; we have then six straight lines 

ah«F,-tT„ «H-F,-tT,. «,-F.-ir., 
«/=F, + tT., a,;-F, + tT„ sH'-r. + tT.; 
now, if € = t or — t, 

(F, + tT.) (Fr' + eFrO -H (r, + fF,) (F,-' + *FrO 

«F,Fr' + F,rr»-ht(F.Fr* + F,F,-0 + e(AFr*+F,Fr')+w(F,FrHF,F,-0 
-0; 

thus, while the straight lines oh, »i' do not themselves iutersect, each of 
them intersects the other four ; similarly for the other couples o),, Wf* and 

O 




Take the point of intersection of Wi aud »«; call it D; the line cd, 
intersects both cd, aud a>t and so lies io their plane or passes through their 
intersection ; the same is true of €^\ which however does not intersect cds ; 
thus either o>t passes through D, while t^' does not, or the converse ; if we 
suppose the sign of every element in F« changed, if necessary — which still 
leaves all preceding conventions and results unaltered — we can then suppose 
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Ml to pass through D, and m^ to intenect «h and tit, mj in il ind B\ then 
Oh' intersects o>t and o>,', but not «»i, aud so panes through B, and it inter- 
sects o>,, say iu C\ while ai/ intersects o^, s»)' and e»t and so passes through C 
and A, so that we have the figure annexed. 

Let the points A, B, C, D he («?„ y,, ii, «,), (as^, y„ jr,, <,), ... , each, for 
clearness sake, being associated with four definite numbers, not vrith three 
ratios; let the opposite planes be a^x -¥ bijf -^ CiZ + dit ^ 0, etc., with the 
conventions OiATi -f 6,y, + c,^i + cii^i » 1, etc. ; if Or denote the diagonal matrix 
whose elements are Or, W, Cr, d^ and fr the diagonal matrix whose elements 
Mre Xr, jfrp *Tt Uf the sign of r« being settled by (see § 5) 

(r,- tT.) (Fr^- tTr') (r.- tT.) « o, (rr'+ *TrO (r.+ tT,) (rr + tTrO - o, 

the tetrahedron is determioed vrithout ambiguity by the equations following, 
in which a constant factor is omitted in the right side of each, 

th^-OiJErfi, •tV-OiFf,, «»,'vi«aiirf ; 
mtVt'^u^H^t, WiV-OtiSTft. •»/«,- «,irf,; 
s»,Vi'«a|Ff„ tthV^OiFfs, W»,«aiJBrf,. 

There are manifestly 15 such tetrahedra, according to the pairs (1, 2), 
(8, 4), (5, 6) into which the original matrices P,, Fa, Ft, ... , r« are divided. 
Corresponding to the triplets of intersecting lines 

we have now 

«iV,o»,«0, shVa>t«0, shtXiW«0, mi'Vf»u'^0, 

and hence (cd, Vt + «/ v/) »» =« 0, («, tiy' + w/t^) «,' » ; 

but 

•,«. + ^\' « (r. - tT.) (Fr> - tFr') + (f, + iF.) (rr + tFr*) 

-2(F»Fr*-F.FrO, 

«it^'+W«i«(ri-tT,)(Fr*+tTrO+(ri+tT,)(Fr'-tTrO 

-2(F,Fr' + F,Fr"), 
so that » i («i til + «/ti!i') «i + i (®i»f' + •^'^i) »•' 

- F,Fr» («. + «,') - F.Fr' («. - sh') 

-2F,Fr'F.+ 2tT,FrT., 
or F,FrT.--tT,FrT.. 

giving FrT,Fr'F.Fr'F,= -t, or, as FrT, - - Fr* F„ etc., 

FrT,Fr*F,Fr*F.-f. 

Similarly by considering the triplets of coplanar lines, changing the sign 
of % throughout and replacing F, by Fr"', we have 

F,FrT.FrT*Fr'«-i. 
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a AiBign DOW definite directioiui, DA, DB, DC, BC, CA. JB to tlie 
edges of the tetrahedron, and let the coordinates of a line directed ftom 
(«i. yi. ^1. <i) to («i, y„ ^„ Q be defined by 

i«^«t-<f«i, w«t,y,-<,y,, n-f,«,-^jr„ 
l>==yi^«-y»^i, 9««i«t-^Mi, r-^jyt-aiiy,; 
there will then be six such sets (/i , . . . , r,), (//, . . . , r/) for the edges of the tetra- 
hedron, the coordinates occurring in them being those of the corners ; pat 
further 



n, 



F, 



0, -r„ },, I, 

ri, 0, -fi» «h 

— ft. Pi» 0, n, 

— Zi, —nil, — n,, 



0, -n,, III,. !>, 

«i » , - t , 9, 
-m,, t, , r, 

and so on ; we shall have then 

«,-en„ «/«^n,'. ••.-/flt. «i'-/'nt', »f-^n., ^^gtii, 

where e, ^, / /', jp, / are certain constants ; and as v, « Fr' * tTa** is 
obtained by the same rearrangement of the elements in rr\ Ft"^ as is 
c»i » F| - tTt of the elements in F,, Ft, we shall also have 

t^«eF„ i^'-eT/, r.-/F., <-/'7;, f»i-(^F,. t^'-^F/; 

and the equations 

F,-H«a + e'n/), Fr*-i(eF, + e'F/), 

give, in virtue of fl, F, « 0, 

i-W(n,F/+n/Fo, 

which, as before, is the same as 

i«^ ar4 y^ ^4 <4 
«i yi i^i <i 

^ y< '^t <s 
A^ y* '^ <i 

Jee'(4128). say; 
l-i#'(4231), 1 



80 we find 

or, if (1234) - A. 

Take now 
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(h, 


6,. 


Ci, ci, 


Of. 
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Ct, (2i 


Of. 


ft», 


Ct, c2, 


a«, 


fc4. 


C4. ({4 



so that 
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rimilariy 

wr<»-iA/ 0. , X»/. 

, 0, 








. 0. 
0. -lApf, 0. 

. Xv/, 
, 
. 

M>f'. 
5r,w-iA/ , -x^. 

, . 

0. , 

, 
0. 

, -vpg' 
, vpg', 

herein take p equal to either of the two quantities given by f^^^^fg 

and X«i«/p, n'iflp, v^\glp\ then, as te' ^ff ^gg' w,--, we hav« 

iAXpe'- - 1, \L,a^~ 1, iA/«p/' - - 1, JAvX/- 1. ^Ai/py' - - 1, \tXitg - 1 
and 80 

7,-sr,»-/0, 0, 0, -1 \ , 7,«wr,»-/ o, o, i, o 

0. 0. 0. -1 

-1, 0. 0. 
1, 0, 







7,-wr,«r- / 0. 0, 0, »\, 7«-«r4»-/ 0, o, », 

0, 0. 

0, 0, 

0. -t. 0, 
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Further we have 

2{[Z-P]« + [t(i + P)fj--4SZiP-0, 
and hence 

(T.xx'y ^ (r,a;x')« + (r,«t')» + (v^xxy + (T,wxy + (r.«c')« « o. 

And lastly, to come to a set of relations of particular importance to us, we 
have, as follows from the identity, 

\-Z+tT, X-iYj \Z'^%T\ X'^iT) 

where ^ denotes Jf Z' + FF' + ZZ' + TT\ the equation 
^ + (-Z + P)» + (-Jf+Q)« + (-iir+JR)= 

-(x«+F«+z«+r«)(jr'«+F'«+z'»+r«); 

now 7i7r*7» « - 7i7i7» - - 7i* - 1. 

so that 

7i7.-'7.(-y. l^.^.r) (J', F'.Z',n or j^yry,XX\^E\ 
thus 

(7,zz')« + (y,xxy + (7*zjr')» + iJ^y^'y.xxy 

«(Z«+F«+z«+r«)(-y'*+F'*+^'*+^'*); , 

let, momentarily, a denote the matrix 

(7»-X'X » (7i-^X » (y^^ » (7«Jr)« 

(7»XX , (7»-y)i » (7»-yX . (7»-y)4 
(7i7r*7»-^X» (7i7»"*7i-^X. (7i7a"'7i-^X> (7i7r*7»-^)4 
where (yiX)r denotes the rth of the four quantities 71 (X, F, Z, 7) ; then if 

ir^v\i:.r')ma{X\Y\Z\r) 
we have f'«7,XZ', V"7tZJ^^ etc, and so 

f'*+^'«+f^ + T'*-(Z»+P + Z*+2*)(J'*+F'*-l-Z'*+r«), 
of which the left side is aX' . aX' or aaX** ; we thus have 

oa = aa- Jr«+ F* + Z* + r«, 

and the matrix a is orthogonal, in the sense that the sum of the four products 
of corresponding elements in any two rows, or in any two columns, is zero, 
while the sum of the squares of the elements in any row, or in any columUi 
is the same for each, being equal to Z* -f F* + Z' + 7'. Again we have 
7i7r*7f " 7«747f = *yt' *" »» *nd» •« before, 
^•+(I + P)» + (lf + Q)«+(A'^+U)» 
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where {x, y, g, i), (x\ y\ z\ t) are arbitrary quantities, is shewn to be such 
that cc^cc^9k number, which in fitct is 

namely, the matrix c is an orthogonal matrix. 

Herein, as will be recalled (§ 7), Fi, F,, Fs are toy three of the original 
six matrices, and F„ F4, F« are the remaining three in any order, but of these 
there is one, F«, of which it may be necessary to change the sign of every 
element. It is at once seen, however, the matrix being written as here, that 
in expressing that the sum of the products of corresponding elements in any 
two rows, or any two columns, is zero, or in expressing that the sum of the 
squares of the elements in any row or column is the same for each, both 
signs for Ft lead to the same result, and indeed any one of the six matrices 
F|, Fs, ..., F« in the orthogonal matrix may be changed in sign without 
affecting the result This caution is therefore unnecessary, and the result 
that the matrix above is orthogonal holds for any decomposition of the 
six matrices into two sets of three, independently of the order of those in 
a set, and independently of a fitctor — 1 attached, or not attached, to any one 
or more matrix Fj, ..., F« throughout the matrix a 




NOTE II. 
INTRODUCTORY PROOF OF ABEI/S THEOREM, AND ITS OONVERSK 

If 

A A B 

H(x) « integral polynomial in a; -f ^^—^ -t- ... -f ^^ ^ ^^^^ .| — ^ 

B^ 

be any rational iunctiun of x, it is obvious that the coeflScient of ar^ in the 
expansioD of H(x) in descending powers oTx, which is il +£+..., is equal to 
the sum of the coeflScients, of (x — a)*"' in the expansion of H(x) in ascending 
powers of « — a, of (x — b)~' in the expansion of H(x) in ascending powers 
of x-6, ..., all the values a, 6,... which are roots of the denominator of 
H(x) being taken. 

If -4(r)jr + iii(«)!r-* + ... + ^i.(«)-0 

be an irreducible equation in y, the coeflScients A (x), Ai(x), .,., An(x) being 
integral polynomials in x, and a be a finite value of x which is not a root of 
A (x) ■« 0, we assume that the values of y which satisfy this equation for 
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▼alaes of w near to a, break up into a certain nnmber of cydes, the 
constituents of a cycle which consists of m roots being expressible by power- 
series jnich as 

wherein ( is to be replaced in turn by the m roots of f"*«dp — a; thus when 
the phase of 4; -* a increases by 2ir, the phase of t increases by 2Tr/m, and 
one of the roots of the cycle changes into another ; for 4; « a all the roots of 
the cycle give y^b, and the point a? « a, y»b, regarded as the centre of the 
m expansions is said to constitute one place ; if there be k cycles, consisting 
rsspectively of nii, ..., m* roots, we have ihi 4- ... -I- mi^ * ^ 1 the ordinary case 
b when k^n and mi vm,«... ^mi^^l^ and it is only for a finite number of 
values of a that any other case arises ; but we may have ib » 1 and ihi « n. 
The case of a finite value of a for which A(x)»0 may be dealt with by 
putting yA (4?) « ^ ; for any one of the places which arise the appropriate 
expression for y is thus of the form tr^ f (t\ where X is a positive integer and 
f (() a power*series in t ; the case of an infinite value of x may be dealt with 
by putting op « (-* ; the appropriate expressions for any one of the places are 
then of the form x^ir^^ y^tr^ f (^X ^here m is a positive integer, X is an 
integer and fp (t) a power-serie& This general statement has been suflBciently 
illustrated for the hyperelliptic case in the first chapter of this volume ; the 
quantity t, which always vanishes at the place under consideration, and is 
to he choien $0 thai no point in the immediate neighbourhood of the place arien 
Uoice aeerfor different values of t, is called the parameter for the place. A 
formal proof of the assumption as to the existence of such cycles is given 
below, in the first chapter of Part II. (p. 190). 

The value of any rational function of ^ and y in the neighbourhood of any 
particular place can clearly then be expressed in a form t^f (0> where ^(0 
is a power-series in t not vanishing for ^ ■> 0, and /a is an integer. If /a is 
positive, the function is said to vanish fi times at the place, or to the fith 
order ; if /a is negative, the function is said to be infinite (— fi) times, or to 
have a pole of the (— /(i)th order at the place ; and it can be proved that 
any function of x and y which has about every place a definite expression 
P^f(t)ia which fi is a finite integer, is a rational function of x and y. The 
sum of the orders of zero of any rational function, for all the places where the 
function vanishes, is clearly finite, these places being obtainable by algebraic 
combination of the fundamental equation and of the condition obtained by 
equating the function to xero ; we proceed to prove a theorem which, as will 
be seen, has as one corollary the theorem that the sum of the orders of the 
existing poles of the rational function is equal to the sum of the orders of its 
aeros ; if for any place the (finite) value of the rational function R(x,y)heA, 
and, in the neighbourhood of the place, R{x,y) — A be of the form t* fp (t) 
where f» (t) is a power-series not vanishing for t » 0, we say that the function 
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is m times equal to il at the place — ^the general statement is that the total 
sum of the number of times that the function is equal to il at the 
various places is independent of A^ and this number is called the order 

of the rational function. 

The theorem in question, for a rational function R {x, y), is expressed by 

t1 .0. 



[■ 



the meaning being that in the neighbourhood of every one of the (necessarily 
fiuite number oO places where either R{x,y)or xiM infinite, each of R («^ y) 
and dx/dt is to be expressed by the parameter i, the coeflBdent cS tr^m the 
product R (x, y) dx/dt is to be taken, and the sum of all such coeflBcients is 
aero. The result is obvious if the elements of the theory of a Biemann 
surface be assumed, since the vanishing contour integral fR (x, y) dx round 
the period-loops is equal to the sum of the values of the intqpral round the 
logarithmic infinities of the integral ; c£ p. 4 above ; we can, however, give 
an elementary proof, which has also been previously given for the hyperelliptic 
case (p. 4). Consider a finite place x^a^ which is the centre of a cyde of 
m roots yi, ...,yiii> uid having substituted, in R(x,y), the value Aa-a-f f" 
and the appropriate series for each of yi, ..., yM in terms of t, fonn the sum 

each constituent of this sum is a series of intq^ral powers of t with only a 
finite number of negative powers, and if w e"^, the series are the same in 
the quantities ^, o>^,o)^, ...; thus the sum is a series of integral powers of 
f" or X — a ; and the coefficient of (x — a)~^ or 1r^, in this series in « — a is 
equal to the coefficient of f^ in 

R(x,y)nii^'\ or R{x,y)-^. 

Consider next a place arising for an infinite value of x ; putting « » l~* and 
the appropriate series for yi, ...,yft in terms of t, and forming the sum 

il(«,yi) + ... + il(«,y»). 

we similarly obtain a series of integral powers of ar\ in which the coefficient 
of ar^, or (^, is equal to the coefficient of ir^ in 

R{x,y)k(r^\ or -U(«,y)^. 

Now consider, for any value of x^ the sum 

JI(«) = iJ(a?,yO + ...+-R(«.yO, 

where yi, ..Mym <^^ ^^^ ^^^ tooU of the fundamental equation; this is a 
rational function of x only ; for a finite value d? » a, the coefficient of (x - a)"^ 
in H (x) is, as we have seen, equal to the sum of the coefficients of ir^ in 
R(x, y) dx/dt at the various places arisbg for « » a; while for infinite «, the 
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negative coeflSdent of 4r> in if {x) is equal to the sum of the ooeificieotB of tr^ 
iu R («i y) dx/dt at the various places arising for « » oo . It follows, therefore, 
by the remark at starting that, in the sense previously explained, 

and this is the theorem. 

Remark. If ^(d?, y) be any rational function, such that, near any place, 
K{x,y)''AiB of the form f" (p (t), we see at once that, near this place, 

has, for ooeflScient of t*\ the integer m. The number of times that K {x, y) 
takes any value A is thus equal to the total number of its poles, as was 
remarked 

To apply this result to prove Abel's Theorem, let Z denote any rational 
function of x, y, these being connected by the fundamental algebraic 
equation /(«;, y) «■ ; the rational function Z — fi, where fi is a omstant, will 
then have a definite number, Q, of aeros, this number being independent 
of fi ; and as fi varies these zeros will vary ; for simplicity of statement we 
shall regard each of the zeros as of the first order, for all the values of fi 
which we consider, though, as will be seen, the result we obtain is unaffected 
by supposing two or more of them to coalesce into a multiple zero. Also let 
jR (x, y) be any rational function of (x, y) and / »/jR {x, y) dx. Now apply 
the equation 

r 1 di dxi 

written in the form 



k-* 



[VZ- J 3^Je- " lU) ^^\ 



t-i 



where oo the left only those places are considered where E'^fi and dl/dt is 
finite, and on the right those where dl/dt is infinite (and possibly also Z^fi). 
Let (xi, yi) be (me of the places for which Z«fi, and t the parameter for 
the neighbourhood of this place, so that, for a near position (xi + do^, yi + dy^), 
the value fi-k-d^of Zu given by fi + ^il + . . . ; the corresponding contribution 
to the sum on the left is then given by 

1 dl dxi dl dxj 
'A dxi dt* dxi* dfi* 

and the equation leads to 
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thus if (Xi), . . ., («g) be the places where Z vanishes, and (oi), . . . , (oq) the places 
where Z is infinite, we have 

if we assarae that no one of the places where Z is infinite coincides with a 
place at which the integral / is infinite, we can write, for large values of fi, 

Iog(Z-M)-log(-M)-f-if-.... 

A* f* 



and hence, in virtue of 
infer the result 

i./w*<"»>^-[(s)H-- 

which we may regard as a statement of Abel's Theorem. 

Some particular cases may be referred to. 

(i) When / aB/iR («, y) cb is an integral of the first kind, the right side 
vmnishes, and we have the result that if v*'* be any integral of the first kind, 
and («i), ••••(^q) be the zeros, and (oi), ....(ag) the poles of any rational 
fimetion of (w, y), then 

it being understood that, in the absence of a convention as to the paths of 
integratioo on the left, there must be added on the right a sum of integral 
multiples of the periods of the integral u'**. 

(ii) When 7 is an elementary integral of the third kind, that is, is 
infinite at one place (a) like l^g U, where t« is the parameter for this place, 
and infinite at another place (J3) like - log f^, but not elsewhere, we have, 
whatever Z may be 

where Z(a), Z{fi) denote the values of Z at these places. 
QH) If the fundamental algebraic equation be 

and J{ (4?, y) " 4;/y, while Zis taken to be (y - nwt - c)/(y - ni^a? — c), we have 
Q » 8, and dJ/cft is infinite only for 4? « oo ; putting, for the single place there 
occurring. 



we have 



— mc— e 



1 ±^nd±\ <# - .^ 



'*^ y->«^-c "'*^ H-W + ic.<'-'-.'. "*^"^""^^^''-' 
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if then (xi, y,X (^> yt) Aod (s^, y,) be the three iDtenectiooe of the atraight 
line y = mx + c with the cubic curve y* « 4ar' — g^x — g^, and (c,), (c,), (c,) be 
arbitrary places, we have 

t^^xdx l^**^xdx t^'^sdx I yi — yi ^ 

i(e.) y i(«.) y J(«.)"y""*«i-«i"' ' 

where C is a quantity unaltered by replacing the straight line y « ffix + c by 
any other ; putting, as usual 

•"/If' *"•'<«>' f(«)-i+/][7.-p(«)]<'«'. 

this is equivalent with 

t(t*) + f W - f (t' + 1;) + i ^IZf^ - constant, 

for arbitrary values of u and v ; by expansion in powers of u for small values 
of II we at once find the constant to be zero. 



Converse of Abel's Theorem. 



If/) denote the number of existing linearly independent integrals of the 
first kind, and two sets, each of Q places, (^i), ....(opq) and (^i), ....(ag), be 
such that 

«(««••» + ... + uf9*H «r iMitOi^i-^ ... 21f,»{,, + 2-JfiVi,, + ... IMpVi,,, 

(f»l,...,p), 

there being one such equation for each of the integrals, Jfi, ..., Jf/ being ip 
integers independent oft, and 2»{,,, ..., 2o>'{,, being the periods belonging to 
the integral uf* *, then there exists a rational function of (a?, y) having 
(xi), . . . , (xq) for zeros and (Oi), . . ., (ag) for poles, of 1|^e first order. The paths 
of integration on the left are supposed to be the same in all the p equations, 
but are arbitrary; a modification of these paths will generally entail a 
modification in the integers Jfi,...,Jf/. 

The proof of this result is similar for all cases, and may be explained in 
the hyperelliptic case, p^2, for which we have given the neeeasary pre- 
liminary theorems in the text The equations then lead, for paths on the 
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dissected Riemann surface upon which the normal integrals v/* *, ti^'* * are 
single-valued, to the equations 

«,*»••> + ... + «,«•••«» Ifj + lf,Vu + M^'Tn, 

Vf^ •» + ... + «,«•••» » if, + lf, Tti + JfiT«; 

consider then the function e^ where 

ir«n''' + ... -f n*'* - 27rt (if, v** + Af.V), 

the function II*'* being the normal elementary integral of the third kind ; in 

virtue of the period properties for the integrals the function e' is at once 
seen to be unaltered across any period-loop, and it is expressible near any 
place by a series of integral powers of the parameter for that place, 
having zeros of the first order at {x^\ •••i(^«) and poles of the first order 
at (a,), ...,(a^). It is thus such a rational funcdou as is required. 
(Cf. pp. 7, 29.) 




PAKT II. 

THE REDUCTION OF THE THEORY OF MULTIPLY-PERIODIC 
FUNCTIONS TO THE THEORY OF ALGEBRAIC FUNCTIONS. 



CHAPTER VL 

GENERAL INTRODUCTORY THEOREMS. 
48. If a power-series, in the independent variables x, y, 

converge for x^x^, y^y** ^^en it converges uniformly and absolutely for 

kl<kl. |yi<|y.l- 

For, convergence for x^, y^ requires that any batch of terms taken 
sufficiently &r from the beginning of the series, and in particular any single 
term, shall be of arbitrary smallness ; we can thus suppose CLt^it^yJ^ less in 
absolute value than an assigned finite real positive quantity Jf, for ever}' 
value of m and n ; then if f = xjx^, tf « y/y, we have Onm^j/^ = f ■•i?*a«iii*«**y»*i 
and thus, for | f | < 1, 1 17 1 < I* l^e absolute values of the terms of the series 
are less than those of the series 

if(l + f + 17 + f« + fi7 + i7« +...), 

which is conveigent, having if (1 - f)"* (1 - i^y^ for sum. This enables us at 
once to prove the proposition as stated. 

The given series thus represents a continuous function in the open region 
l'l<l^l> |yl<ly«li ^^ ^^^^ easily be shewn that this is true also of the series 
formed by differentiating the given series in regard to « or y, so that the 
given series is differentiate in the same region. 

If r < I d^ I and |«i | ^r, the series can be rewritten as a power-series in 
x-'Xi and y converging certainly for iy|<|y«|> |d;*«||<|4B^| — r. If for 
every Xi such that 1 4^ | s r, the rewritten series converge for [x-^Xi \<\x^\ -hD—r, 
then the original series really converges^ in the open region |«!<|«-«|+i), 
ly|<ly«l- I^ ^^y ^> however, that there is a point (x\ y^ upon the 
boundary of the r^on of convergence of the original series, such that if 

• A fonnAl proof ii giT«n Proe. Land, Math. Soe, Vol. xxziv. (1903), p. S96. 
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(^'> y\) ^ taken anywhere in its neighbourhood, the rewritten series in 
«-«i'»y-y/ converges only for !jr-ar/|<!a?'-«i'|,|y-y/|<|y'-y/|; Buch 
a point is called a singular point of the function represented by the original 
series. With this definition it is clear, in view of the proposition just stated, 
that the region of convergence of the original series can be taken to be 
given by \x\<R, \y\<S^ with a singular point {of, jf) where \af\^R, 

|y'|5Sor|a/|5i2.Lv'|-S. 

Thus the value adopted for one of the two quantities A, 8 modifies the 
values possible for the other; in particular it may happen that R can be 
increased without limit if iS be suitably diminished. As this is a point of 
difference between the cases of series of one variable and series of more than 
one variable, it may be desirable to give an example. Consider the power* 
series 

l+ar + «*-«y + a*-2«»y + Jay+ (A) 

obtained by writing the series 

l+«r^ + a*r^+ (B) 

as a power-series in » and y. If the series {A) converge for x^x^^y^ y^, it 
will as we have seen converge absolutely, and therefore written in any order, 
for I X I < I dr« I , I y I < I y« I ; it will therefore converge when written as the 
series {B) ; if however x ■= r»^, y = $^ = f + »t, the series {B) converges only 
for |dr I < 1 0i^ I or (> logr. Thus, near the origin, the series {A) converges 
only if r < 1, and taking a particular r« < 1, a region of convergence about 
the origin, circular for both x and y, can only be of the form |«|<r9, 

I y I < log - . Conversely « < log - , or re* < 1, ensures the convergence of 

l + r(l + * + ^j+ ...j+r*(l+2*+ j-j + ...) + {B) 

and so the absolute convergence of the series {B) written in the form 

1 + « (l - y + ^j + ...) + «• (l - 2y + ^ + ...) + ..., 

which can then be rearranged as the series {A). On the whole then a 
region of convergence about the origin for the series (il) is given by 
I d; I < r, I y I < «, r < e~' ; thus r is less than unity but can be made as near 
thereto as we wish by taking 8 small enough ; but on the other hand t may 
be made indefinitely great by taking r small enough. 




than the real positive quantity M. It can then be shewn that, for these 
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values of x and y, every term of the Heries is also leas than if, in absolute 
value; so that 

. , M 

• I O^n I < ^^ • 

Denote the sum of the series by /(«, y); put c — e*, w^e"^, where 
A, it are positive integers; we have then, for d;«rc^ y«tel^ 

where 1/ represents the remainder of the series b^;inning with terms of 
dimension /> — m — n-fl in x and y, after division by sf^j/^. Taking a 
arbitrarily small we suppose p so large that \H \<a. In this equation 
give to fi in turn the values 0, 1, ..., fi'— l,and to p the values 0, 1, ...yi^' — 1, 
add the results, and divide by the number of these, namely fiV ; we thus 
have 






equal to 

1 

/? "^^ " 1 - e-' 

it being understood that A, k are taken so great that no one of the 
denominators 

(1 - e-~)(l - «-). ..., (1 -€«'-*) (1 -••'-). .... 

is zero, as can be supposed by choosing A, k after a and p are fixed. If Jfi 
be taken less than M to exceed the greatest modulus of/(«, y) for |«|»r, 
I y I ■■ f, the left side of this equation is in absolute value less Uum r'^r^M^ ; 

on the right side the term -7-7 SiT is in absolute value less than 9. and the 

other terms, except Owi^n* diminish indefinitely when the arbitrary positive 
integers ii\ v' are indefinitely increased ; thus we have 



la-i. 



+ f, 



where ( is arbitrarily small, and hence, as desired, 

M 



Corollary. We have 



^.ii|< 



l/(«.y)l5K^I- 
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2 Om^n^lT 

M«l,fll«l 



<M1 



M that 






l/(«.y)l>K.I-if[(i-5)"'(i-f)"'-i]. 

which does not vanish so long as 

V rj\ sj if + jot.,] 

Herein r, t are arbitrary values snch that the series converges for 
I d? 1 8 r, I y I » f, and M is any real positive quantity greater, absolutely, than 
/('> y)> when |d?|»r, |y!»«; so long as | (u,^ [ > 0, we can always take p, ^ so 
small that the inequality is satisfied. Thus if the origin is not a zero of the 
aeries it is an interior point of an assignable finite region within which no 
zeros are found. 

61. Consider now the case when the origin is a vanishing point of the 
series. Arranged in powers of y let the series be 

i!t + il,y + il,y«+..., 

where A^^ Ai, A^^ ••• are power-series in a?; of these A^ vanishes for c»0 ; 
we assume in the first instance that not all of Ai, A^, ... vanish for «»0; 
let An be the first that does not, so that the series is of the form 

/(«,y) = d?(5, + 5,y+...+5^.,y*->) + (C + a?B0y* + il«+iy"-*^' + .... 

where £«, £,, ..., £«.i, B^ An-^i, ... are power-series in x, and C is a non- 
vanishing constant 

We shew now that a real positive quantity r can be assigned such that 
for any valne of w less than r in absolute value, there are n values of y 
satisfying the equation 

/(^,y)-o, 

all diminishing to zero with a, and that these are the roots of an equation 

y*+lhy*-' + ...+p»»o, 

where Pi,pt Pn are power-series in x, vanishing for or a 0, and conveiging 

for |«|<r. 

Let /•»/(0,y)-Cy» + 2)jr+' + ..., 

and /i »/•-/(«?. y). 

so that fi vanishes when x vanishes, identically in regard to y. Choosing a 
so that /t does not vanish for < | y 1 5 o-, and so that f(x, y) converges for 
y I < a and suflSciently small x, and choosing ai so that < o*, < a, we may 
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eboo0e p so that |/i | < |/« | for \sc\<p and Ci<\y\<c. Then for a definite 
#, such that I « I < p, aince /«># ( 1 -j\ , we have 

7HI-i!i(D"-V|--|X«-<'>^- 

where (?,» (a?) is a power-series in x vanishing for « « 0, 

where G (y) is a power-series in y ; let the number of values of y, less than a 
in absolute value, which satisfy /(x,y)»0, for the definite value of or, be m, 
and denote these by yi, ...,y«i> multiplicity being allowed for by repetition of 
these ; then the difference 

f^ y-yi '" y-y« 

is expressible, for | y | < a, as a power-series in y, say K{y\ and so, for y less 
than 0- but greater in absol u te value than the greatest of yi , . . . , y«i and greater 
than tTu we have 

as this must agree with the preceding expression we can infer 

«»«», yi'+.-.+ym'-i^-rC*); 

putting then 
we have 

and so on, whereby it follows that jHil'^y ••• c^i^ power-series in x, vanishing 
tx3ftxwmO\ also 



SO that 

where IT" is of the form 



J'^U, 



At 






•od A,, Xi, X,, ... are power-aeries in k, of which X, leduoes to unity for « ^0, 
while il, independent of y, is obtainable by comparing coeflScients of y* in 

.4«+il,y + il,y»+ ... -il (|>,+p,y+ ... +i»,y*"'+ir)(X«+X,y+X,y» + ...), 
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and is giTes by 

to that it IB a power-series in « reducing for d;8 to the constant term in 
the power-aeries A^. For the vahies of a and y for which the series (y). 

S Qp.{a)}f^ convei];e, the factor V does not vanish, as its exponential fonr 

shews ; these series converge however for all sufficiently small values of i 
and y; thus all the roo\s of the equation /(x, y)aBO, for any sufficient); 
small x^ which vanish with x, are those of the equation v « 0. 

If^ still supposing /(O, y) not to be identically zero, the terms of lowes 
order in /(«, y) are of the nth order, so that A^ vanishes to the nth ordei 
Ai to the (» — l)th order, ..., ^1^., to the first order, when d;»0, then th 
lowest terms in /, are of aggregate order n in a? and y, as are the loweiF 
terms in f^ ; thus the lowest terms in G,^ {x) y^ are of order zero at least an 
0^(x) is a power-series whose lowest terms are of order v ; the same is the 
the case for p^, which vanishes to the i^th order when a: « 0. We can if n 
wish, by a substitution, x-^ fiy for x, in f(x, y), where fi is indeterminat 
always suppose the case to be as here. 

The case when /(O, y) is identically zero has been excluded from t* 
preceding ; putting then a? « Xf + fny, y « X'f + ft'iy, the value o(f(x, y) wh 
( « is /(/iiy, fiv), which is not identically zero in regard to 17 if fi and fA 
chosen with sufficient generality. Thus f(x, y) can be written in the ford 

where q^ •••> 9*1 are power-series in f vanishing for f » 0, and IT" is a pow 
series in (, iy not vanishing for f « 0, 17 » 0. Supposing Xfif - X'fi not z( 
this decomposition replaces that of the preceding case. 

A theorem, and demonstration, exactly analogous to the foregoing app 
to the case of an equation /(xi, x^, ..., d^, y)s 0, in which the number 
independent variables is m. 

CcroUarjf, If ^, •.•»^ are n convergent power-series in the n- 

variables Xi XE^im <^ll vanishing when these n-^-m variables vanish, 

linear terms in the series ^,...,^11, say 



being such that the determinant formed by the coefficients of x,, ... 

namely 

^,1 ••• ^,» 



o%i ...0% 



n • 
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is not zero, then the equations 

*i-0 ^-0, 

regarded as equations for a:, t^^Bre satisfied by convergent power-series in 

Xf^u •••>^^Mt these being the only solutions of these etiuations for d?,, ...,Xn, 
within a certain neighbourhood of the origin. 

For put 

so that the equations ^^0, .... ^n^O, are 

fi + ai.iM-i«W+i + ... + ai.»+«i««+»i + Mi,« + tt2,t + ... « 0, 

where tir,$ is ft polynomial of dimension « in the n-k-m variables 

If in the first equation we put fi^O, ..., ^hbO, a^i^O, ...» dP^^m'^O it 
reduces to a power-series in fj whose first term is fi. It follows then, by 
the foregoing, that the only sets of values of fi, ..., fn> ^-i-i* •.•• ^iVhr* ^ ^he 
immediate neighbourhood of the origin, which satisfy the equation ^ «■ 0, 
are given by (i + P"»0, where P is a convei^nt power-series in 

vanishing when these n + m — 1 variables are all zero. If the resulting value 
of fi be substituted in the remaining equations ^» 0, ..., ^^ 0, they reduce 
to convergent power-series in f„ ...,^11, «^i, ..., «iHHn of the form 

fr + Of, 11+1^+1+ ...+ar,ii+iii«ii+iii + Vr,« + t^r.i+...«0, (r»2, ...,n), 

where Vr,$ is a polynomial of dimension s in the n-f m * 1 variables. Solving 
the first of these equations similarly for fi, and substituting, and proceeding 
in this manner, we eventually obtain f « as a power-series in «^i, ...,^+iii> 
only, from which, by retracing the steps, we obtain in turn {».,, ..., fi> &nd 
so eventually Xi, ...,Xn,o\\ bs power-series in Xn^n ...,0?^^^. 

62. Consider now what is represented, for suflBciently small values of 
X and y, by the equation 

w{x, y) s y** +l>,y""' + ...+;>»« 0, 

where pi,|j^, ... are converging power-series in x vanishing with x. 

If the left side be capable of being written as a product of factors of the 
form 

wherein pi\ ....pn'' are analytical functions single-valued about the origin, 
then pr is of the form ar^^qr, where ^r is ft converging power-series in x, and 
then, as all the roots of any factor are roots of w (x, y) and therefore vanish 
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at the origin, we must have Ar " aod qr mnst vaniBh for «;« ; every fiictor 
must thus be of the same form as w (x^ y). As we could then deal similarly 
with each iiMstor in turn, there is no loss of generality in assuming that 
«r (x, y) is incapable of such decomposition. 

This being assumed it can be shewn that the n roots of er(«, y) are 

expressible in the form 

y^Oit-f a»f 4..., 

where the right side represents a converging power-series in which f in to be 

1 
replaced in turn by the n values of x^ ; thus the n roots constitute one cycle, 

aoui belong to a single monogenic function^ each root changing into another 

when m makes a circuit about the origin, and so on throughout the cycle, till 

after n dreuits the original root reappears. 

We have 

form the Sylvester y-resultant of m (x, y) and er/ (x, y), which, being a 
rational integral polynomial in j>i> *..• Pm i* ^ power-series; this power- 
series cannot vanish identically, or w (x, y), er/ (x, y) would have a common 
ftctor 

obtainable by the rational method of greatest common divisor; thus 

Pit ••••iv' would be rational in pi p^, and therefore each of the form 

ar^qri we have excluded this by hypothesis. The Sylvester y-resultant 
vanishes for x^O, since both m(x, y) and er/(«, y) vanish for x « 0, y « ; 
but a region can bo put about x^^O within which no other zeros of this 
resultant are found ; this region, taken circular, we call, momentarily, the 
domain of the origin. Let x^hetk point of this domain other than the origin, 
and y« any one of the corresponding roots of fir(d^, y) « 0, so that m^'{x^, y^) 
is not zero ; put ic ■■ «b^ + (» y « y« + 17 in tr (or, y), so obtaining 

8«^ 3y. 

by a particular case of the theorem in the Corollary of the preceding article 
this leads to a series 

y «y, + il, (« - «^) + il,(a? - a?,y + ..., 

expressing, about x^^ the only root of w {x, y) « which reduces to y« when 
x^x^. A predscly similar form, as power-series in a? — o^, is possible for the 
other roots of er(«, y) « in the neighbourhood of x^. Let r be the least of 
the n radii of convergence of these n series belonging to x^. Putting a small 
circle about the origin, and another circle just within the outer circumference 
of the domain of the origin, and considering the closed annulus so deter- 
mined, and the value of r for each point x^ of this annulus, we desire to shew 
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that a number greater thao sero eziste such that r is everywhere greater 
ihau this ; in other words that the lower limit of r for the points «^ of the 
annulus is greater than zero. 

To prove this we may proceed as follows : let x^' be a point within the 
circle centre m^ of radius r ; to this point belong n expansions of y in powers 
of « — x^^ directly derivable from m (x, y) ■■ 0, as before ; let r be the least 
of the radii of conveigence of these ; on the other baud, any one of the 
ezpausions in x-^x^ may be rewritten as a power-series in x — x^\ converging 
at least as far as the circle centre x-^ of radius r, and iu this form must agree 
with one of the series directly derived from v {x, y) » for the neighbour- 
hood of x/ ; we see thus, that r ^r^\x^' — x^' ; but we similarly prove, 
beginning with the expansions about x^'t and supposing '{x^'-xj <r\ that 
r^r^ — 1«^' — 4B^|y and so have, for sufficiently small |«^ — 4e^'|, 



which shews that r varies continuously as x, varies ; a continuous quantity 
over a finite region is known however to reach its lower limit, while r is 
never zero over the annulus considered ; thus its lower limit is not zero. 

Denote this lower limit by p ; let 4^ be a point within the doeed annulus 
and within the circumference of convergence of the series 

y « yo + ilj(a?- «^) + il,(j: - tf;i)» + ..., 

but at less than p from this circumference ; let y^ be the value represented 
by this series at Xi\ there exists then, when x is near to Xi, one root of 
v(4;, y)aBO, reducing to jfi when x^Xi, expressible by a power-series in 
x^Xi converging for | d? — 4^ | < p, and therefore forming a continuation of the 
series above, beyond iU circle of convergence. 

It is thus dear that any root (yo) of fir(«, y)aBO can be continued 
completely round the dosed annulus back to the neighbourhood of ^ ; it 
may^not however, after one circuit, resume its value ; it may change into 
another root. Let it resume its value after fi circuits ; put theu a; » t^ so 
that the phase of t increases by 2ir when the phase of x increases by 2^^^ ; 
now, as we have considered the equation w {x, y) « 0, consider the equation 
V (^^ y)> <^<i the root of this reducing to y^ for t « 4> where tj'^x^; by the 
reasoning given^ this root is a single-valued function of t within the annulus, 
and devdopable, as a power-series in t - i;, about any point t^ ; thus, by 

Laurent's theorem, it is capable of a representation S Om^y valid for the 

whole of the annulus ; if however M be greater than the modulus of this 
series for |^|"i{, we have \a.^\<MB^; as all the roots of «r(«, y)»0 
vanish for a; » 0, it follows that the negative powers of t, and the zero power, 
are absent from the series. Consider now the fi roots of w («, y) « 0, given 
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bj tiieMri€8 2a»f»ibrf--leip(2ni/|iXwliere««0.1....,^-l; doMle 

*cmby3^,3^i -—Sf^; if A be a poMtive iniq;er (he sam 3^^-1-31^^^... -I- y/ 
arises as a oooveigeDt power-series in i which is in fret a siiigle*valiied 
fanctiun of m aod is thus a power-series in x^ manifestly vanishing ibr x « ; 
we infer then thai y,, ..., y^ are the roots of an equation 

wherein ^, 9^, ... are power-series in x Tantriiing for j;«0; the factor of 
^(^y) given by the left side most then, by our initial hypothesis^ be 
identical with sr («^ y) and 11 ^n. And the proposition above stated is so 
proved, namely all the roots <d w(m, y) are given by a power-eeries in I, and 
constitute a single monogenic function. 

SSL CSoDsider now what is represented in the immediate neighbourhood 
y ^' ll 'of the origin by a simultaneous set of equations 

^ wherein each of Ox» 0%^ ••• denotes a power-series in the m variables vanishing 
for^aaO, jbbvO, ...y je^«0, the number of equations being less than, equal 
to, or grsater than n. We suj^pose 4^, ..., x^ replaced by independent linear 
fnnctioDs of new variables, yi, ..., y», with unspecified coefficients, which 
coefficients we r^;ard as implicit constants; then we may suj^pose that in 
the new equations in ya, ..., y» there is no specialty of form which gives a 
distinction to any variable above the rest We now introduce explicit 
constants, replacing 31^, ..., y» by ih> •••, ^n by means of the equations 

%-^yi+3^, %«X«yi+Xij^+ya, ..., 1^|«X«3^<h...-l-X|^»-ly•^•l-y»; 
the power-eeries then take forms 

<ni(yi, ift» •••! ^^^)^ V, ..., Afli(3fi> 'h* •••» ^)""» 

wherein the constants X., X^i, >«, ... occur explicitly. We require the 
Bcdutions (yi, ..., y*) independent of these constants. 

It is possible, as is shewn by an argument precisely like that previously 

given for the case of two variables, to deduce from Kriji, ft, -.., 1^»)«0 an 

equation 

'vsy,'^ + lr,.,yi''^+...+lv.p^«0, (r«l. S, ....mX 

wherein Iv.if •••> K,^ are power-series in if,, ..., i|« vanishing for ih«0, .... 
i^» 8 0, this equation giving all the solutions of the y,-equation fr « which 
vanish for ^"«0, •-., i^«0; as we are considering the equations (7i«0, ... 
6m ** for the neighbourhood of the origin it is thus sufficient for our purpose 
to consider only the equations ki^ii, ..., im^O. Any one of the m poly- 
nomials in yi denoted by ki, ..., km m*y be capable of being written as ( 
product of fiictors of the form 
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where A,, ..., A,, are oonveq^ent power series vanishiDg for ih*0, ..., i7h«0, 
and aoy such &ctor may occur in any polynomial to higher than the first 
power; suppose the decompositions of this form carried out as far as possible, 
and let hr' denote the product of the diffe^^ent factors of this form which enter 
into the polynomial hr\ every set of values of yi, i|,, ..., if^ which satisfy the 
simultaneous equations k^^O, ..., im'O will satisfy the set of equations 
£i' as 0, . . . , ibai' * 0, and conversely ; we therefore consider the system k^ » 0, 
• ••» *fii'«0, instead of the system *,«0, .... k^^O. If ife,', ..., im' have a 
common fiu;tor, a product of irreducible hctors of the form which has been 
referred to, denote it by p^\ the exponent denoting the number of variables 
which (presumably, or possibly) enter into it, and let k^", ..., kj' be the results 
of dividing W,..., km' respectively by p^K Then any point yi, i/f, ..., Vn, 
in a certain near neighbourhood of the origin, which satisfies the original 
system of equations 61 » 0, . . . , (?m * 0, satisfies either p^ « 0, or all the 
equations k" » 0, . . . , km" » ; and any point of this neighbourhood satisfying 
either p^ ■> 0, or all the equations k^'^0, .... km" ■> 0, satisfies the original 
system of equations. 

Consider first of all the single equation p^^ ■> 0, and, of this^ any factor of 
the same form 

gw = y/ + r,y,*-> + ... + n, 

wherein ri, ..., r^ are converging power series vanishing for i|^a>0, ..., i|a« 0, 
the factor being chosen so as to be incapable of further decomposition into 
factors of the same form; the points yi, yt, ..., yn, in the neighbourhood of 
the origin, satisfying the equation ^^^O, are first to be divided ihto two 
categories : those which do not, and those which do, also satisfy the derived 
equation dg^/dyi ■> ; the points of the latter category satisfy an equation 
R^O, where R is the Sylvester resultant in regard to yi of q^ and dq^/dyi, 
which, being a rational integral polynomial in the ooefiSdente rj, ..., Ta in 
q^^ is a power series in i^t* •••! Vny manifestly vanishing at the origin; thus 
the points satisfying j<^ « are divided into the two categories 



dq^/dyr + 



q^mO 
£-0; 



consider the solutions of 22 a in the immediate neighbourhood of the 
(urigin ; these are given by the vanishing of a certain number of irreducible 
factors of the form 



where ^, ..., s^ are power series in 17,, ..., i^n vanishing at the origin ; these 
in turn can be divided into two sets : those for which dq^'^'^/dfi^ does not also 
vanish, and those for which it does ; consider a point of the former set ; the 
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arbitrary coeflBcieDt X^, which, it will be remembered, was iDtroduced in the 
sabstitation 

enters explicitly in the series Su ...^ 9^\ it enters also implicitly in f^\ 
differentiating the identity in Xn, 

O«yi+yiV + «i(Viy, + y,>'-* + ... + ^-0. 

in regaid to Xa, we thus have 

thereby the solutions of j<^ » are divided into three kinds 



,m-i) « Q 



rf»-l) 



fe+»^.^-^"-«it:"-'' 






+ 



where it must be understood that there are as many sets of equations of the 
second and third kinds as there are irreducible fiskitors of R. We may now 
proceed similarly with the points of the third kind. By combining the two 
equations g**"*>«0, 3}**^**/3i7« ■■ ^> we derive a power series in ly,, ..., i|,», 
vanishing at the origin, and hence a certain number of irreducible &ctors 
such as 

g«»-*s 11/ + <|i;,'-» + ... + «,, 

where <i, ..., U m^ power series in 174, ...» i/a, vanishing at the origin ; in 9**^"*^ 
there enter explicitly the arbitrary coefficients introduced by writing 

i?f->«yi + Xtiyf + yi; 

considering first the points satisfying g <**"~*^ « for which dq^'^^/dih is not 
zero, we obtain, differentiating in regard to Xn and X«, 



yi 



Offt dXfi 



di^t 9X|g 






while the points for which dq^^^^ /bi^t ^ lead similarly to equations not 
containing 1^. The points, in the neighbourhood of the origin, satisfying 
p^ ■> are thus finally distributed into kinds, those of any kind being given 
by a certain (finite) number of sets of equations of the form 

-0, y,^ 






wherein f 



is of the form 



^+i + t«i^^i + ••• + «»» 



Ml, ...I «Cv denoting power series in tfr^, ..., tin vanishing at the origin, and is 
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incapable of being written as a product of other factors of the same form, 
while JETi, ..., Hr are each of the form 

#-1 , , 

Vi, ..., fV denoting power series in i^r^,, •••, ^n- The points represented by 
such a set of equations do not form a closed aggregate; the aggregate is 
closed by the points satisfying g***"^ « 0, 33**"^/9i7r+i ■ 0. 

We saw that the points satisfying (?i * 0, ...,(?»,* were given either by 
p^ ■> or by the simultaneous equations 

consider now the points satisfying these simultaneous equations. As the 
yi-polynomials k^\ ..., h^' have no common factor of the same form, they 
cannot all be satisfied for arbitrary values of i;t» •••! T7f»; our first problem is 
to find all the relations connecting i^i •••» ^a which follow from the hypothesib 
\hB,i k{' ^0^ ...^h^' ^0 have a common solution. Let iii»...,ttMaod 9i,..mVm 
be arbitrary unassigned quantities ; from the two equations 

we can eliminate y^ so obtaining an integral polynomial in tti, ..., u^, 
V,, ..., Vm with coefficients which are integral polynomials in the coefficients 
of the various powers of yi in k^\ . . . , k,^', say 

every one of the coefficients A must then be zero, and we so obtain a system 
of equations 

wherein each function JET is a power series in i^, ... , ^,i ; these are all satisfied 
by the common solutions of the equations ik|" ■> 0, . . . , km" * 0, and in particular 
by the origin i7i*0, ..., i|ii»0. Conversely, to any set of values of i|,, ..., tf^ 
satisfying all the equations Hi»0, ..., Hg^O, corresponds at least one value 
of yi satisfying both U^O and V^O, and this whatever values are given to 
tti> •••i^R» Vi> •••> Vm; Buch value, or values, of y^ will therefore be independent 
of tti, ..., Um, Vu •••! «M, as appears also from the equations given below for 
determining them. Now let the equations J7x » 0, . . . , fr« a be replaced, for 
the neighbourhood of the origin, as before, by a set of equations 

*^Hi|/ + P,ir/-> + ... + P/-0, (<r- 1,2, ...,«), 

whereinPi P/ are power series ini7„...,i|«i, vanishing at the origin; further 

let h^ be written as a product of irreducible factors of the same form, and let 
K' be the product of the different fectors; the equations V"0, ..., As^bQ 
then give all the points in the neighbourhood of the origin which satisfy the 
equations h^ ..., Aa»0; of the i|,-polynomial8 Vi --i fh' let p^^^ be the 
common &ctor of the same form, and the results of dividing these polynomials 
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by this fiictor be reipectively hi'\ •.., A,''; then all the eulations of 
ITjibO, ..., Hg^O in the neighbourhood of the origin satisfy either the 
equation jt><*^^«0 or else they satisfy the aystem of equations h^^^O^ ..., 
kg" » ; and conversely. Consider now first the equation p^^^^ ■> 0, in the 
variables i|s> i7t> • • • > ^f» ; l^t q^^^^ be an irreducible factor of the same form ; it 
contains the arbitrary parameter Xn explicitly, and, since ih^^yi + yn i^ 
contains it also implicitly ; separating the solutions of g**^ » into those 
for which dq^^^^/dfji does not vanish, and their limiting points for which 
dq^^^^/dffi^O, we have, in the case of the solutions of the former ]dn4 by 
differentiating the identity in X^ expressed by q^^^ m when i^ ■> Xnyi -fyg, 
' the equations 

This is precisely the mode in which we previouifly dealt with the equation 

g<<») K ; we can now proceed in the same way as before with the equations 

j«»-») a 0, dq^'^^jdvt - 0. Considering then the equations V = 0, •.., V = 0, 

t we can proceed as before, beginning by the elimination of i^. And this 

. mode of procedure can be continued until all the possibilities are exhausted : 

! if at any stage we are considering an irreducible fflictor 



\t 



! 



'^ wherein V|, ..., v^are power series in v^-^i^ ...,i7ii, vanishing at the origin, we 

K first consider the solutions for which dw/di^p, is not zero; we have then an 

identity in arbitrary coefficients \^i, ...» \^i^i obtained by replacing i|,i 

in V by 

ffft, » x,!, 1 yi + \t, a yi + • • • + \i, ii-i yp— I + y^i* 

the coefficients X^i, •.., >^^i entering explicitly in V|, ..., v^; thus by 
differentiating this identity wO we have solutions given by sraBO, 

8w/89„ + 0, y,r-- + =^» ©,••., yn., =— + =-- — « 0, fix>m which, if desired, 

1^, ..., fif^i can be expressed in terms of iff,, i/i^^i, ..., ff^ by means of 

iit=>«yi+yt» «h«>«yi+x«y,+y„ 

The outcome of the whole investigation is thus as follows : If 
Oi(wi, ...,«»), ..., Om{^» . •••«») be any m power series in «i, ...,«», vanishing 
at the origin, a neighbourhood of the origin, defined by such equations as 
I «, I < fii, . . ., I «n I < Sa, can be found such that all the solutions of the equations 
(?ibO, ..., (?m"" lying in this neighbourhood are given by a finite number 
of sets of equations of the form 

V§~i^~Z7* » ^* •' 



f 



/ 



ART. 53] Irreducible and monogenic eoMtruets. 



197 



where i^, ..., ifn are independent linear functions of j^, ••m^* the nnmber« is 
one of the numbers 1, 2, ..., (n — 1), the coeflBcients u,, ...» n^ are power series 
in 9»f 1 9 Vi^9 "'iVn vanishing when these are all zero, the function m is incapable 
of being written as a product of other factors of the same form, the denomi- 
naUn* w denotes dmfdi^,, the numerators Vi, ..., tT^i are each of the form 

where v«, ...» Vn-i are power series in i|«4„ i^^^, ...» tf^ vanishing when these 
are all sero, and only such values of i7«+i, ..., i7« are to be considered that v 
does not vanish simultaneously with v; subject to this condition every 
solution of any one of these sets of equations within the prescribed neigh- 
bourhood of the origin gives rise to a solution of the original system. Herein 
each of the functions Ui, ..., 0V-, is such that each of i|i, ...» i;t-i vanishes 
when fit^u •••, 1^ all vanish, and every one of the functicMis i^, —> v$^ satisfies 
an equation of the same form as that, v » 0, satisfied by ii«, with coefficients 
depending upon i^m, ••*, Vn- 

The points satisfying such a set of « equaticms may be said to constitute 
an irreducible construct of rank n^s or of 2(fi— «) dimensions, or an 
irreducible 2 (n * «)-fold ; it is an open aggregate whose limiting points are 
those fcnr which both m^Owaddm/dfft^O; about any point (i^Vi-i > •-i^n) of 
it» other than the origin, each of if*, i|«.|, ..., i^ is representable as a power 
series in 17^-1— ^h-h •••» ^a— 9*iii ^ may be proved by an aigument already 
api^ed for the case n — «■>!; that all such power series are capable 
of analytical derivation from one of them is a proposition presumably true 
and presumably capable of a proof analogous to that which has been given 
for the case when n^s^l\ when this is proved the construct may be 
described as monogenic, it being remembered that we consider its points 
only for the immediate neighbourhood of the origin. 

Two such irreducible constructs, of the same or different dimensions, may 
have points, even in infinite number, in common with one another : but in 
every neighbourhood of such common point there are points not common to 
the two constructs. 

Let «r = y* + («i, ...,«»Xy^*+ ••.+(«i» •••.«ii)iii«0, 

be such an equation as has been considered, the coefficients (d?i, ..., «nX> •••! 
(4^, ..., an)m being power series vanishing at the origin, and the left side 
being incapable of being written as a product of fieu^rs of the same form ; 
the points in the neighbourhood of the origin which satisfy v » are upon a 
certain 2ii-fold ; of these the points which also satisfy dm/dy a are upon 
a certain (2n — 2)-fold passing through the origin; in fietct by elimination 
of y between « « and 8«/9y » we obtain a certain necessary relation 
connecting x^ ..-,^11. For the neighbourhood of any point (Oi, ..., a»), near 
the origin, which does not satisfy this relation connecting 4^, ...» d?», every 
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root y of « » can be exprened as a power series in «i — a,» ...,«» — a«; this 
is obvious as in the case n ■> 1. Now let 

be another irredncibIe.2n-foId ; consider the quotient v/v. We may eliminate 
y between the equations v ■> 0, v « 0, and so obtain a relation connecting 
^ d^, ..., «n defining, for the neighbourhood of the origin, a (2n*2)-foId, 

passing through the origin, upon which both v and v vanish ; the hypothesis 
that this relation vanishes identically is impossible since we have assumed 
that V and v'are irreducible. For any values Oi, ..., a» not satisfying this 
relation, and not satisfying the relation obtained by eliminating y between 
sr K and bwfdy ■> 0, we can determine m power series in «i — ai, ..., n^ •«- o^ 
making v ■> but not making v « ; there are thus points in every neigh- 
bourhood of the origin at which the quotient w/v vanishes ; there are similarly 
points at which this quotient is infinite. 

Suppose ^sai,..., «»Ka«, y«6 tobe values for which both v ■> and 
vbO, in a near neighbourhood of the origin; let H(«i, ..., «n)»0 be the 
condition that wO, v^O should have a common root, and Oi, ....chi be 
taken within the region of convergence of JEr(^, ...,«»); putting 4^ ^Oi-ffn 
..., «iiaBChi + {f», y«ft + i|, and expanding v«0, v^O in powers of 
{i> •••• fn»v» it is conceivable that the resulting power series may divide by a 
power series in (t, ...» (n, 17 vanishing when these variables all vanish ; in such 
case, for arbitrary values of «i, ..., a^ in the immediate neighbourhood of 
a,, ..., On, the equations «r ee 0, v « will be satisfied by the same value of y ; 
the equation ir(^, ..., arn)»0 will therefore be satisfied for all arbitrary 
values of «i , . . . , ota in the immediate neighbourhood of Oi , . . . , On ; this however 
would involve that in JEr(«i, ..., d^n) ftH the coefficients were zero, and therefore 
that vbO, v^O had a common root for all arbitrarily small values of 
Wi, ...,Xn9 contrary to hypothesia 

There exists then about the origin a region within which there is no 
point (Oi, ... , a«, () such that the series «r « 0, v « are divisible by the some 
power series in ^ — Oi, ...,0:11 — Omy — b vanishing for iri « Oj, ..., s^ ■>{!», y* 6. 
See Weierstrass, Oes. Werke, 11. (1895), p. 164. 

Note. In the case of a simultaneous set of rational equations in several 
variables a similar theorem, but with a simpler proof, can be given. This is 
postponed to Chapter ix. below, where various propositions for rational 
functions are considered. In both cases it is necessary to bear in mind that 
we are considering only the solutions in the original variables (here denoted 
hyyi, ...,yii) which are independent of the parameters (Xs, Xn, ...) intro- 
duced ; the indeterminateness of these is essential to the process as we have 
described it 
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CHAPTER VII. 

ON THE REDUCTION OF THE THEORY OF A MULTIPLY-PERIODIC 
FUNCTION TO THE THEORY OF ALGEBRAIC FUNCTIONa 




64. Suppose that a function, ^ (u\ of n independent variables, Ui,...,Un,i> 
ifi known to exist, its value about any finite point (a,, ...,o,») being wnique'^y^v^^**^ 
and expressible by a quotient U/V, wherein U and V are power series ia^/^o^ 
111 — a,,..., tin — On converging in a certain neighbourhood, expressed say 7^ 
by I Ui — ai I < 8, ..., I tin — On I < 8, where S is not zero. It is understood that 
two expressions 17/ F and U'/V* for the function which belong to the 
neighbourhoods of two points (Oi, ...,a») and (oi', ...,chi^ agree with one 
another at all points common to their respective regions of validity; and 
it can be shewn that the existence of a definite number i for every point 
(ai,...,an) involves that the lower limit of i for every finite region is 
other than zero. If Fdo not vanish at (oi, ...,(in), then 1/V is expressible, 
and so therefore is the function, by a power series in tti — Oj, ...,iia — On, 
converging for a certain neighbourhood of (Oi , . . . , On) ; then (oi , . . . , ^^i) ^^7 be 
called an ordinary point of the function. If F vanish at (ai,...,an), but 
17 do not vanish, then in whatever way we approach the point (oi, ....On) the 
value of ihe function increases indefinitely; such a point may be called 
a poU of the function — it is an ordinary point, and a vanishing point, for the 
inverse of the function. If U and F both vanish at (oi, ..., On), let each be 
written, as previously explained, as a product Viv, ... <t>, where, y, ^, ..., ^r^i 
being independent linear functions of tii — Oi, ...,ii,i — On.each factor Vi, «r„ ... 
is of the form 

in which (^',d^, .•.)i> ^^» denote power series vanishing for «i«0,d^«0, ..., 
and is incapable of being resolved into other factors of the same form, while 
<t> is a power series in tt| — Oi, ..., iin — a» not vanishing at (oi, ..., a») or for a 
certain neighbourhood of this point ; then, either, every one of the factors v 
occurring in Foccursalsoin I7,and may be removed, in which case (oi, ...,<2n) 
is again an ordinary point of the function, or this may not be the case ; when 
this is not the case there are points of arbitrary nearness to (ai, ...,an) 
at which F vanishes but U does not vanish, these lying on {in — 2)-fold8 



I 
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given by the vaQishing of one of the fiMston w of F— these are poles of 
the ftinction ^ (u) — and there are points of arbitrary nearness to (Oi , . • • , On) at 
which both U and V vanish, these lying on (2fi — infolds given by the 
simultaneous vanishing of one of the factors « of F and one of the factors v 
of 17-^for such points the function assumes the form 0/0, the point (Oi, ...» On) 
being the only such point in the neighbourhood considered when n»2: 
it can be shewn that in ibis case the function ^ (it) has no definite value at 
(oi, ...,^ii); finr let il be an arbitrary quantity; as U and V both vanish 
at (oi , . . . , Oh) it can be shewn that there are points in every neighbourhood of 
(ai,...,a») at which IT- J F vanishes, while F does not vanish ; byapproach- 
ing (oi* • • • f ^) by a suitable succession of points the function ^ (u) can thus be 

I made to take the value il at (ai,...,chi); we thus call (a, an) in this case a 

- point of indeterminate value, or sometimes, an unessential singularity of the 

r second kind, the name unessential singularity of the first kind being applied 

to poles. When n ^ 2 the points of indetermination are discrete, that is 
about every one can be put a region containing no other such point ; when 
n «B 1 they are absent ; and this difference constitutes one of the special 
diflBculties of the theory of functions of more than one independent variable. 

66. At the risk of interrupting the general description now being given, 
_ it may be worth while to examine the preceding in more detaiL Assuming 

I i^' ^ttTlr-^ ^^^ ^^ ^^ expression of the function ^(u) about the point (oi, ..., a«) 
I 2t 'm/tt ^^y power series in U| - Oi, ..., tin — a« vanishing at (a,, ... , a») which divides 

! C ttf-tr-^ ^njuhoih U and F has been divided out, there is a region about (Oi , . . . , a«), which 

• ^itlJf^^v ^yutme may take to be given by an inequality of the form 

• tliSfc^ |M,-a,l» + ... + |iin-a,»|«<r«, 

I such that if 17, Fbe rearranged as power series in iij — Ui", . . ., Un — i^' about any 

• point (t//, ..., Un') of this region, there is (p. 198), no common factor, a power 

series in tti — Ui^ . . . , Un — ^n» vanishing at tti^ . . . , Un' ; let this region be momen- 
tarily called the proper region of (oi , . . . , a»); further, let any region be momen- 
tarily called a suitable region when it is wholly contained in the proper region 
of some point within or upon the boundary of itsel£ Putting u, » {ir.i -f tfir , 
where f i, . . . » fm <^i*6 i*^!* ^^ ^^y speak of (ui, . . ., tin) as represented by a point 
of real space of 2n dimensions; taking then any portion of this space, 
bounded suppose, for definiteness, by 4ii planar (2n-l)-folds expressed 
by equations (r^K* (r'^en this may be already a suitable region according 
to the definition given above ; if not, let it be divided by planar (2n— 1)- 
folds expressed by equations of the form f r * 4* into a certain number, say m, 
of cells equal in all respects ; among these oells fix upon any one, if any 
exist, which is not suitable in the sense explained, and let it be again 
divided into m cells, equal in all respects; and so on indefinitely ; we say that 
by a finite number of steps the original region can be divided into sub- 
r^ons every one of which is suitable according to the definition. For 
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an indefinitely continued sequence of celk, each continued in the preceding 
one of the sequence, and a definite firaction thereof in linear dimen- 
sions, must have a limiting point contained within or upon the boundary 
of the cells of the sequence; to this limiting point however belongs 
a proper r^on of assignable radius r, as above, and this proper region 
will contain all the cells of the sequence after a certain stage of the sub- 
division, and all these contained cells are thus suitable regions according to 
the definition. It follows thus that any finite portion of space can be 
divided into a finite number of suitable regions. Denote such a set of 
suitable regions say by JTi, JTt, ..., and let {ui^, ..., vj^) be a point whose 
proper region contains Kr *, suppose Kr% J?« to be two suitable regions with 
a common (2n — l)-fold interface; the expressions for the function ^(u), 

say ^ and ^, which are valid over the proper regions of (iii^,...,fi»^) and 

(ii,<^, ...,ii»^), will both be valid on this interface, and if (ui", . . . , iin') be 
any pobt of this inter&ce, and we suppose each of OV, F,, U^^ F« rearranged 
as power series in Vi— ii|', ..., i«»"-tt»', and in this form denoted by IT/, F/, 
^9t F/, we shall have for the immediate neighbourhood of Ui', . . . , «« the 
equality 

wherein U/, F/ are not both divisible by any power series in Ui — n/, . . . , ti»— Un' 
vanishing at tti', ..., iii»', nor 17/, F/ similarly divisible. If now F/ vanish at 
{ui\ ...,«»0> ^hich may or may not be the case, then any point in the im- 
mediate neighbourhood of (ii|', ... , u^') at which F/ vanishes but U, does not 
vanish, must be a vanishing point for F/, since otherwise Ur^ F/ Ut/V,' 
would not be finite, and any point in the immediate neighbourhood of 
(U|^...,ii»') at which F/ vanishes and U/ also vanishes, being a point of 
indetermination for the quotient 17// F/, must be a point of indetermination 
also for UrlVr\ 80 that F/ must also vanish (as also U/). We see then how 
the points within Kr at which ^(ti) is infinite (or indeterminate), if any 
exist, are continued into Eg ; there is what we may call an infinity (in — 2)- 
fold for the function ^ (u), expressed in any region Kr which contains points 
of it by the equation F, » 0, and then in a contiguous region Eg containing 
points of it by the equation F« « ; and there is similarly a zero (2n — 2)- 
fold expressed in any region which contains points of it by the vanishing 
of the associated numerator U: over the zero (2n — 2)-fold the function 
^ (u) vanishes, over the infinity (2n — 2)-fold it has poles, except for points 
common to both these (2n - 2)-folds ; these constitute a (2n — 4)-fold over 
which the function is indeterminate. 

66. Functions with the character which has been explained for ^ (u) arc 
the nearest analogue, among functions of more than one independent 
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▼ftiiable, of the aiiigle- valued fiuietionB of one variable having tear finite valaes 
of the variable no singularities other than poles, and, as those funotion8» they 
may be described as behaving like rational functions for all finite values 
of tiie arguments, or as being meromorphic. Such a function of one variaDle 
which has no essential singularity at infinity is in fact a rational function ; 
and similarly, for the case of n variables, if such a function is expressible, for 
all sufficiently large values of iii» •••! t<»i m the quotient of power aeries 

in Hi*^, •••, ii|»"*, and for all values of which Ur+i tin are sufficiently large 

while Ui — &i, ..., Ur^hr are sufficiently small, as a quotient of power series in 

Ui — 6a, ...,ttr — ftr> ^"Wi* •••> <^*^*I^d this for all positions of 6|, ...li^, and 

for all values r^l, 2, ...,(n — 1), then the function is actually a rational 

i function (Hurwitz, Crelle, xcv. (1883), p. 201). In the case of functions of one 

variable, a single-valued function of meromorphic character can be expressed 
as the quotient of two integral functions ; the same is true of functions 
of any number of variables, and the integral functions can be teken so 
that they vanish respectively only for the zero oonstruct, and the infinity 
construct of the function, and the quotient assumes the form 0/0 only for the 
pointo common te these where the function is indeterminate. But the proof 
of this result is more difficult than in the case of fuoctions of one variable. 
(See the Bibliographical Notes, at the end of the Volume.) 

57. Leaving these general considerations we introduce now a further 

limitetion for the function ^ (u), by assuming it to be periodic, in the sense 

f ^^*^^^y'^V\^ that there exist sets of n constants Pj, ..., Pn which added simultaneously 

I jL^' f r ^4*^^^^^°^ respectively to Ui, ...,iin> leave the value of the function unaltered, 

so that we have the equation, holding for every set of values of tii, ..., ic« for 
which ^ (u) is definite. 

^(m, + Px, ...,tln + P»)«^(u, tin); 

if there be more than in such sets, or columns, say (Pi^, ...,P«i<^) for 
ib^l, ..., (2n), (2n+ 1), ..., it is manifest that among every 2n-hl such 
columns there exists a linear relation expressed by n equations 

CP*«> +CP*» + ... + Cn+iP*«*-^« -0, (A- 1, ...,n), 

in which Ci, ..., Cm+i are real quantities (independent of A); there must then 
be a positive integer r lying between 1 and (2n + 1), such that every existing 
column of periods can be expressed, in terms of r appropriately chosen 
colunms, in the form 

e*-X,P*« + ...+X^P*« (A-1, ....n). 

wherein Xi , . . . .^ are real constants, independent of h. We assume now that 
^ (u) is not capable of being regarded as a function of less than it linear 
functions of Ui>--m^ — which, clearly enough, would be a special case; 
it can then be proved that the constanto Xi, ..., >t, are necessarily rational 
numerical fractions, and that r columns of periods can be chosen, in place of 
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P^\ ....P^, in tenns of which every other oolnmn of periods Q can be 
linearly expressed as above huJt with rational integers for the coefficients 
X^, ...,\r\ fiirther we assume that r has its greatest possible value, namely 
2ii. Thus we assume that there exist in columns each of n quantities, 
mi^,...,mn^,{oT s^l,t, ...,(in), such that, for every set of values of 
111, ...,Un (or which ^(u) is definite, we have 

while every column of constants Qi, ..., Qn which, for all such values of 
ih» •••i^» give the equation 

is expressible in terms of the 2n columns o><'^ ... , w^^ linearly with integral 
coeflBdents in the form 

a,-«>»«if, + ...+«>*«-»ifm, (A-l....,ti), 

wherein M^ .... M^^ are integers independent of K The assumption then 
that ^ (tt) is not a function of less than n linear functions of ti| , . . . , iin, can be 
shewn* to involve that there exists no column of wholly infinitesimal periods; 

* For the vMolte ammied the nader may ooniolt Weientms, Qu. Werke^ n. (ISS5), p. 65 
(repiodiioed in abttnct in the writer*! AbeVt Theorem, p. 672) ; Bienuum, Werke (1S76), p. 876; 
Xronaeker, Werke , m. i (1899), p. 81. The azgoment of Weieratrau ii for anmlytic fonetione ; 
the foUowing argoment, mggeeted by KroDeeker*! paper, affords an ea^ and niggettiTe riew of 
the eonnexion between the exiitenee of infiniteeimal periods and the redaction to less than n 
linear ftanotionB of the variables. Pnt «A"'(flik-i'i'*'(M ^^ regard ^(ic) as a ftmction of the 2n 
real variables li, ... , {^; in the spaee of these take a finite rsgion throoghoot whieh ^(ti) is 
eontinaoos ; then if c be of foreagreed smallness, a number r other than aero ean be assigned 
soch that if (() be any point within this region, we have 1 (^) - ^ (() ! < e for eveiy neighbouring 
point ({0 for which 2 {j^'^ - 1^)* < r*. Bappose now if possible that ^ («) has infinitesimd periods ; 
then a set of real constants 7^, ... , y^^^ eaeh in absolntcTalne less than r/(8fi)', ean befoondsntb 
tbat0((,+Yi, ...,b.+>^)s0Ui, ...,^fti); takingpointe^i,...,^,., snchthat 

where (£|<^), ... , i^^^) is an arbitrary point within the region considered, and allowing X to increase 
from i«ro, so long as X is leas than unity we have 2(&'&^')'<t' and therefore i0U)'0((^)|<c, 
while, iriien X is nnity, 0({)s0(|*); patting ^u^^+yt^bf^K m X varies from onity to 8, we 
have 2(&-|k^0'<*'> »^ therefore |0U)-0U')|<c, that U |0U)-0(^OI«. whUe when 
Xs8 we again have 0({)»0(|*)* It appears then that for all points ^s&^-f Xt)^, we have 
|0({)-0(I*)I<<; aow c is an arUtraiy quantity; this ean only mean then that for all these 
pointo, lying within the rsgion oonsidered, we have ^ (^s^ {?). Bat, if 7^_| + iy^-^Q^ these 
points satisfy M^siii^t^+XOi^, {hssl, ..., m) ; not every one of 0|, ... , On ean be lero, aay 0| is not 
aero: put then 



... , 



«*l-«»l 



ao thai whan ti|^sxic^<o)+XQiik we have v^B^tti^*)- t^Wsr^i*^, etc., and ^(tf) has in genend the form 
what we have proved is that, ao long aa Vg, ... , v^ are unchanged, f («i( ^1 ••.• t ^n) ^ nnahanged. 
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namely, it is not possible to asngn a set of n rsal quantities €i, ...,€« each of 
arbitrary smallness and then to find a oolnmn of periods Qi» ..., Qn f^* which 
all the inequalities |Qx|<^, ...» IQnl <«» hold; thus the lower limit, for 
all possible integer values of Ifi, ..., If^i, of the sum 

is greater than zero. From this it follows, if m^^ ■> ctk^t -9- MiiH^ft, for 
Asl, ..., n and it*], ..., (2fi), where Ok^h f^d etn^g^jk &re r^i that the 
determinant of 2n rows and columns | Or, « li for r, « « 1, ... , (in), is other than 
zero; for the vanishing of this determinant would imply the existence of 
2n equations 

to 



in which X,, ... , X^ are real, and hence, i( with integer values of Mi, ...,Mni% 
we put 

Z ar^gMg^ Art 

•■1 
would imply the existence of the single equation 

IXrArmO; 

rml 

in this suppose X^ is a coefficient which is not lero; we know* that it 
is possible to choose the integers Ifi, ..., M^ so that Au ••.> A^^i shall 
be respectively less in absolute value than any arbitrarily small quantities 
Ci, ...,c^^i previously assigned; this single equation would then make it 
possible at the same time to take A^^ arbitrarily small ; we have however 
proved that the function has not infinitesimal periods. 

With such a system of periods Wk^, we can then, if tt|,..., ti» be any 
complex values, find real quantities i?x, ..., E^^ such that 

or, putting E^^Mu -¥ eu, where ifj^ is <^ int^er and ? Sjk< 1, 

iiA-lf,i*A«-...-lfM«*A«-^s»A« + ... + ^a>A« (*«!,. ..,11); 

the points given by the right side with the limitation < 6* < 1 are said to 
be interior to a period cM whose initial point is the origin ; we speak of it as 



em when u^ oluuigee. For the region onder eopeideration, it ie thai poeiible to write ^ (ti ) so m 
to be a ftmetion only of the (n - 1) linear ftinetioiis v,, ... , v^^ of ii| , 14, ... , «|^. It sppean then 
that no eingle-Talned function of m Tariablet which ie oontinnoiii over a limited oontinnom, and 
not a Amotion of fewer than m variablet, ean have inflniteiimal periodi. 

* For thii propodtion aee JaeoU, Get. Werke, t n. p. S7, or CreOs, xm. (1S85), p. 65; 
Hermite, Crelle, zl. (1S50), p. 810, CnUe, Lxu^m. (ISSO), p. 10; Clebeoh a. Oordan, AbOtehe 
Funetionen (1866), p. 180, and partieolai^y Kroneeker, TTerfte, in. i. (1899), pp. 48-109. Alio 
Biemann, Werkt (1876), p. 876; Appell, LUnivttU, to. (1891), p. 907. 
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ooDtttructed in tbe real space of 2fi dimensioDa wherein the oo-ordinates are 
fi.*-i&i given by t^jk * ^ii^i 4- tfsik ; it is bounded by in pairs of opposite 
(2n— l)-fold8 given by Sjt« 0, eu^l. The whole of the 2n-fold space may 
be supposed divided into such cells, and any point of this space is congrumt 
to one point of the primary cell, the congruence being expressed by the 
equation above. 

It should be remarked at once, however, that not any set of 2n' quantities 
«A<^, satisfying the conditions so hx imposed, can constitute the in period 
columns of a function of n variables ; one main result of the enquiry upon 
which we are now entering is that it is further necessary that, between the 
in periods associated with any one of the alignments ii|,...,ttn and those 
associated with any other of these arguments, there should exist an identical 
relation linear in the periods associated with each of these axguments ; and 
that also, between the real parts of the periods associated with any one of the 
arguments U|,...,ii|» and the imaginary parts of these same periods, there 
should exist a relation expressed by saying that a certain expression linear in 
these real parts and also linear in these imaginary parts must be positive. 

68. Take now n sets of constants (ai^»...,a»^), for r^l, ...,n, su 
that Ui » Oi^, ...,Un^ On^ is a regular point for the function ^ (u\ namely, a '^^JJx 
pobt about which ^(u) can be exju-essed by an ordinary power series 
in Uj — aj*^,...,iin-o,»<^, and define n functions ^(u) by means of the ^^^j^;^-^ 
equations 

^(ti) « <^ (tti + o,*^, ..., u,» + o»«) - 4> (a,<^, ..',an^\ (r- 1, ...,n), 
so that ^(0)bO, 

while the Jaoobian 





8^1 
dttj 






3^ 8^ 



reduces for Ui 



0,...,tt,-0 to 

8^(00') 



doi 



0) 



3»(o'") 
da. 



01 



3^ (g'*') 



, ••., 






W) 



this determbant is not zero for all pontioas of the n points {afl>), .... (a<^) 
sinoe otherwise there would exist an equation 

-^--a^o) +•••+-*« 30,0, -" 



206 hUroduction of (n-l) conditions [chap, vn 

holding for all positions of (a^^), wherein ili, ..., iln are independent of (a^'X 
and hence ^ (u) would be expressible, over a 2i»-fold, by less than n linear 
functions of iii, ...,^' 

We can thus suppose (a^'), ..., (a^*^^ chosen so that the origin is an 
ordinary point for each of the functions ^ (u), . . ., ^ (ti), and a zero point for 
each, but not a zero point for their Jacobian ; there is thus about the origin a 
finite region not containing any pole or singular point of ^ (u), •••> ^ (v)> ^^ o^ 
their Jacobian, or any point whereat this Jacobian vanishes, and the functions 
are expressible, for the neighbourhood of the origin, by power series 

♦*-a*,iti, + ... +aA,ntt» + ... (A-l,.-.r), 

such that the determinant | a^.^ |, for A, « « 1, 2, ..., n, is not zero. 

Instead now of considering all possible values of tt|, . . ., iin, we apply (n— 1) 
restrictive conditions, and so obtain a construct of two (real) dimensions — 
as follows. Suppose ^(t/), ...,^»(i/) to be expressed in terms of the n 
independent functions 

let Ca,i« + Ca,, «•+..., (A«l,...,ii), 

be n convergent power series in a single complex variable d?, all vanishing for 
«a>0; consider the values of «!,..., v^ obtained by equating the functions 
^1,...,^ to these power series, each to each. These conditions are 
expressed by 

»r=Cr.i« + Cr.f«*+..-+*r, (r= 1, -.,11), 

w where 4>r represents the terms of second and higher orders in ^, with their 

sign changed, and these equations enable us, as we have shewn (p. 189), to 
express each of V|, ..., Vn as a convergent power series in a, for suflBciently 
small values of x^ these being the only values of Vi,..., Vn satisfying these 
equations when x is sufficiently small Let these series be represented by 

Vr"ir,i* + ir,f ^+ •••; (r= 1,2, •••jW) ; 

we desire to shew first, that even if the original power series to which the 
functions ^i, ..., ^n are equated reduce to polynomials of order n, so that for 
« > n, and every value of r, (» 1, . . ., n) we have Cr,« « 0, we may still, by proper 
choice of the remaining n' coefficients Cr,« , (r, « « 1, . . ., n), suppose that neither 
of the determinants of order n denoted by Icr.t |, | Av.f I vanishes. Denoting 
the terms of orderm in V|,...,tiw in the series 4>r by {...,Vf, ...Ir.im we have in 
fact the identities, 

for r8],...,n, and hence, for r»l, ...,nand ^s2, 3, ..., oc, 

«o 

*r,e«Cr.e + coeff.«*in 2 {...,(*,.,«+... +*t.e-i«'~*)» •Ir.m, 

flR-2 



t 
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where it will be noticed that on the right the second suflBxes of the coeiBcientu 
kg^^ that enter are less than t ; the elements of the first column of the 
determinant | Cr,9 \ are thus equal to the corresponding elements of the 
determinant | Jv.t |> ft^d the elements of any other column of the determinant 
I Cr,< I are each equal to the corresponding element of the determinant j kr, « ! 
augmented by a polynomial in the quantities itr,« occurring in preceding 
columns of \ kr^g |, the lowest terms in this polynomial being of the second 
order; suppose then that arbitrary values for which the determinant | Jv.«l i^ 
not zero are given to the v? quantities Av,« for r, « « 1,2, ...,ti, and the v? 
quantities Cr,« are determined accordingly ; it seems certain that the values 
of j?r,« can be taken so that also the determinant | Cr,« | is not zero ; this being 
so, let all the quantities Cr.« for r « 1, ..., n but « > n, be taken zero ; and then 
the quantities Jv,« for « > n be determined by the equation written above. 
Thus the equations 

ih (tt) « Cr.,«+ ... + Cr,f» «*, (r » 1, ..., n), 

are such that they do not imply any linear equation 

wherein ili, ....ilii are independent of a?, and they lead to converging series 






not satisfying any equation 

in which £ii ..., ^n are independent of «, and hence to conveiging series 

♦•1 

wherein also tti, ...,ii,i are connected by no linear homogeneous equation with 
coeiBcients independent of «. 

For every sufficiently small value of m these equaticms define a set of 
values for Ui> •••• ^ii which, putting, as before, t<r » (v^x -f i(ir> we may 
represent as a real point in space of in dimensions ; the series are presumably 
capable of analytic continuation beyond the neighbourhood of the origin ; the 
whole aggregate of points so obtainable forms a (2n — 2)-fold, and it is this 
which we now proceed to study in more detail. 

Since the determinant |ar,t| does not vanish, the equations 

may be replaced by equations 

where /u/t, ...,/fi are certain independent linear functions of ^ ...|^; 
putting then 



t 

t 




f 
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they may be replaced by 

and it is' at once seen that the Jaoobians 

a (ill, II,, ...,«»)• 3 (Ml, Mi, ...,«•) 

are equal; as the functioDS fu...,fn Are independent linear functions of 
^i» •••, ^ with constant coefficients, the latter Jacobian is a constant multiple 
of the Jacobian of ^, ..., ^ti> &nd does not vanish at or in the immediate 
neighbourhood of the origin Ui -> 0, . . ., u^ ai ; nor therefore does the former ; 
and thus the determinant 
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■•*• a«« 


dF, 


dF, 


dFn 
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dih' 


■'-•du. 




does not vanish for i^a 0, ..., u^ » for all values of the constants c^ ..., €%• 

59. Consider now the aggregate, 0, of points (uj, ..., Un) determined 
as follows; first exclude all points at which any one of the functions 
^(u), ..., ^(u), or, what is the same thing, any one of the functions 
» fit Ft, ..., Fn, has a pole or a point of indetermination ; fix>m those remaining 
exclude further all points where the Jacobian d(^, ...| ^)/9(iii, •••> O 
vanishes ; of non-excluded points take then only those for which the (n — 1) 
equations F. -> 0, ..., J'n » are satisfied. To this aggregate adjoin now all 
its limiting points, namely all points infinitely near to which are found points 
of ; denote the resulting closed aggr^;ate by C That there are points 
belonging to the aggregate has been shewn in what precedes ; the origin is 
an ordinary point for the functions ^u ...» ^, and their Jacobian has at the 
origin a viJue not xero ; there is thus about the origin a finite r^on every 
point of which is an ordinary point for the functions ^ •.., ^ and a non- 
vamshing point for their Jacobian ; by supposing w sufficiently small, we 
can suppose that the values of Ui, ..., Un which satisfy the equations 
^a(V,i«+... +Cr,n^ ATG witbiu tlus regiou— and these values satisfy the 
equations i^,aO, ..., J^naO. 

Consider a point (oi, ..., On) of the aggregate ; in its neighbourhood the 
functions F,, ...,i^iiare expressible by power series in iii — Ou ...,11,1 — 0^, and, 
sinoethe Jacobian of /i,i^,,..., 1^,1 does not vanish at (oi, . . ., o^), we can choose 
constants d, ...tCn so that the Jacobian of i^„ ...,-^« and the linear function 
^(ui — ai) + ..* + c»(u«— Om) does not vanish at (ax,...,a»). Taking then a 



I 
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paiAmeter i, and restrictiDg ourselves to sufSciently small values of this, wc 
can (p. 189X from the n equations 

obtain converging power series in t for the n quantities ti| — a,, .. ,tin — a^, 
expressing all the points of the aggregate which lie in a suitably limited 
neighbourhood of (oi, . . ., a^\ and only points of this aggregate. 

Consider next a point (a,, ..., Ow) which is a limiting point of the aggregate 
0. For points in its immediate neighbourhood each of the functions 
Ft,>>>yF^ is expressible in a form Fr^Nr/Dr where Nr, Dr are converging 
power series in ti, — ai, ..., tin — On, not both divisible by a power series in 
tti-ai, ...,tf»— a» vanishing at (»],.. .,afi); of these we may without loss of 
generality suppose that Dr vanishes at Oi, . . ., On , or else is equal to unity. 
Suppose first that Dr vanishes at (ai,...»a»); there are then also points 
infinitely near to (ai , . . ., On) at which Dr vanishes, these constituting a certain 
(2fi — 2)-fold continuum. These points do not belong to the aggregate : 
for, taking such a point, (a/, ...,a/), let D^ Nr be written as power series in 
«i - oti^ ..., tf» — an\ becoming 2)/, Nr ; then, when (oti^ ..., On') is suflSciently 
near to (aj, ...,a^), the series 2)/, N/ are not both divisible by a power series 
iniii — a/, ...,tf» — a»', vanishing at (a/, •.•,0> (P- 198X and therefore the 
fraction NrfDr is either infinite at (a/, ...,>») or assumes a form 0/0; in 
either case (a/, ..., Of!) does not belong to the aggregate 0. Thus the points 
of this aggregate, which, by hjrpothesis, exist, in infinite number, in the 
immediate neighbourhood of the limiting point (ai, ..., an), and satisfy the 
equation JV * (as well as the other equations J't "■ 0, . . ., J^n « 0), do not 
satisfy Dr ■■ 0, and must satisfy i^T^sO ; the power series Nr must therefore 
vanish at (a^,..., On). This is proved when Dr vanishes at (ai^.^On); when 
Dr ■■ 1, the equation JV "* involves Nr -> 0, and this, holding for points in the 
immediate neighbourhood of (oi, ..., a»), must also be true at (Oi, ...,^ The 
points of the aggregate in the immediate neighbourhood of (ai, ..., a«) are 
thus to be found among the solutions of the equations 

-»r,-o,...,j\r,»-o, 

in each of which the left side is a power series in t/i — ai, . . ., u,, — a» vanishing 
at (ox, ..., a») ; though conversely not all common solutions of these equations 
can be assumed to be points of the aggregate 0. 

All solutions of such a set of equations in which ti| — Oj, . . ., Un — a» are 
sufficiently small are, however, as has been shewn (p. 196), points of a finite 
number of irreducible constructs each represented by a set of equations 
of the form 

w(Wn)^Wj''¥{v)u...,Wn,\ Wj"'^ + ... + (^i, .... Wii)^« 0, 
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wherein 10,, ...» Wn cue independent homogeneous linear functions of 
Ui — a,, ..., UK-a»,theooefl5cient8(icri, ...,«e^»)i, ...,(«e^i, ...,^«V u^ oonveigent 
power series vanishing when Wu Wf, ..., Wm ^11 vanish, the symbol «^(i0w) 
represents dfr(ie^ii)/9tc;ii, the numerators Vm^, (tern), ...» V||.i(uy||) are poly- 
nomials in Wn of dimension /i * 1 whose coefficients are converging power 
series in Wi,...,Wmf and only those values of Wi, ...» kf« are to be considered 
for which w (Wn) and vXw^) do not simultaneously vanish ; conversely all 
solutions of any such set of equations in which lOi, ..., icr» are sufficiently small 
are solutions of the original equations i\r,"s 0, ..., i^Tn » 0. 

Such a set of equations, n -> m in number, represents a construct of 2m 
dimensions, there being m independent variables Wi, . . ., «e^«. If {wi^, . . ., wj^) 
be a point of this construct, in the immediate neighbourhood of 

and we substitute Wi^ + X,, ... , wj^ + X^ in place of w,. ... , Wut we obtain 
(n-m) equations Hr{\i, ••., ^)"'0, wherein Hr{\u •••! X^) are power series 

in Xi \n vanishing when these are zera If in > 1, so that n^m + l<n, 

we can therefore always find small values of Xj, ..., X*, not all zero, to satisfy 
these equations and at the same time an equation 71X1 + ...4 711X11 ""O, 
wherein 71, ...,711 are arbitrary, and this without satisfying v'(tcr«i^ + X*) » 0, 

since w'(t£'**) + ; thus if (t£,**, ..., v^^) and (ih^ + li u»** +^) be the 

values of Ui, ...,tf» corresponding to (u^i^, ..., Wn^) and (wi^ + Xi, ..., Wn^ + X*), 
since the points of the construct satisfy i^Tt-sO, ..., i\r,i->Oy we can simul- 
taneously satisfy the n equations 



> 



0, C,(,+ ... + cln-0. 



(A as 2, ...,»), 



where ^^ i denotes a series reducing to 7—^ when da^O, ..., i^vO, and 

C|, ..., Cr are arbitrary; from this it follows that, for all values of c^, ..., e^, 
the determinimt 

iV«i Ci, C|, •••, Cn 

ay, ay, ay, j 

3u,* 3u,' '"' duii 



dNn dN, 






vanishes at (mjW, ..., u^^); thus, when m>l, the point (ti^^, ..., u^^) does 
not belong to the construct ; for, for points of we have Nk • 0, but 
Da 40, and thus 
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80 that the determiDaDt N is equal to 

i a^ 8^ _ 

••■ ••• ••• ••• 

which by hypothesis is not zero for points of 0. The points of the construct 
0, which by definition do actually exist in any arbitrarily near neighbourhuud 
of (oi, ..., aw), are therefore among those solutions of the equations 

which satisfy one or more sets of equations of the fonn 

in which m->l. Consider one such set of equations: we have proved 
(p. 190) that, when icti. tCTn are sufficiently small, all solutions of the equation 
m {Wf) » are obtainable by a finite number of pairs of equations of the fonn 
t0, » ^, Wt^^fn(^\ where ^ is an arbitrary parameter, of sufficient smallness, 
and fn (0 A power series in f , vanishing for ^ » 0, its differential coefficient 
not vanishing for ^^O; from the symmetrical choice of the variables 
i0i, ..., le^n, the substitution of these values for w^ and tern in the expressions 
for ic^tf •••! ^ii-i will lead to associated power series Wt^ft(f\ ••• »ti^»-i "'l^ti-i (0 
also vanishing for ^->0. Thus all the points of the construct 0, in a 
sufficiently near neighbourhood of tiie point {a^ ..., a»), are among the values 
represented by a finite number of sets of equations of the form 

wherein Qi (i\ . . . , Q» (^) are power series, vanishing for t » 0, of such character 
as give, for sufficiently small values of the differences Ui — Oi, .i., Vn — «»> & 
unique value for t Consider one of these sets of series which gives points of 
the construct arbitrarily near to (ai, ..., a«) ; then when these expressions 
for «|, ..., tf» are substituted in the power series Dtt •••* Dnt no one of the 
resulting power series in t can vanish identically, for we have seen that 
points, in the immediate neighbourhood of (si, ..., Ow), for which one of 
Dt, ..., Dn vanishes, do not belong to ; the power series in t obtained from 
Nt, ..•• -^11 hy the same substitution for iii, ..., Vn, vanish for ^^0, but, 
eitewhere, in a sufficiently near neighbourhood of ^aO, they do not vanish, 
unless they vanish identically — which must then be the case, since points of 
lie arbitrarily near to (a„ ..., On). Consider now the Jaoobian 

in the neighbourhood of (ai, ..., a») it is expressible as the quotient of 

1J o 
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two power series in Ui — Si, ..., u^ - On ; substitutiDg Q, {t), ... , Qn{t) for these 
differences the resulting denominator power series in t cannot Tanish identi* 
cally or the set of series ua » oa + Qj^(0 would not furnish any points of the 
construct in the immediate neighbourhood of (a„ ..., o^); the resulting 
numerator power series in t may vanish for ts»0 but there eiists a r^on 
about t B wherein no other zeros are found. It appears thus that if the 
series iii » Oi -f Qi{t\ ..., Un « a» + Qii(t) furnish points of the construct in 
every arbitrarily near neighbourhood of (aj, ..., a«), they represent points of 
this construct for all values of t of sufficient smalluess. Taking this result, 
and the simpler result previously found for the neighbourhood of an ordinary 
point (ai, ..., ceh) of the construct 0, we have the theorem : 

Lei (Ci Cn) be any point of tite construct C defined as above from the 

equations F^s^O, ...» J\»» 0, that is either an ordinary point of the construct 0, 
or a limiting point of this : there exists then a finite number of sets of series 

ea^ch of which, for all values of t in absolute value less than an assignable 
number, represents points of the construct C in the neighbourhood o/ (Ci, • . ., en), 
and for t»0 represents the point (Ci, ...,Cn); in particular when (Ci» ...» Cn) is 
an ordinary point ofC, that is a point of the construct 0, there is only one such 
set of series; the series being such tliat all points of the construct which lie in 
the neighbourhood of Ci, ...,Cm, given, say, by |ui — Ci | <S, ..., { «» — Cr | <i, 
are obtained, if only S be supposed sufficiently small; while, under the same 
Umitation, no point is obtained for two different values oft 

The construct C thus appears to be, in its smallest parts, similar to a 
construct deBned by algebraic equations ; this similarity is carried further by 
the three following properties : 

(a) The limiting points of are isolated — about any such point can be 
put a finite neighbourhood containing no other limiting point For let 
(Ci, ..., Cn) be any point of C, and let r be a real quantity as great as possible 
but such that, for | ^ | < r, | ^' | < r, ... , all points of which lie in a sufficiently 
near neighbourhood of (Ci, . . ., Cw) are given by one of the sets of series 

while every point represented by one of these sets of series is a point of 0. 
Take (&i, ..., bn) any poiut in this near neighbourhood of (Ci, ..., Cn), and 
form the sum of the squares of the moduli of the differences 

there being as many such sums as there are sets of series involved. Putting 
1 8B { + fi;, and considering one of these sums for all values of (, ff such that 
^ -f 17* < r*, we have a continuous function of the real variables (, «;, and 
there is a particular value of t for which the function is equal to the lower 
limit of its values for the limited range ; if this lower limit is zero the point 
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(6i. •••> ^i) belongs to the ooDstrnct 0; if it is greater than zero there is a 
region about (6|, ...» M which contains no point of 0, and in that case 
((i, ..., 6n) is not a limiting point of 0. In other words, a region can be put 
about (C], .... O such that every point of this other than (c„ ..., Cn) is either 
a point of 0, or is not a limiting point of 0; and this proves the result 
stated. 

It follows from this that there cannot be more than a 6nite number of 
limiting points of in any finite range of values of u,, ..., u^; for otherwise 
tbere would be a point (the limiting point or point of condensation of these 
limiting points) having in its immediate neighbourhood an infinite number of 
limiting points of 0, and itself sho a limiting point of 0. 

(6) For all not-zero values of t, up to a certain range, a set of series 
iii»c, + Qi(t)> •••> ^"Cn + Qn(0 represents points of 0; the series may 
converge for larger Talues of t ; they then represent points of C for these 
larger values, which are not however necessarily points of 0. For suppose 
the series converge for ^ » to ; consider the points represented by 

in which a- is real and less than unity: for suflficiently small values of a- 
greater than zero, say for < o- < o-i these series represent points of ; for 
a-^Ci they will then represent a limiting point of — and not a point of 0, 
since otherwise they would also represent points of for values greater than 
a-i, as follows at once by reconsidering the preceding conditions ; if o-, < 1 put 
ama-i + p and consider the series 

««l» C, + Oi (fTiU + pt.), ..., «»» Cn+ Qn(^it.'¥pto) 

supposed rewritten as power series in p: then for all suflSciently small 
negcUive values of p these rewritten series represent points of ; they repre- 
sent therefore points of for all positive and negative values of p less than a 
certain value; the original series thus represent points of for 0<o'< 0*1, 
0-1 < 0* < 0*1 H- ^t> 8>^7f while for a-^^au o* ■> 0*1 + ^b they represent limiting 
points of ; if 0*1 -f ^t < I we can proceed similarly, and so on. Now there 
cannot be more than a finite number of limiting points of in any finite 
range of values for Ui, ..., tf», and therefore the process must after a finite 
number of steps lead too-»o'i-|-^t+***"^I> the series 

thus represent points of C for all values of o- up to and including o- » 1 ; and 
Ihus the series ih^Ci + Qi(ty, ...,Un»Cn + Qn(t) represent points of C for all 
values of t for which they converge. 

(c) Hence, having obtained one set of series Hr >■ <V -*- Qr (0 representing 
points of C, we can unreservedly use the ordinary method of analytical 
continuation to obtain other points. In order somewhat to emphasize this 
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hctt which is of importance for our purpose, we examine it in farther detail. 
Consider a r^on containing points of 0, but no limiting points of 0. About 
an included point (u,^\ ••.» Kw*^) of we have expressions for the points of 
of the form Ur -* Ur^^ + Pr (t) in terms of a parameter 

e-X,(u,-v,«^)+...+Xn(w«-tt«**), 

where \i, ... , X* are to be chosen so that the determinant 

dv, 3«n 

••• ... ••• I 

dFn dFn ' 

does not vanish at (w,*«, ..., Un^) ; about a neighbouring poipt («,<>», ..., t/,"») 
we have similar expressions ; if \i, . . . , X* be chosen so that the determinant 
L is other than zero also at (ui^\ ..., tt,i<")» the parameter about (u,*"\ ..., tin*"*) 
may be taken to be «-Xi(wi-«*i**0 + — +\i(««n-«*ii**0*<-<i, where 
«j.-\j(V> - u,w)+ ... ^Xn^**' - u*«), is the value of < at (ii,^ ..., u^w); 
this point being supposed within the r^on of conveigence of the series 
Ur B Ur^ + Pr (t), it foUows that the series about it may be obtained by 
rewriting Mr » ti,*» + Pr (^ + «) ia the form u^ « tir**' + Q, («). If fh, ..., /%, 
be any quantities, such that the determinant formed from L by replacing 
\, ..., Xn by fii, ..., /i» does not vanish at (U|<^^ ..., ««<>)), the quantity 
<r»fh(tii — Ui^O+ ••- + /% (tin ~ ^1^0 D^^J ^ taken as parameter of a set of 
series about (U|^^ ..., «n^0; "^^ ^^^^ ^I^^^ a^H{$) and s«ir(o-), where 
ir(«), f (o-) are converging power series each wanting the constant term but 
having the term with the first power of the variable, and ^a fi + K{a) is the 
general form of the substitution for the parameter, by which we pass from 
the series in i about (ui^, ..., Un^), to the series in a about {ui^\ ..., iin^O ; 
in virtue of the form of K(<r) this substitution is equivalent to an expression 
cH{t^ti), wherein iT (f — fi) is a power series vanishing but having a non- 
vamshing differential coefficient for t « fi. So long as we confine ourselves 
to a region containing no limiting points of the construct we can con- 
tinually pass from point to point in this way ; suppose, however, now that 
{ui^\ ..., tf»^0 ^ <^ ordinary point of the construct which is not within the 
region of conveigenoe of the series about (ui^, ..., uj^) represented by 
Ur^Ur^-k-Prit), but that, nevertheless, the series about {ui^^\ ...» u^^), given 
by the general theorem, which we may write in the form Ur^Ur^^ +Jtr(c), 
converge in a region partly overlapping the region of convergence of the 
series Ur » Ur^ + Pr (Oi ^ thftt by A substitution of the form 

in which ki is not zero, the two sets of series give the same values of 
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III, ..., Hn for all values of t suffidentlj near to t' ; the series in o- are then 
also an analytical continuation of the series in t This derived view of the 
process of continuatiou may be employed when we consider an extended 
portion of the construct C containing in addition to ordinary points of also 
a limiting point (fl^ .... a»), or several such points : we cannot then assume 
that the parameter of any one of the existing sets of series giving points of 
in the immediate neighbourhood of the limiting point (a„ ..., an), is capable 
of expression in a form Xi(ui — «])+... +Xn (tin- a»); and if we take a 
sequence of ordinary points of 0, say (u,**, . ., u^*^), («!*", ..., tin"*)» •••» 
converging to (or,, ..., a«), it may happen that the i-adii of convergence of the 
sequence of sets of series, about these points in turn, tend to xero : consider 
the matter however in a converse order : we have proved that the limiting 
points of the construct are isolated points: let Vr^^-^Prit) be a set of 
series representing points of O in^ the immediate neighbourhood of the 
limiting point (aj, ..., a»); if Xi, ..., X« be constants, the quantity 

t;"sXiUi+ ... + Xfit^ 

is then expressible in the form a + P (t), and dv/dt, » P'(t)t is xero, in the 
immediate neighbourhood of (ai, ..., an), other than at this point itself, only 
for particular values of t ; if X,, ... , X« be so chosen that for the value tmt^ 
this differential coefficient is not xero, and we put imt^-^p, and rearrange 
the series v « a + P(to -f p) in the form v » v^ ^ Qip), the series Q(p) will 
contain the first power of p-— so that, if we put 

we have p equal to a power series in r, beginning with the first power, and 
we have n equations Ur^Ur^ + Qr(p), equivalent to equations of the form 
iCr«Bt<r^> + i2r(T). In this way then the set of series about the ordinary 
point (ui^t •"» ^^^) of the construct is an analytical continuation of one 
of the sets of series about the limiting point (a, a»), and conversely. 

The points obtainable, starting from a particular set of series, by the 
process of analytical continuation above explained, are said, after Weierstrass, 
to constitute a monogenic construct ; we see that the construct C breaks up 
into a certain number of monogenic portions, each having the property that 
it is possible to pass from the neighbourhood of any point of it to the neigh- 
bourhood of any other point by a succession of analytical continuations in 
which the parameter is changed by a formula t'aBil^ + ik|^ + ii^+ ..., in 
which hi does not vanish, while it is impossible to pass from one monogenic 
portion to any other by such continuation. As to the number of such 
monogenic portions constituting the whole construct C no statement can be 
made at the present stage, though as we shall shew immediately, the number 
of such having points in any assigned finite portion of space is necessarily 
finite ; but in regard to any one portion it can be proved that, if we consider 
a finite region of space, and the part of the monogenic portion under 
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oondderatioD which is included in this finite region, a number r can be 
assigned such that if (a,, ...» o^) be any point of this portion other than a 
limiting pointy the series i/r * Or + Pr (0> P^g points about (oi, ..., o^), 
converges certainly for j f | ; r. As regards the former statement, that there 
cannot be an infinite number of monogenic portions of the construct C having 
points in any assigned finite portion of space, we reason as follows : associate 
with every such portion a point of itself; if the number of monogenic 
portions within the region be infinite, these points can be chosen so as to be 
infinite in number; they will therefore have a point of condensation or 
limiting point, within or upon the boundary of the region, in the infinitely 
near neighbourhood of which will be found points lying upon an infinite 
number of monogenic portions of C; this however is contrary to the result 
arrived at above that all the points of C, in the immediate neighbourhood of 
any point, He upon a finite number of constructs expressed by equations 
of the form 

The second statement may be founded upon the £Etct that the radius of 
convergence of the series Ur'^Ur' + Qr (t), which express the points of the 
construct about any ordinary point {u/, ... , tf»'), is a continuous function of 
the position of (%i\ . . . , u^') upon ; and this follows from the possibility of 
continuation sketched above. 

00. In what follows we shall be primarily concerned with the con- 
sideration of a particular one, arbitrarily chosen, of the monogenic portions of 
the construct C; to save constant repetition of words we shall cdl this the 
Oonatruct F. Recalling the assumed periodic character of the function ^, and 
the consequent periodicity of the functions J^„ ..., i^n, imagine the whole of 
finite space divided, as explained before (p. 204), into congnient period cella 
Save for exceptional constructs, the construct C consists of the whole locus 
represented by the equations F^^O, ..., jP#"*0, and must therefore be 
periodic ; it does not follow however that any one of the monogenic portions 
of C is periodic with the same periods. Fix attention upon one of the period 
cells, calling it the primary cell ; to the part of the monogenic construct T 
which lies in any cell other than the primary cell, there will be a congruent 
part of C lying in the primary cell ; this may or may not itself be part of T ; 
since however, as we have shewn, only a finite number of different monogenic 
portions of C can have points in the primary cell, it follows that the parts of 
r lying in the various period cells must be congruent to only a finite number 
of parts ; thus F consists of the repetition, by addition of periods, of only a 
finite number of parts ; it is therefore also periodic, but its periods are, 
possibly, certain sums of integral multiples of the fundamental periods. 

Consider now the values which the function /i (p. 207) takes upon F ; it is 
to be shewn that/i takes every assignable complex value ; and, points which 
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are oongruent to one another in regard to the original periods being counted 
as equivalent, that it takes each value the same finite number of times. For 
coDvenience we shall for a time denote /i simply by/. 

The first point is to prove that / actually assumes every value. In the 
neighbourhooil of an ordinary point (a,, ..., On) of F, the function / is 
expressible as a power series in H] — Oi, ..., u^ ~ On ; it is hence expressible 
by a power series in t — and this does not vanish identically, since otherwise 
the Jaoobian d(fuft* •••i/ii)/d(U|, .... Un) would vanish for all points of F in 
a certain neighbourhood of (Oi, ..mOh), contrary to the fact that this Jacobian 
vanishes only at the limiting points. In the neighbourhood of a singular 
point (ai, ..., Oa), the function /is expressible as a quotient of power series in 
II, — a,, ... , Un — a», and hence as a quotient of power series in t ; we have seen 
(p. 209) that at near points of the oonstruct F the denominator power series in 
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does not vanish, and hence the denominator power series in t does not vanish 
identically ; thus also the numerator power series in t does not vanish identi- 
cally, since otherwise the point would be a limiting point of points at which 
the Jacobian 8 (/,,/t, •••tfn)ld{ui, ...^Un) was zero ; thus about a limiting point 
of F the function/is expressible in the form t'^ (A^ + Ajt + ...), wherein X is 
an integer which may be zero or negative. The poles of the function / upon 
F are thus among the limiting points of F. If a small region of F be put 
about such a pole, the values of / at all points of this region are large, and 
the region can be chosen so smaU that at all interior points the value of / is 
in absolute value greater than ap assigned real positive quantity M ; there 
cannot be an infinite number of such poles in any finite portion of space 
(«i, ..., i^n); we can tiius suppose every pole enclosed in such a circumpolar 
region, corresponding to the assigned number M ; then for points of F within 
a finite portion of space (ui, ..., tf»), not included in any dicumpolar r^on, 
the function /is everywhere finite, and therefore has an upper limit which is 
finite and assignable. For, to say that there were points of F at which / had 
a value greater than any assignable number would be to say that there was 
an infinite number of points of F at which / had a value greater than an 
assigned number; these would have a limiting point; this limiting point 
would be either an ordinary or limiting point of F, and thus a point of F ; by 
hypothesis it would not be a pole of /, and hence about it / would be 
expressible by a power series in t involving no negative powers, and would 
thus be incapable of values beyond every limit. As now we have previously 
seen that F is a repetition of a finite number of portions, the repetition being 
eflTected by addition of periods, and / is periodic, all the values of which / is 
capable occur for points in the finite part of the space (iii, ..•» fi»). We can 
thus assume, taking the circumpolar regions suitably, that M is the upper 
limit of the absolute value of / outside the polar regions, while for all points 
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in drcumpoUr regions | / 1 > if ; we do not thereby mean to aasame the 
existence of any poles. Consider the points of T outside the dreninpolsr 
r^ons; let (ti<^) be such a point and /^ the oorrespondiug value of/; for 
surrounding points we have /— /^ » Ci^ + Cif^ + ..•• and points can be found 
in the neighbourhood of u«^ for which /— /^ has any arbitrary value which 
is suflBciently small ; mark the value /^ upon a plane and the contiguous 
values of/ obtainable for the neighbourhood of « ^9 taking no account of the 
possibility that the same value of /— /^ may arise for two or more points 
near to 11^ ; these points near f^ will lie within a circle upon the /-plane, 
with centre at /^, and every point within this circle will be mentally associable 
with one or more points (ui, ..., u») near to («i<^, ..., uj^\ Let (ni^ ..., u/) 
be a point of F near to (ui, ..., tt^) associated with the value f of/ repre- 
sented by a point within this circle ; for all values of / suflBciently near to / 
points near to (t</, ..., u^O can be found; we can thus, on the /plane, put 
abotit/' another circle giving values of/ actually arising on P. Let this 
process be carried out for all points (V, ..., u^) near to (u^), and then 
repeated ; and let r« be the largest radius about f^ so obtainable such that 
all values /«/• + f^, for any value o( p<r^, and any value of 9, actually 
arise ; it is understood that, if necessary, r« is limited by the condition that 
1/ + pel'^ I < M. This value of r« will be called the variability of/ about (u^). 
Similarly every other point (u^^) will have a vaiiability, say r^K It is now 
to be proved that this variability has, for all positions of (u) upon T outside 
the drcumpolar r^ons, a lower limit greater than zero. When (li^) is 
sufficiently near to iu^\ the variability circle of (u^'') upon the plane of/ has 
its centre /^^ within the variability circle of {u^), and extends at least as far 
as the circumference of this, so that r^* ^ r<*^*— \f^^ ^fm | • also, in the same 
case, the centre of the circle forf^ is within that for f^^ and 

r« 5 r») - l/t*) -/« j ; 

thus r« - I/O* -/« I 5 ro* 5 r« + |/»> -/« | ; 

by taking (1/^) sufficiently near to (u^) we can however make \f^^ ^/^ \ as 
small as we may desire ; it follows then that the variability is a continuous 
function of (t£i, ..., t^) for points lying on T outside the circumpolar regions ; 
as it is never zero it follows that its lower limit is not sere for points 
(til, ..., «n) on r lying in any finite part of space, and therefore, in virtue of 
the periodicity of F, that its lower limit is not zero for points (iii, ..., Un) 
anywhere on F, outside the circumpolar regions. Let this lower limit be r. 
If then /*** be the value of / at any point (u^*) of F, there exist points, 
outside the circumpolar regions, at which / takes any of the values f^ -f p^, 
where p<r and is arbitrary. This however does not at once preclude 
the possibility that as / is made to pass through any range of values from 
/» to /** + p^, the corresponding point (u) may pass to infinity on F. 
This possibility may be illustrated by attempting to prove in a similar way, 
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oo the plane of a variable ii, that the function /» €* takes the value xero ; 
ovor any finite part of the plane the variability of the function /■> e" has 
a lower limit other than zero ; starting from the value /^ for u^, the 
point u^ for any other value /"^ is given by w"* — w** a»log(/<*7/***); ^f 
^« m \f^ we have then u^^ ■= u^ — log 2 ; if next /» « J/*" we have again 
u<* «B tt^^ — log 2 « ii<*^ — 2 log 2 ; and as we thus approach to the value for 
/ while at every stage there is a definite position for u, yet these positions 
pass to infinity. Suppose then, returning to the case now under discussion, 
that the positions of (u) corresponding to values of /of the form/^ + pV, 
where p denotes a series of values having p as their limit, are a series 
passing oflf to infinity ; choose a set of portions such that F is made up of 
repetitions of these, by additions of periods ; these portions lie entirely in a 
finite number of period cells; denote the aggregate of these cells as the 
fundamental volume ; a series of points (u) upon F passing ofi* to infinity may 
then be represented, so far as the values of/ are concerned, by an indefinitely 
continued sequence of points in the fundamental volume ; and, in the case 
supposed, there will then be an infinite number of such points, in the funda- 
mental volume, and upon F, at which / takes values /^ -f p'&^ for which p is 
arbitrarily near to p. There is then a point, which will be upon F, in any 
arbitrarily near neighbourhood of which are found points for which / has 
values f^ + p'lf^ in which p is arbitrarily near to p ; in virtue of the con- 
tinuity of/, it follows that at this point / takes actually the value f^ + p^. 
It appears thus that the neighbourhood of a point (u^) at which / takes a 
value f^ 4 p«^, with p<ry may always be supposed to lie entirely in the 
finite region of space. Take now any point (u^) of F and let f^ be the value 
of / there ; take any other value f for which | { | < Jf. The finite series of 
intermediate points ^^\ {^, ..., for which the differences 

are all of the same phase and all of absolute value < r, determines a finite 
series of points (u^^X ((^^)> ••• ^po^ ^ cit which / has in turn the values 
i^\ i^i •••; Ai^d these lead then in a finite number of steps to a definite 
finite point at which /« (. 

It appears thus, as if is arbitrarily great, that / takes every assignable 
value, and becomes infinite at a pole, somewhere upon F. 

61. Having proved that the function / assumes upon F every complex ^^^^^^^ 
value, we can prove that it takes any definite value only at a finite number V^^^uZZju^ 
of points, points for which the arguments (ui, ..., Un) differ by a column of 
periods being counted as equivalent, and that it takes every complex value ^ 
the same number of times. 

For consider an irreducible set of portions of F, lying in a finite number 
of period cells, so chosen that any other point of F is reducible to a point 
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incladed in this set, bj additions of periods. The aggregate of these portions 
may be spoken of as the fundamental region of T. If / were capable of 
the same value for an infinite number of incongruent points, it would be 
capable of the same value for an infinite number of points of the fundamental 
region ; and there would then, as this region is entirely contained in a finite 
portion of space, be a limiting point, itself therefore a point of F, in any 
neighbourhood of which, however small, / would take this value an infinite 
number of times. All the values of / in the neighbourhood of any point of 
r are however given by a finite number of expressions of the form 

and an equation of the form (^t'^(A +il,t+...) is not satisfied by an 
infinite number of small values of t ; thus / cannot have the value f at an 
infinite number of points arbitrarily near to any point of F. 

Next, an equation /« t~^ {A + Ait +...), where X is positive and greater 
than zero, means that the point about which it holds is a pole, and we may 
say that / there becomes infinite X times : similarly an equation 

f^f.^tk{A+A^t+...), 

wherein X is positive and greater than zero, may be expressed by saying that 
at the point about which it holds/ takes X times the value /« ; consider such 
a point as this last, the pole being included by the convention that for a pole 
/''/% shall be replaced by Iff. For values of / near to/«, the equation 

f-f.^1^iA+Ait+...) 

gives X small values of t, and hence X places on F near to the point, at which 
/ has any assigned value near to ^; in other words the number of places 
where / has this near value is equal to the number of those where /■■/• ; 
this identity in the number of places where/ has its various values continues 
therefore for large variations of value. Considering then all the points of the 
fundamental region of F at which / takes any particular value, and supposing 
/ to change continuously, each of these points is the beginning of a path upon 
F, and every one of these paths may be supposed to persist even through a 
point where one or teore of them intersect ; if one of these paths pass over 
the boundary of the fundamental region, then, since / has the periods which 
are fundamental for F, there enters at the same instant, at another point of 
the boundary, a path which may be taken as continuing, upon the funda- 
mental region, the path which has passed out The total number of times / 
takes any value within the fundamental region is thus the same whatever 
the value*. This number is the sum of the numbers for a certain finite 

* We ha^e sliwdy tpokan of the (in - 8)-fold, in the nsl ipsoe of Sii dimtnioiie, upon idiieh 
the fnnotion / Tsniihei, and of the inflnify (Sfi-8)-fold npon which l/Z'Tanithes. Thaw eziitt 
iimUarlj a (Sfi-l)-fold opon whkh/ii eqnal to any amignad oomplez qoantHy (. What we have 
proved is that the number dt its intersections wiUi the S-fold T, inoongment to one another in 
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number of period cells, chosen so that the portions of T which they contain 
are incongruent, and is thus the total number of incongruent positions 
for which / has the value. 

82. Now denote by x the value of/ upon the construct F, and, taking d'iJ6w«^U4^e;(«^ 
unassigned constants Xj, ..., X^, put W-a*^ .^^^^^-w^ 

U«X|tti + ... H-XnUn, 

and consider the function dujdx, regarded as depending upon x. We have' 
shewn that upon the fundamental region of T every value of x arises the 
same finite number of times ; with every complex value of x, not excluding the 
infinite value, may thus be associated a definite number of values of du/dx, 
the same for each value of x; it is easy to shew also that about every 
value x^ of X the associated values of du/dx are expressible by series of 
integral powers of a root of x^x^, the number of n^^ative powers, if any, 
being finite, there being only a finite number of values x^ for which n^;ative 
powers enter; it being understood that for x^ infinite the quantity x^x^ 
means tr\ When this is shewn it will follow that du/dx satisfies an algebraic 
equation whose coefficients are rational in x, the order of the equation being 
the number of values of du/dx associated with any value of x. To shew this, 
we remark that, first, about any ordinary point (u^) of F, for which x » x^, 
we have u^u^ and x^x^ each expressible by a single power series in a 
parameter t, and hence du/dx expressible by power series in a certain root of 
x-^x^, while, second, about a limiting point (u^) of F, for which xs»x^ 
(including x^ infinite), we have u^u^ expressible by a finite number of 
power series in a parameter, and, corresponding to each of these, x^x^ 
expressible by a single power series in the same parameter. If 

{du/dx\, (du/dx\, ... 

be the values of du/dx corresponding to any value of x, the algebraic equation 
iBF(3ftX,Xgf ...,\^)»0 where, with unassigned a, the function 

is the product 

['-©.]['-©.] 

and is a rational polynomial in Xi, ..., X^. 

If now F(y,x,Xi, ...,X||)i8capableof being written as a product of fiEtctors 
each rational in x and y, let /(jf, x,Xi, ..., X^) be such a fiu^r, itself 
irreducible in this sense. The equation /(y, 4?, Xi, ..., X^) » thus defines a 



vagud to the periodf , is finite snd indspendnt of |. It spptsn thai a dond one-fold (or eorre) 
QUI be pot about the (Sii-8)-fbld /s|, and that the inerment of ]og(/-|) along thie oloicd 
one-fold ii indeiNndeut of | ; bat thii reqoiree explanatioot into whioh we cannot now enter. 
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monogenic algebraic construct ; to each Talae of m this oonstmct aaaociatea 
values of u,, ...» ii», expressed, since differentiation in r^pMt) to X, gives 



by the equations 






tii 



-/ 



y/ax . 

a//3y 



dx; 



these are therefore integrals of the first kind upon the algebraic construct ; 
each is expressible for the neighbourhood of any value of d? by a power series 
in a parameter t, and this parameter may be taken to be that employed 
upon the construct T ; all the power series expressing Ug upon the algebraic 
construct may be regarded as analytic continuations of one of them, this being 
a known property for a monogenic algebraic construct. The construct T is 
however monogenic, all the power series for u« upon F being similarly 
analytic continuations of one of them ; it follows therefore that the values 
of Ug arising for the algebraic construct are the same as those arising for F, 
and hence that the algebraic function F(y» «, Xi, ...,Xn), if not irreducible 
is a power of the irreducible function /(y,x,Xi, ...,X||). In the latter case, 
if ^(y>«f Xif •••» ^ii) he the ibth power of /(y» d?, Xi,...,Xii), there would 
correspond to every point of the fundamental region of F one point of the 
algebrjic construct, but to every point of the algebraic construct would 
correspond k places of the fundamental region of F, the values of y or du/dx 
being the same at these k places. 

This however, holding for an arbitrary value of x and undetermined 
values of \^ ..mXh, would involve the existence of k sets of n constants, 
^i,h»'">^,h9 for Asl,2, ... ,ik, not necessarily diffSerent sets, such that if 
(til, . . . , tin) be a point of the fundamental region of F, so also is 

while as d? is the same at the k places, also 



the original n functions ^,...,^ (p. 206) would therefore have the 
ai,A)*** 9^k, and therefore so would the original function ^(tii,...,^)- We 
have however assumed at the outset that in speaking of the periods we were 
speaking of primitive periods of this function (p. 203). Thus «|, »,..., an,& 
would be sums of integral multiples of the original periods ; this however is 
contrary to the definition of the fundamental region of F, which is so con- 
structed that no portion of it is a repetition, obtained by addition of the 
periods, of any other portion. It follows then that the function 



ART. 62] the first kind ofi the algebraic eotistruct. 



223 



is irreducible, and there is a definite one to one correspondence of the points 
of the algebraic construct with the points of the fundamental r^on of F. 

88. To investigate this correspondence in more detail, we proceed as^-' 
follows. Let the class of the algebraic construct /(y, x,X,, ...,X||)bO hep\^ 
we have seen (p. 207) that upon P the integrals u^^..,,Un are not connected 
by any equation Cit/, -I- ... + eAU»BO, in which Ci,...,eAare constants; they 
are therefore linearly independent upon the algebraic construct, and p^n. 
Denoting normal integrals of the first kind upon the algebraic construct 
/(y>^i\*'**i^)*0 by F,,...,F,, we thus have equations 

^^Cr,iV^ + ... + Cr,pVp, (r«l,...,n); 

now without alteration ot x and y we can assign to V,, ..., V, values obtained 
by adding to them the respective elements of any one of 2p systems of 
constants, namely the periods; for V« these constants belonging to the 
ip systems are 

where (l)^sO unless a^A while (1)m«1; let n^.*, nV,« be the corre- 
sponding system of increments for Ur, so that 




Cr,l ^l,« + ••• +Cr, 



(r-l,...,n; a«l,...,pX 



and we have 

these equations we shall denote by 

where fl, O' denote matrices of type (n, />), and r the symmetrical matrix, of 
type (/>,/>), belonging to the periods of the normal integrals F,, ... , F, on the 

algebraic construct f(jfpW, Xj X^)- (Oi p. 12 preceding.) If then flti 'T; 

Xl«' denote the matrices whose elements are the conjugate complexes of those 
of a, T, n', and, as before, fi denotes the matrix obtained from fi by transposing 
rows and columns, etc., we have 

fr-ffl, nn'-nTfli-n'S, n'n,-nn/-n(T-T,)n,; 

thus nil' is a symmetrical matrix, or 



o-n'n-iin'-(an')/o, -i 



(i! o) (nv 



n^n, 



where II denotes the matrix of tjrpe (n, ip) represented by (fl, SI'), and 
Cap is a matrix of type (2p, 2p) whose elements are all zero except the 
elements of position (a,a + p), for 8^1,2, ...,p, each of which is -1, and 
the elements (a+p,a), each of which is + 1. Also, if «^ or {w^\ ...,w^), 
be a row of n arbitrary qoantities* and m^ the row of » ooiyngate complex 
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quantities, and s ^ tlx, so that, as fl is of type (p, n), the row i is of p 
quantities, such as 

*.- fli,.«i + n«..«i + ... + flm**!!, (cc - 1, ...,p\ 

and ^c is n period for o^u, + ... +tf«tt<N, and if wepnt ri^p + t^, T«ap.{0>, then 

we know however (p. 7) that if ii]» ... , tip be any real quantities the real 
part of %m\ namely ^an\ is necessarily negative and greater than sera 
Hence, for an arbitrary row dp of n quantities, not all zero, we have, beside 
the identity 11^, fi > 0, obtained above, the inequality 

Since the acquisition by Ui,...,Un respectively of the increments 

corresponds to a circuit by {x, y) on the algebraic construct, it will corre- 
spond to a path on r of a kind that leads again to the same values of x and y 
as at the starting point, and this for values of x which are arbitrary. We 
have shewn above that the end point of such a path is obtained fiom the 
initial point by addition of a set of periods to the arguments U|, ... ,!(». If 
then the original periods associated with Ur (p. 204) be denoted by Vr.f , for 
rial, ...,«! and s^bI, ...,(2nX we have equations of the form 

Hr,.* A,,«Wr,i + ... + A^«Wr,t»» r«l,...,n; a«l (2p) 

wherein /t,,* is an integer, the general element of a matrix of type (2n, 2p) 
which we shall denote by h\ the equation may then be written in the form 

We then have 

» nc^yll « srAe^&v « srJTv, 

where M, i^Aci^A, is a skew symmetrical matrix of integers of type (2n,2n); 
and 

< - iHtfpTlx^x « — imhi^liwx^x « — iwMm^x^x. 

If each of the 2n quantities wx be written in the form tig + »{f«, where ffg, (^« 
are real, so that we may write mx^fi + 1 {f, the last inequality is 

< - tlf (t, - f 0(1, + f f ) - - tlf (ir; + «:- t-ft + fiyC), 

where, since M is skew symmetrical, i/i/i, » i" MIX» <uid M^tf s - Mti^; 
thus we have 

and it is impossible to choose the n arbitrary quantities x so that the 2n 
quantities Mtf are all zero, except of course by taking x^O; ifw^a + ifi,m> 
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that a is the matrix whose elements are the real parts of the elements of 
the matrix m, and fi the matrix oonstituteil by the imaginary parts, while 
dp • y H-ir, 80 that y is the set formed by the n real parts of the elements x, 
and s that formed by the imaginary parts, we have 

it is thus impossible to choose the in quantities y, ^ so that 

il'(fi.i5)(y,--r)-0; 
hence the niatrioes M and (fi, j9) have each a determinant which does not 
vanish. The latter determinant is that of the matrix [ ^j and, therefore, 

that of the determinant f pj; thus in w not every determinant of n rows 

and columns can be zero (cf. p. 204 above); the matrix M is he^H, where h is 
of type (2n, 2p), and n^p\ the determinant of if is thus expressible as 
a sum of products of determinants of type (2n, 2n) formed from h\ we thus 
infer that in h not every determinant of tjrpe (2n, in) can be zero. 

Now take matrices of integers, g of type (2ii, in) and m of tjrpe (2p, ip), 
each of determinant unity (see Appendix to Part II. Note I.), such that the 
matrix, of type {in, ip), ghm, has the form 

ghm^ / Ci, 0, 0, . .v,iBC, say; 

0, c,, 0, . . 

0, 0, a,, . . 



this equation enables us to express any determinant of type (in, in) from 
the matrix A as a sum of products of determinants from sr\ c and mr^\ if any 
one of Ci, Ct, Ct,...,c^ were zero, every determinant of c of tjrpe (2yi, 2n) 
would be zero and hence every determinant of h of this type, contrary to 
what is proved above. Now define the matrix w' of type (n, in) by means 
of w^m'g, so that 11, which is equal to wh, is equal to v'cmr^; as the last 
2p* 2n columns of c consist of zeros, so also do the last 2p — in columns of 
m% and therefore the last ip — in rows of the square matrix mr^ do not 
oome into consideration here; let v/ deuote the first in columns of v'c, 
thus v/ is of type (n, in) and consists of the columns of w' multiplied 
respectively by Ci, c^, c^, ...,c^; further let the matrix of type {in, ip) con- 
stituted by the first 2ii rows of mr^ be called ib; it is unitary in the sense 
that its determinants of type (2fi^ in) have unity for their highest common 
&ctor; then we have 

n « v'cnr^ - (•/, 0) /k\ - w/fe 







When h is itself unitary we have ghm^(l, 0) and jrA«ikyjr»l, 1p»A. 
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Abo, if/ be any matrix of type (2n, 2n), we have 

nm-(w/,0). Ann»(l,„,0), fkm^if.O). 

where 1^ denotes a matrix of type (2n, 2n) having unities in the diagonal, 
the other elements being zero, and 0, in the first equation denotes a matrix 
of type (n, 2p - 2n) with zero elements, in the last two equations denotes a 
matrix of type (2n. 2p — in) with zero elements. Thus fk cannot consist 
of integers unless / do so. 

Now consider more particularly the correspondence between the construct 
r and the algebraic construct defined by the equation /(y, x, Xi, ... , X«) « 0. 
Any two points (u), (u') of P for which 

Ur'-ttr-Wr.li'^l + ...+Wr,l»-^in. (r«l, ...,n), 

wherein Nu •••.i^tn cure integers independent of r, correspond, in virtue of the 
equations x»f{u), y^\dui/dx+ ... +\ndunldx, to the same point of the 
algebraic construct; a path on T from (u) to {u') corresponds to a closed 
circuit on the Riemann surface representing the algebraic construct ; thus 

where t|, ... , t|^ is a row of integers independent of r ; denoting this by 

we have, in virtue of 11 » v/ik, the equation u^u^WiH or say u' — u« v/a, 
where o- » iU is a row of in integers; this is the same as 

{A) t<r'-t4r«C,w'r,iax+...+CmWr,»<^i», (r«l,...,n). 

The periods*', equal to v^^ where | jrj »l,are equivalent with the periods v, 
the angular points of the period cells associated with them as on p. 204 being 
the same, save for order, as the angular points of the cells associated with the 
periods v; the period cells associated with the periods «/ have not the 
same angular points, but only some of them, the first column of these periods 
being Ci times the first column of the periods «', and so on. If (ur) be a 
point of the construct F, and we consider the points of space 

(Ur), (ttr + wV,i), (t/T + 2wV.l), (Ur + 8«r'r,i),.... 

the formula {A) above shews that the first of these after (Up) which can lie on 
r is (ur + c,wV,i)i and similarly for the periods wV,i» »'r,fi • • • . ^'r,m\ conversely, 
as is shewn by the formula nm»(v/,0), obtained above, the periods v/ 
necessarily correspond to circuits on the Riemann sur&oe. In other words 
the construct T is not periodic with the periods m or w\ but only with the 
periods v/, of which the «-th column is obtained by multiplying the «-th 
column of w' by c«; and the algebraic construct given by /(y, dP, Xi , . . . , X«) « 
corresponds to a part of the construct T extending within CiCt ... c^ of the 
period cells associated with the periods m\ The extent of T may thus be 
divided into regions, each lying within as many of these cells, each region 
having a one to one correspondence with the algebraic construct : if (dp) be 
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a place of the algebraic constnict, there is no place (4^) of it for which the 
equations 

are all satisfied, u/»' denoting the difference of the values of Ur at (x) and 
(x), and Ni, ...^N^ denoting integers independent of r, unless these integers 
are respectively integer multiples of the int^^ers c,, e^, ...,c^. 

Now (as in Appendix to Part II. Note 11.) let a matrix of integers /, of 
tjpe (in, in\ be taken so that 

where, if (l)m denote the unit matrix of order m, 

^ vov. ;• ^ V(i).. )' 

k u the matrix of integers previously used, of type (Sit, ip), aod r is 
a poative integer, taken as small as possible; then, defining two matrices 
(/1, 11!), each of type (n, n), by the equation «,' « (jt, it)f, we have (p. 224) 

- n., n - w/A«»tw,' - 0*. f^')/k€^Jc/{^) - r 0*. m') -Si. (I) 



r 0*'. -m) (I) -rO»'/i -/»/»'). 



and similarly, x being a row of n arbitrary quantities, 

0< ^ tllc^ n«4v^ » - ir{ii!JL^^ikii^)x^^^ir(Ji'x.ii^x^'^'jix,]k^x^ 

An incidental consequence of the last inequality is that the determinant of 
the matrix ;* is not zero, since otherwise we could choose x to make both 
Jix and Ji^x^ vanish*. 

We can then put 



a « |A->', 



and obtain, if y^KfU^^iy + tC say,and o-^o-i + i^s. 

0»r;A(a-a)M» giving o--cr, 
80 that the matrix 0-, of type {n^n^ is symmetrical, together with 

< - ir(cyy. - <rpy,y) - 2ra^{rf + ?")» 



* More soMnllj if sT, of tht form / « ^ V'» ^ ^'^ BMlriz of int^gvi of Ijpe (Sn, in), Mieb 



CJ) 



Ihsl sTc^Jsc^, BMiielj the matrix of a to-oslled liaesr tamfofmatioo of order m, snd we pat 
J^mJ ( e 0\, when e ii aoj eomtant, the eqostion 

sad we eso, in tht tttt, om JJ inttend of /; pattiDg then V|'«(r, iO«^i/» or (^ l^O^C*"* 0«^if 
irfim r, r' are eseh mstrioee of ^ype (n, n), it foUowi that |r | if not aero ; tfaia is the tame aa that 
#Mi-ff>c^V I is not aero. In partieolar, hj J'^^§^, the detenninaat of ^' is not aero. 
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which shews that if 9if.,9fi be any n real quantities, the real part of the 
quadratic form io-j* is Decessarily negative. We can hence define a theta 
fiincti<m 

m 

B (», o-) — S exp. (2irivii + iwan*). 

Consider the change of the function 6(/i~~'tt,o') when the argumeots 
«!, ..., Kn are respectively inerensed by the n quantities expressed by Ut, 
where t denotes a row of 2p integers : these are the increments corresponding 
to any closed circuit on the Biemann surfiu>e associated with the equation 

/(y,«,Xi,...,Xn)-0. 

Since 11 » w^k m (fiffi)fk, the arguments fsr^u will be increased respectively 
by the elements expressed by 

M-* (m. MO/fc^ - (!• <r)y3te - (1, a) {I, r) « Z + aV. 

where (I, l'),tmflct, is a set of in integers; the function B(iMrHL,a) will 
thus be multiplied by 

exp. [-2ira'0*-Hi + J<rr)]. 

It is thus possible, with this theta function, to form single valued functions 
of Ui, ... , Ka, of meromorphic character, which are unaltered by any circuit on 

the Rieroann surfi^ce associated with the equation / (y, a?, Xi X|») * 0, and 

are therefore, since tti, . • . » Un are integrals of the first kind on this surface, 
expressible as rational functions of x and y. These functions, which we may 
denote by ^(u, 11), have not the periods w'; but then, neither has the 
; construct F: to a point (tti,...,tfr) of T correspond CiCf.c^ points of 

C . space congruent thereto in regard to the periods v , namely those for 

which Ur is replaced by 

where7i«0,l, ...,Ci-l; 7t«0, 1, ...,c,- 1; ...; 7i»«0, 1 Cb»- l,and 

of these, as we have shewn, only one, namely (U], ...,^)> li^ on the construct 
F; since the complete construct C has the periods m' these CiCt...c^ places 
are upon as many monogenic portions of C. The functions it(u, 11) have the 
periods properly belonging to the construct F : it is our aim in what follows 
clearly to establish that the function ^ (u), and in general all single valued 
functions of meromorphic character with the periods v, can be rationally 
expressed in terms of a finite number of functions ^(u, II). 
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64. In the precediDg chapter it has been shewn that the most general 
periodic function, of meroniorphic character, leads to the consideration of a 
Riemann surface upon which, among the existing p linearly independent 
integrals of the first kind, are found n integrals, with n less than p or equal 
to p, whose ip periods are expressible linearly in terms of only 2n quantities. 
With a view to throwing some light on the general question we conidder in 
this chapter some general theorems for such a case, and some particular 
examples; it will be found that the result arrived at in the last chapter 
offecs some peculiarities. 

Suppose then Ui, •••, u^ to be linearly independent integrals of the first 
kind upon a Riemann surface, upon which there are in all p such integrals, 
and n^pi let the 2p periods, or additive constants of indeterminateness, 
for ttr, upon the Riemaon surface, be denoted by IIr,«, for r i* 1, ..., n and 
ttiB 1, ..., (Sp)i and the matrix of type (n, 2p) formed by these quantities 
be called* 11 ; suppose that we have equations 

wherein h,^ « are integers, and Vr, # eve other constants ; so that if w denote 
the matrix of type (n, in) formed by the quantities Vr.f and h denote the 
matrix of integers of type (in, ip) whose elements are h,^ «, we may write 

It can then be proved, just as in the last chapter (p. 224), that vMv » and 
" iwMv^^ > 0, where x is any set of n quantities not all zero, and M, » Ac^A, 
is a skew symmetrical matrix of int^[ers of type (in, 2n). And thence as 
before that not every determinant of type (2n, in) in A is zero. 

We may then, also as before, find two square matrices of int^^rs g, m, each 
of determinant unity, the former of type (2n,2n), the latter of type (2p, 2p), such 
that ghni, of type (2n, ip\ consists of zeros save in the places (1, 1) (2, 2), ... , 
(2n, in) where are found positive integers Cii <^> • • • » c^i do one of which is zero ; 
gutting then w' i* ^g'\ so that m' is a set of quantities equivalent with v, in 







230 



Chpieral sltUement for the ease 



[chap, vm 



i# • 



1^ 



I 
I 



the sense that either is lineariy expressible by the other with integer 
ooeflBdents, we have Urn « v'c ^ (a, 0), where a is a matrix of type (ii, Sn) — 
replacing what was denoted in the la.st chapter by «/ — and denotes a 
matrix of type (n, ip — in) of which each element is zero ; thence we have 

where £ is a matrix of integers of type (2a, 2|>), in which the common 
divisor of determinants of type (2n, in) is unity, this being obtained in fiiet 
from m~' by omitting the last (2p — in) rows. Thus, in terms of the periods a, 
not only are the periods 11 expressible with integer ooetBcients, but con- 
versely, the formulae being n^mok, (a, 0) « Ilm. We cao then find a matrix 
of integers k, of type (2n, in) such that 

where r is a positive integer, which we take as small as possible; then 
defining the matrix (/i, fiT) of type (n, in) by means of (m> mO *" <^/'' ^® <^>^ 
form a theta function of n variables O (m'^» ^)» where a ^ fT^fi', it being 
a consequence of preceding formulae that the determinant of ;a is not sero ; 
and wheo iii, ..., tCn are increased by increments expressed by Tit, where t 
is a row of 2ii integers, the arguments fi'hi of the theta function are iocreased 
by the n quantities I -I- at, where the integers I, f are defined by (I, T) ^fltL 
We can thus construct single valued meromorphic functions of n varii|bles 
Wi,.,.,Wn which have the periods a, or, what is the same thing, the periods 11 ; 
denote such a function in general by ^ (w, a). Replaciog Wi, ..., «0^ by the 
int^;rals Ui, ..., ^m regarded as functions of a place (x) on the Riemann 
surface, such a function, being siogle valued on the undissected Riemann sur- 
face, is a rational function of (a?); but we may more generally substitute 

m being arbitrary, aud the function ^(fc^, a) is then a rational function of 
the im places (a^), ... , («,»), (IjX —» («»)• 

In the case arrived at in the last chapter the equation /(x, y,Xi, ...,X«)«0, 
associated with the Riemann surface, is satisfied by Xfmf{w\ y^x{w) 
where f{w), x{w) are single valued meromorphic functions of n variables 
tc^ii •••» tc'ii* these variables being connected by (n — 1) relations of the form 
F^(w)^0, where F^iyo) are also single valued meromorphic functiona All 
these meromorphic functions have 2n seta of simultaneous periods, namely those 
denoted above by m\ the periods of any one of these sets, say the «-th, being 

l— jth of the elements of the «-th set of periods a. Such a function may be 

denoted by ^ {w, m') ; it manifestly has the periods 11, or the periods a, and if 
Wi, ..., ufft be replaced by the values at the point {a) of the Riemann surface 
of the integrals of the first kind U|, ..., u^i the function becomes a rational 



I 




ART. 64] 



where defective integrals exUt. 



231 



function on the Riemann surfisu^e ; and we saw that if Ui, ..., Kh be the values 
lit a point (x) of the integrals of the first kind, the arguments 









wherein J\^ is an integer, for which the function ^ {w, w') has the same value 
as for Wi^Ui, ...,Wn^Un, do not arise on the Riemann sur&oe unless J\r is an 
integral multiple of c«. 

In general for a Riemann surface having p integrals of the first kind, of 
which n integrals form a defective system, if, with the notation explained 
above, ^(w, a) be a single valued meromorphic function, and ii|, ..., trn be 
the defective integrals regarded as functions of the place («) of the surface, 
the function ^(ii, a) is a rational function, as remarked. Taking two such 
rational functions ^»^(u, a\ v^i^t (t^i o)> it may be possible to choose 
these so that at the places where f has some one value, the corresponding 
values of i; are all diflferent : in that case x and y are expressible as rational 
functions of f and i;, which are themselves connected by a rational equation ; 
the values iii, ..., 11^, being functions of one place (x), are connected by 
(n — 1) relations, and, subject to these, the equation associated with the 
Riemann surface can be solved by single valued meromorphic functions of n 
variables. Or it may be that '^,, '^t cannot be so chosen: then the values 
of 1; corresponding to a given value of f are each repeated a certain number 
say X times, and the rational algebraic equation giving all the values of 1; 
corresponding to any value of f reduces to the X-th power of an irreducible 
equation ; then each of x and y satisfies an algebraic equati«>n of order X, the 
coefficients of which are rational in f and 17 and are thus single valued 
meromorphic functions. This latter case always arises when n«l, />>1, 
that is when there is a single integral of the first kind whose periods are 
expressible by only two quantities ; for every algebraic equation connecting 
single valued meromorphic doubly periodic functions has p » 1 : thus, if for 
an algebraic equation f(w, y) » there be an integral of the first kind whose 
periods reduce to two, both x and y are roots of algebraic equations whose 
coefficients are rational in two quantities f, tf connected by an equation of 
the form ff^^^^gj^^g%\ the defective integral can then be algebraically 
transformed to have the form, /df/iy, of an (elliptic integral. In the general 
case of n > 1 and |> > n, it is not to be assumed that the defective integrals 
Vii •••! ^ ^^ algebraically transformable to the forms appropriate for 
integrals of the first kind upon any single Riemann sur&ce of class 
(deficiency) n: when x and y are rationally expressible by f*^i(ti). 
i;«^a(ii), the rational relation connecting f and ti has, it is well known, 
the same number of linearly independent integrals of the first kind as 
the original algebraic relation connecting x and y, and when x and y 
%ie merely algebraic functions of ( and 17, it is by no means obvious that 
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the algebraic relation omnecting f aod ij is capable of only n integrals 
of the first kind. 

66. In the general case of n defective integrals of the first kind upon a 
Riemann snrfiu^e possessing p integrals of the first kind we shall define two 
numbers, which arise in stating following general theorems : 

(a) The Index r, which has already occurred in the f(»nnula 

this number being given its smallest positive value. As follows from 
Appendix to Part II., Note II., below, r is the first invariant factor of the 
skew symmetrical matrix N of tjrpe (2n. 2ii) defined hy N^ ke^ namely is 
the determinant of N divided by the highest common fiM^tor of all deter- 
minants of N of type (2n — 1, 2ii - 1). It is easy to prove that if the matrix 11 
be reduced in any way to the form a'k', where if is a matrix of integers of 
type (2yi, 2p) whose determinants of type (2ti, 2fi) have unity for their 
highest common fsctor, then the corresponding value of the index f^, namely 
the firat invariant factor of the matrix N' » k't^Jt', is equal to r. For first, 
we have, as on p. 224, not only aJfa « 0, but also — ioNd^e^ > ; from the 
latter we can infer as before that the determinant | J)^ | is not sero and that 
the determinsnt of type (2ii, in) formed by the real and imaginary parts of a 
is not zero. Similsrly for N' and a'. It is a well known fact (proved in 
the Appendix, as above), that k, k' may be r^^arded as the first 2a rows 
of unitary matrices of integers of tjrpe (2p, 2/>); thence the equation 
n « oJt « a'kf gives (a, 0) if » {a\ 0) H\ where denotes a matrix of seros 
of type (2n, 2p — in\ and Hy H' are such unitary matrices. Thus we have 
(a, 0)« (a', 0)H'H'^, and thus a « a'O, where (? is a matrix of integers of 
type (in, in) ; similarly a' » aO' ; thus a » aO'O ; hence if il be the matrix 
of type (2n, in) formed by the real and imaginary parts of a, we have 
A (O'O -1) - 0, and therefore, as |il | is not zero, O'O - 1. This shews that 
each of &, &' is a unitary matrix. Then ak » a'k' » aO'V similarly gives 
kmffk" and therefore NmQ'N'G'; the invariant tBucton of fflfG' are however 
the same as those of N'. 

(b) If for every n places (a;,), ..., (x^) upon the Riemann surface there 
be 0- — 1 other sets eadi of n places, (xi'), ..., (a;/), not entirely coinciding 
with the set (^), ..., (xn)» such that the n equations 

tt^*.'.*. + u^%'.% + ... + tir*".«. s 0, (mod. n) (r- 1, ..., n) 

are all satisfied, we call a the Multiplicity, It is understood that permutation 
of the places of a set among themselves is not counted as altering the set 

fU^tMrn^L^^^^ ' 66. Consider now the theta function ^(jr^w,c\ where n«ai, the 

matrix k of type (2ii, ip) being unitary in the sense that its minor deter- 
minants of type (2n, in) are coprime, fkejcf^ r€«i> we put a»(ji, y!)/ and 




lA^ 






fj. 
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^B^--y, and Wi denotes if<*ef, the integrals u,, ...» v,i being regarded as 
functions of the place (a) of the Riemann surface and e, , . . . , e^ being constants. 
We proceed to prove that this function has nr zeros upon the Riemann 
surface. When the arguments u are increased by lit, where t denotes a set 
of ip integers, the arguments v » /i'Hi are increased by ^ + aV where 
{, V each denotes a set of n integers given by (/, V) « fkt, and the function 
log O is increased by — 2iril'{v + \^V)> Upon the Riemann surfisu^e dissected 
along the 2p canonical period loops (o^), (a^) the function 9 is single 
valued and capable of expansion about every point as a power series in 
the parameter for this point ; the number of its zeros is thus given by the 
integral 

^jd log e 

taken once positively round the edges of the period loops. In passing from 
the right to the left side of the period loop (a^), the increments Ilf of the 
functions n are given by taking every element of t zero except ^ * 1 ; similarly 
for the passage over (a'^) we have every element of t zero save tp^ » 1 ; 
we put 

wherein each (»f H, A^ H\ K' is a matrix of integers of type {^n, p) ; then for 
the passage acrobs (a^) the iuci-ements of the arguments fsr^w aie l-^at 
where 

and the corresponding values for the period loop {a'^) are 

the contribution to the integral above arising from the two sides of the loop 
{a0) is thus 

taken once along the positive side of (o^), namely is 

which, as ^r'Tl = (1. 4r)/fc - (if + <rH\ K + frK'\ is the same as 

or -[Jr(JS^+air')k^; 

the contribution from the two sides cif the loop (a ^) will similarly be 
or [^'(ir + <^ir)>.^; 
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which is 



or 



we have however 



or 



80 that 



number and mm of the argumente [ 

I » {^aH\ - (R'aH\ ^ the whole integnl 

W K'J [£ E'J 

(KR^HR JSrJ7'- HR'\^rfO - IN , 

[K'B'H'R JCW^E'R) \i o) 

irB^RH^r. 



Hence the number of placee (x) on the Riemann eur/aee for which tL 
function B \jir^ {u - e\ o-] vaniehee, m nr. 

Id case n « p we have A: « 1, /» 1» r ib 1 and the oumber of aeroe is p 
the above is a very obvious generalisation of the method, due to Biemani 
whereby this number p is found in the ordinary case. We pfooeed tj 
employ Riemano's method further to find a rehition connecting the values i 
the integrals u at the ra zeros, which generalises the correspcMiding oidinar 
relation. 

Use the same notation as before, tcr^ » ii< — «|, si{ » O^""^)!* 1^ (^X ••• » (^ 
be the m zeros of B (v, a), and let U be any integral of the first kini 
Suppose the function log B rendered single valued by means of a series < 
loops round the zeros, these being connected with the period loops. Boun 
the zero-loops the integral 



is equal to 






where (c) is the initial point of all these loops — which we suppose* to be ale 
upon all the period loops ; this value is equal to the value of the integn 
tiken round all the period loops. For the period loop (o^) the increment i 

where Jf^ is a certain integer and 

and the contribution to the integral arising from the two sides of (o^) 



/ 



* A diagnm 61 raeh s iltMWittnii to gitm for oampl* in Um rathor't AheVi Tkeorm, p. SW 
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where the eign s uklieetee the omission of a linear aggregate of periods of 
the AuctioD My*'" with integral coefficients which are the same for all 
values of q. 

For the case n^p, giving r«1, this becomes a well known equation; 
in that case the congruences 

i-i ' 

suffice to determine the set {x^ without ambiguity, and we can infer that the 

function 

O If*""* (ii*»* — M**'*^ — ... — u*'' •'), a) 

has the places («i), ..., (a^) for zeros. But when n<p we may have n 
equations of the form 

as will be seen. Thus, though the rn zeros are, of course, determined by 
ei, ..., en» the n equations 



i' . ^ M^ ^ » 



tW^^^ 



i-i 
are not, by themselves, sufficient to determine these aeros. 

tMti, j^^^* 87. The question naturally arises of the relation of the theta function 

fj^ ^J^^^^ of n variables just discussed to the theta function, 6(F, t), of p variables, 

\. - Lm^^ associated with the Riemann surface. We proceed to shew that there b a 

ea]fMMjUe«>^ theta function of p variables, obtained by a transformation of order r, which 

'contains as a fiu^tor the theta function of n variables. 

The most general set of periods for a normal integral Va being of 
the form 

«A,|i + TA.,flr'i,^+TA.taVii+ ... +TA.pfltV.,i, 0i"l,2,...,(2p)), 

wherein Aa,^, cc'r.fi >^Fe integers, consider a matrix of periods for the normal 
integrals Vu •••> ^» of type (p, 2p), given by 

(a + ra', /S + r/S), 
or say (1, t) A, 

where A»/a, fi\ 

U'. fi) 
is a matrix of integers ; take, correspondingly, such a set of linear functions 
ITi,..., Wp of Fi, •••» Vp that for TTj, ..., Wp, which are also integrate of the 
first kind, the period scheme reduces to the form (1,t'); that is, take 

in taking these it is provisionally assumed that the matrix a 4 ra' is of non- 
vanishing determinant. The matrix r is symmetrical, so that we have 

(1,t)€v/1\«0; 
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where t » 1^'y, we see that the real part of ir'lf is negative, and not lero, 
for all real values of i^, ...,l^ for which these are not all sero. 

Now it is a known property that a matrix of integers A satisfying the 
relation Acq^A^rc^ can be constructed when the first fi columns^ and the 
(|>-l-l)th to the (/>-|-ii)th columns only are given, provided that, of the 
relations expressed by Ac^A m rc^, all which contain only the elements of 
the given in columns are satisfied. (Frobenius, OrMe, LXXXix. (1880), p. 40, 
or the author's AbeFs Tkeorem, p. 676.) 

Consider then a matrix in which the first n columns and the (p + l)th to 
the {p + n)th columns are given respectively by 

where H, K etc. are the matrices of integers oocurriog in the previous article 
(p. 233), and 

n-(n.n')-(M.M)/Jy. k\. 



80 that we may write 



\H', ir) 



/a, fi\-/ S', .... ^S. ...\; 

\^» pj \— Ja, ..., Hf .••/ 



the equation Ac^ A » r€^ is equivalent with 

ia'-a'a-O, jS/S'-jS'/S-O. i/9' - a'/9-/5'a-/3a'-r, 

and of these, the relations containing only the elements of the first n and 
the (p + l)th to (p + ii)tb columns of A are 

which we know to be satisfied (p. 234); the matrix A can then be constructed 
as prescribed. 

If Ft, ..., F^be the normal integrak on the Riemann surfiM^e, we have, as 
before, (p. 223) 

u-nF-0J5r+/jy')F, n'-nT-/jr+/jr', 

and hence, with o- = m"V» 

or (J?'-TF)<r--ir + TiBr; 

now the first n columns of the matrix a.-^r«L' form the matrix E" — tB", and 
the first n columns of the matrix + rfi form the matrix —R+rB\ thus 
if we write 

« + Ta'-(Z'-T^'.iJ), /9 + T/r - ( - Z + TJ?. S). t'-/t,'. t,'\. 






J^fli 
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where IZ, 5 are of type (p, p-n) and r/ of type (n,n\ the oompariaoo of the 
first n columnB of the matrices od the two sides of the equatiifti 

(a + TaOT-zS + T/y, 

leads to (F - 7B')r,' + /It,'- -K^rU\ 

thus, as {K* - rB')iT — - Jf + rB, we infer t/ — a, t/ « 0, and the matrix t' 

has the foim r ^ /a 0\ . 

vo p; 

Therefore, if k denote a row of p integers, the quadratic form r'if is a sum of 
two quadratic forms respectively in ki, ..., itn and ibn^,, ...,kp^ say 

t'A« « ae« + pr«, 

and the theta function associated with the Riemann surface, 

e(ir.T')« i exp.2«(4I7+iT'4*), 

is a product of two theta functions respectively of n variables and p^n 
I, namely 



2 exp. lift («ir« 4 i«rt«), 2 exp. 2ir»(«'r« + i/»r»), 

where V^ denotes the set Vx 17^ and U^ the set Un^u •••• Vp' 

And if Vu ••• f Fp be the normal integrals of the first kind, and Ui, ..., Un 
the defective integrals, we have 

M-*««(J5r+cri5r')F; 

now the p integrals (a + rx)"^ V are the same as -(B' — tS') F; the first 

n rows of i9' constitute the matrix i7, the first n rows of a' constitute the 
matrix — J7'; thus, as the first n rows of r are (o',0), the first n rows of 
jSP-r'i' form the matrix H-^aH'; therefore, putting 

F-(a + Tar*F-i(i5'-T'i')F, 

r 

the arguments fsT^u are rlFt, rlT,, ...,rTF«. I%u8 thsfancHon ofn variableB 

prmnoudy considered, is a factor of the/unction ofp variables 

e(rF,T'); 

herein If denotes a set of linearly independent integrals of the first kind, 
having a period matrix (1,t ); this period matrix does not correspond how- 
ever to a canonical dissection of the Biemann surface, but to such a set of 
ip loops as gives for the normal integrals V a period matrix (a+rs^^fi+rfi'); 
it is only when r » 1 that a new system of canonical loops can be dimwn for 
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the period mfttrix, for the integrals F, is (a + ra\ fi + rfiy (See for 
example the authcn^s AbeFs Theorem, Chaps, xviii. and xx.) The theorem that 

e [OS' - T'a') F, t'] /e[(ir + aH')V, c] 

is an integral function of F|, ..., Vp, is manifestly proved when F,,... , F^are 
p arbitrary aignments. 

It follows at once from the preceding equations that beside the system of 
n defective integrals of the first kind, there is upon the Riomann surface, 
another system of p — n defective integrals. 

For introduce names for the remaining columns of the matrix A, writing 

(a, /8\-/ (E', 5'). -(^. 5)V 

leading to 

X:^)-(-f;,-f)V(f)-®V 



,(?•■)• (!■■). 



each of the matrices P, Q, F, Q* being of tj^pe (p- n, p). Then the p 

integrals rW^ given by 

rTF-(i5'-T'r)F, 



are 



{©*(o x-r 



(H + aH\ V, 
KP + pP') 



and consist of the r iDtograls (H-KrH')Vsaxd tbe(p-n) integrals {P+pP')V. 
The period scheme of the integrals r TF is thus 



(S + aH'. (H-i-aH)r\; 



we have however 



or 



\P + pP', (P + pP' 
T(a + i'T)-;5 + /8'T, 

"o Di©-(?:)1-(f)^'"^- 



(^) 



that is IT (if ' - 5't) « - /f + JSTt. p{Q' ^Pt)^-Q+ Pt. 

or (H+<rH')r~K + aK', (P + pP')r~Q + pQ, 

and the period scheme of the integrals rTF is thus 



\P-i-pP', Q + pQ' ) 



shewing that (be 



scheme of the integrals {P + pP') V is 

iP+pP', Q + pQ'), 

namely that the periods of these integrals are sums of integral multiples 
of the i(p^n) quantities (1, p). The integrals (P-k-pP^V thus form a 
■eoond defective system; this we may fairly speak of as complementary to 
the former. 
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We have farther 

'S\. /^^\€.,/(^.-P), (ff\py 



r€|p 



a.Q). (S',Q') 



the left side is foand to be 

(KB - JSrJ? , KP- H^\ , 

\Qff -PK . QP - P^J 

(K'B-HE, K'P'H'Jh, 

\QB-P'K, Q'P-P'Q) 

and we caa thus infer, beside 



(KB' -HR' 
\QB' -PK' 
(KB' - H'S" 
\Q'B' -Pit 



KP' - F$' \\ . 

QP' -pq' )\ 

K'P'-H'Q'\ 

Q'P -P'Q'), 



that also 



and 



(H K\«^(E H'\ 
[h' K'J [^ S'J 

(P QV*(P ^'\-« 

\P' Q') V$ 07 

(H K\t^(P /*'\-0. 
\H' K'J [^ 5V 



r«m. 



The complementary system of defective int^frals is thos, like the original 
system, of index r*. 

68. We can prove that the function of p variables 

e(rir.T').-©[(/5'-T'«')F.Ti, 

regarded as a function of the place (x) of the Biemann surface, has rp zeros. 
We have from (a + t«') r^fi-^rff the equation 

(i5'-T'«')T--i5 + T'«, 

* It if diewii in the Appendix to Part II., Note I.» that we oan write the matrix / P Q \ in 






\ 



the fbnn 



xp* v) 



-r^. 



\^ v) 




iHiera/' if of type (3p-3ih 2p-3«), and W is of type (9p-Sii, 9p) and hat onity for the greateet 
enminon dirieor of ite determinant! of order 2p - 2fi, and that the most general fonni of/', W are 
/'a, wT^V^ where • is a unitary matrix of type (2p - 2i», Sp - Sa). And, in Note II., that a matrix 
f aan he foond inch that 

when t is the fint invariant lastor of ft'c^t'. It fbllowi from Appendix, Note II., that $ divide! 
r, and it appears prohaUe that fsr, hut this is not proved here. In the ease of the matrix 

H JT \ the nnmher r waa introdnoed ae the iiret invariant fsetor ; hut in the ^yplioation! that 

H'K'J 
have heen given of the index it was the equation 

\E' K' ) \R R' ) 
that was ntfli!ed. 
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•od hence when the norma) integrals F increase by f + rV the arguments 
(j5' — t'5')F increase by 

(^-Tr)U(-i5+T'i)r, 

or ■ /5'i-/8r+T' (-«'« + «'). 

or, say A + t'V, 

where (*,*')-/ ^ - jSx (i, O - rA"' (f. O. - /i^ iT v (i. f). say. 

and the function is multiplied by 

exp [- ain(rTFi'+ \t'k'*)\ 
Thus, considering the integral 

gL.|dloge(rF,T') 

round the sides of the 2p canonical period loops for the integrals F, the con- 
tribution from the two tddes of the loop (op) is 



-.Jrf(rFJfc'), 



taken once along the positive side of the loop, namely is the value, for l^^\ 
and (I, V) otherwise zero, of 

-iV[08'-T'JOT]r.(i. 
or -iif'^(J\r+T'JV),.„ 

T-l 

or -[i?'(JV+T'Jir')],.„ 

and the contribution from the two sides of the loop (o^') is 



-Jd(rF*'). 



\ 



taken once positively along (o^'), namely is the value, for T^ > 1, and (I, V) 
otherwise zero, of 

y-1 y-1 

The number of zeros is thus 

which is t^}. Of these rp zeros we have shewn that m belong to the factor 

The preceding result becomes easy to understand from another point of 
view. We proceed to prove that the function of jo variables 6(rTF, t^ is, 
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■ave for an exponeDtial fieictor, a polynomial of order r in S' functions 
e(F.T|9). 

Let A denote the matrix 

il-(/9'-«'T')5'; 

the relation Ae^ A « rc^ is the same as 

BO that il is a ^mmetrical matrix ; let 7 denote the p integers forming the 
diagonal of the matrix fin, and y the p integers forming the diagonal of fi's!; 
let V denote any p arguments ; put 

We have then, if I, I' be rows ofp arbitrary integers, 

* ( V+ Z + tI', t) / ^ (F. t) - ef p [- 2iriff] , 
where H~(fir-T'iOVV+iTT* + ^A[(V+l + riy^V]. 

the integers k, lif being, as before, given by 



) 



we proceed to shew that save for integers, the addition of which will not 
affect the value of e'*"^, we have 

JSr - r ( Fr + irf ») + \yf- ij'l ; 

for in H the terms containing F are 

08'-T'r)Ffc'+ii(Z + Tf')F. 

or [08' - «'t') (- aZ + 510 + 08' - a V) 5' (I + rf)] F, 

or 08'-o'T')(« + a'T)fF, 

(a + raOT'-zS + T/y. / (8 + «'t) - ^ + /5't, 

[0'i& + aV) - <r'(^ + ^t)] it. 

or WF; 

and the terms in H, of dimension 2 in 2, l\ are 

or iT'(- rt + «0 (- « + af) + i (i8' - o't') {^(i + tT)*, 

or -io'T'(-a'i + ar)i+i«T'(-« + ii')r 

+ i (/T - aV) erp + T (/8' - aV) a'Zf + ^t (/8' - a'O S'tZ'', 

or i/3'a'p + [iaT'a + i(-/8 + a70a'T]r* 

+ [- ior'a* - i«tT'a' + (- /8 + «tO «1 tt', 



lit o 



n 
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4 



that 18 i/8'a'P - 0s:ir + [iaT'(« + aV) - i/9(fiV + «)4 i/9«] r« 

or, omitting integers, ^fi^tfi + (irr + ^ fiS) V\ 

which, ednce ^-^ = U (mod. 2), is equivalent, save for integers, with 

On the whole then, as stated, 

^(F+Z + Tr,T)-exp[-2irir(TT+iTr«)-«7r + iriYq^(F,T). 

If for a moment we put 

t^-F+~(7 + T7'). 



we have 



and the function '^{U)'\%% particular case of that discussed p. 20 of Part I. ; 
we thus have 

^ (F, t) - 2 B, e-vre [^rF+ i(7 + T7'). rr I *^''J , 

which, in virtue of the formula (p. 23, Part I.) 

is the same as 

^(r.T)-SC»e[rr.rr|<*+^>]. 

where C^ is independent of F, and the summation extends to r* terms, 
the symbol A denoting a row of p integers, each one of the set 0, 1, 2,..., 

The function ^(F, r) is manifestly an even function of F; this is not the 

case for the single term 8 \rV, rr VL \ <>ccurring on the right; 

there arises then another term on the right corresponding with this one, 
and the expression on the right can be expressed in terms of less than r* 
functions {AheVa Theorem, § 287). It can thence be shewn {ibid., Chap, xx.) 
that ^(F, t) is expressible as a polynomial of the rth degree in 2^ theta 
functions of the form 

differing from one another only in their half-ioteger characteristics i (^ ) • 



The function of n variables % (jjT^u, a), whose arguments are 
functions of the p variables Fi,..., F^, is then a factor of this polynomial in 
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the fanctioDs 6' ^i* i\ ) > ^ ^^^ sense that the quotient of these 
functions is an integral function of F|,... , ^^i for arbitrary values of these. 
When V is regarded as the set of normal integrals of the first kind on 

the Biemann surface, each of these last theta functions, ® M^> ''^ > i ( ) L 

regarded as depending upon the place {x\ is known to have p aeros; it is 
then to be expected that the polynomial of r-th degree in these functions, to 
which ^(F, t) is equal, should have rp zeros — as was previously proved. 

68. If m denote the diagonal matrix of type (p, p) having all elements ^^^^tXk^<,e ^m. 
xero save those in the diagonal, the first n of which are each - 1, the last^ 
p — n of which are each + 1, it is at once seen that the matrix, of type^ 
(2p, 2p), 

VO m) 

belongs to a linear transformation ; and that this transformation, applied to 
the period matrix 

VO p) . 
leaves this unaltered. And hence that, when 

is the matrix, belonging to a transformation of order r, of p. 288, the matrix 

A/m 0\rA-»,-/a fi\(fn OW j5' ^j5 

VO m) U fi'JKo mJUr 

is that of a transformation of order r*, which, applied to the original period 
matrix r, leaves this unaltered. The Riemann surface is therefore such that 
there is a complex multiplication, or principal transformation, of order r*. If 
the compound matrix belonging to this be written 

A/m \ r6r\ 

VO m) 
we at once find 

/+ t/' - r (a + Ta)m (a + ra')"* ; 

the general inference, that B[(/+t/')F, t] is expressible as an integral 
polynomial of order r* in 2>' functions B( F, r | q\ is easily seen to be contained 
in the results already given. 

70. The preceding investigations have sufficiently shewn the importance ^ifc.^ 
of the number r, the Index. Consider now^ the equations 

* Wirtinger, DnUnuekungen Hher Thetafunetionen (Leipsig, Teubner, 1S95), p. 61 ; Wirtinger, 
««Ziir Theorie der Sn-fftoh periodiaehen Fnnctiouen/* M<mauh. /. MtUhematik «. PkyHk, m. 
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where (CiX«-*> (Cr) are arbitrary placet upon the RieroaDO forboe, ITi,..., Un 
are arbitrary valuen, and we enquire as to the existence of places («iX-*m ('») 
to satisfy these equations. 

With the function 6 (jT^U, a) we can Ibnn, as has been remarked, single 

valued functions of IT, I7«, with no singularities for finite values of 

Uu...,Un other than poles, having in systems of simultaneous periods, whose 
matrix is (^ ^^ Let '^(U) denote such a function. We can then take n 
systems of constants {a^^\...^ aj^)* for r » l»...,fi, such that the Jaoobian 
of the n functions ^r(V)»'^(UA'af^^) does not vanish for all values of 
Uu..., Urn* The function 

is then a rational function of the places (xi),...,{wn) upon the Riemann 
sur&ce. For when one place, say (dP,), makes a circuit upon the Riemann 
surface, the arguments are increased by quantities Ut, where t is a row of 
2p integers, while 

where JST, JT', K, K are matrices of integers; the function is thus single 
valued upon the Riemann surfece in r^^ard to each of («i), . . . , {m^ ; and for 
undetermined positions of (^), ... ,(^) it is, as a function of (m^ capable of 
expression about any place as a series of integral powers of the parameter 
involving only a finite number of negative powers. Put then 

the Jacobian of the n functions ii|.*i* '< -f ... + u/"* '• in r^^ard to «i,..., ^ is 
not in general zero; in fact, if c2u/i»^/ctof «;^(d?«), this is only so when a 
linear function ili%, («) -l-...+il«;^i»(x), chosen so as to vanish at (^,...»(«»-i)> 
also of itself vanishes at (a^ The n rational functions ift, . . . , ^n are thus in 
general independent, and a certain definite limited number of positions of 
(«i), ..., (d^X depending upon the form of these rational functions, can be 
chosen so that the equations 

JSri(dP,,..., «ii)« £7i, JSr,i(j:i,...,d^)BC7|| 

are satisfied, for arbitrary assigned values of Ci,...,C,». This number is 
independent of C7i, . . . , Cn. There are positions of (^x), . . . , {m^ for which one or 
more of the rational functions jETj, . . . , JST. become indeterminate ; for positions 
of (dP,), . . . , (d^) in the immediate neighbourhood of but not constituting such a 
set of positions the functions have definite values. Now when 17^,..., {Tn have 
definite values the functions ^t{JT) have definite values in general. We infer 
therefore that the equations 

ii^«»'^ + ... + ii^*"*'5 ITr (modn), (r-l,...,ii), 

have, fpr assigned arbitrary finite values of 27i,..., CTii, a definite finite 



I 
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Dumber of sets of solutioDS C^),..., (^)> this number being independent of 
I^ifM V^ — there being exception to this result for values of Vi,...,Un 
belonging to certain oontinua of less than n (complex) dimensions, upon 
which the functions iti(U),..,,^n{V) become indeterminate. 

The preceding reasoning is g^iven only as provisional, the cases of exception 
not being examined completely ; it may suffice for the present chapter, which 
is confessedly incomplete and only illustrative in its purpose. 

With the assumption of the definiteness of the number of sets of solutioos 
of the equatioDS we can now determine this number. 

Put 

so that each of tf^^^, tf^j, is a function of the two real 
values of r; we then have in equations 

we now allow each of (^x), . . . , (ar«) to take, independently of the others, all 
possible positions on the Riemann sur&ce, and interpreting Ft,...,^M as 
coordinates in a real space of in dimensions, we evaluate the volume 
described in this space by the corresponding point (Fi,...»Fm)i this volume 
being expressed by 

jj...jdr,dr,...dr^. 

//■•■ffew**-*- 



(n<-l,S,...,n), 
{^„ f« {or all 



0*-i.« W); 



the Jaoobian hereio contained is 



aF,r-./3f« - a«l;'.,/3f«. etc. 



ath'" 


a»,«' 


a»,« 


OVi^ 


a»,<«) 


dih^ 


3f. ' 


af. ' 


af. • 


af«' 


••af«_,' 


af» 


at»,« 


dv,^^ 


a»,» 


dv,» 


a»,<« 


a»,«»' 


af. ' 


af. • 


af. ' 


af«' 


■•• af^, • 


af« 


aow"' 


atw*" 


a«^» 


a«Bi'" 


at««'"' 


Bo^w 



which, expanded as a sum of products of n binary determinants (see Appendix 
to Part II. Note III.) chosen respectively from the first and second, the third 
and fourth,..., the (2n — l)th and 2n-th columns, is equal to 

V . /at!*^» dvu^ _ dvjt^ dvt^\ fdvu^ dvt^ dvi^ dvt^\ , 

* * Ufi af. afi af. ; I af. af, ~ af. af, ; 

wherein ki,kt, with j;|< ii:^, are any two of the numbers 1, 2,..., (in), and 
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.1 
■J 



« 



ii^, £4, with J^< iE:4, are alBO any two of these numbers other than i,, ii^, and 
80 on, and the sign i is upper or lower according to the parity of the order 
ii»'^i***» lc^\ if we write 



3^-. 3«C »<-. ^z 



[*«^l» "TB^J* 



the expansion is 

*» i L*^l» *rij \J^i ^4] ••• [^in-i» *^inj » 

and in any term the only factor involving the two variables (9^-1 » iw is 

Now when (^) describes the whole Riemann surface, the double integral 
j[iv^i> 'vlclftrwiciftr is oqual to the single integral /t!^^, dvi^ extended along 

the edges of the 2p period loops; if we put !!,.,«» JSrtr-i.« + tJ72y.,«, for 
r»l,...,n and asl,..., 2p, the period increments of the function Va for 
passage of the loops are ifx,., and we have 



/• 



^-i 



a quantity formed by a familiar rule fix>m the Xtb and ^th rows 

of the matrix (H^ «), which we may call the combinant or the splice of these 
rows, and denote by (X, fi)^. We have then 



j<^-i dVt^^(k^u *«r)j 



where, if 11 « if + iN, both M and N being matrices of type (n, 2p) of real 
elements, we have 

a matrix of type (in, 2p), consisting of real quantities. The original integral 
thus becomes 

i i ("a» "^/n V^i ^A/ff • • • ("«l— 1 f ^)jf » 

here the number of terms is the same as in the expansion of a determinant of 
type (2n, 2n) by binary determinants, namely 

(V)(%"*)-(2)-(«')»-8-5-(2»-n 

two terms, for instance, differing fix>m one another only in the order of the first 
two of the n factors of a term, occurring separately ; in byci however 

(*i, kt)^ (*•. *4)2,-(*f. k,)^{ku h)^. 
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and 80 on ; the value of the determinant is thus 

(nl)2 ± (*„ ib)^(i^, fcOa-- (*a»-i. ti»)2,» 

where the order of the n factors of any term is indifferent, and this is only the 
ezpansioD in the form of a Pfitffian (see Appendix to Part II., Note III.), 
of the value {n\)i\m^B\)^. 

Precisely the same deduction may be applied to aoy number of int^[rals 
of the first kind, independently of tiie existence of defective integrak ; for 
instance, v^^ being any integral of the first kind, if we put 

and denote the periods of u^' for passage of the ip period loops by 

iii + tAi, ..., Hp'^iKpi Hi "^iKif ..., Hp +%Kp\ 
we have, as (x) traverses the Riemann surface, 

the right side denotiog the sum of the parallelograms whose perimeters are 
described by CTb tf^', upon a plane of U, as («) describes the sides of the 
period loops upon the Riemann surface. 

If now n » wh, where w is any matrix of type (n, 2n), and k a matrix 
of type (2n, 2p) consisting of integers, and 11 » AT -i- %N, w « ^ + tV, we have 

and ^-/^^*' 

so that 







and hence jj... JrfF|dF,...dF««(n!) fi {\h€^h\)i , 



wherein 



fi I denotes the volume of the period cell defined in the real space of 



in dimensions by the periods v, and the other factor (n\) {\h€^h\)i is a 
positive integer. 

This is true when v represents any set of periods in terms of integral 
multiples of which the periods 11 can be expressed ; if in particular we 
take n m ait, where k is the unitary matrix of type (2n, 2p) described earlier 
in this chapter (p. 230), and (a, 0)«IIm, then increments of U^ •••> I^ii 
which arise by closed circuits of any one of (^x), ..., (d^) on the Riemann 
sur&ce, correspond to a change from a point (U) to a point which is congruent 
thereto in regard to the period cells associated with the periods a, and con- 
versely ; hence, assuming (p. 246) that, as (xi), ..., (xn) traverse the Riemann 
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tar&oe, the point (IT) takes ap every poeition the same number of times, we 
infer the resalt : The nuwher ofdiffmreni $$t$ ofioluiions of the oomgruenoee 

Ur»-«» + ...+tir*^*»s ITr(mod. n), (r-1, 2, ...,n), 

hefoire called the multiplicity, ie^ 

(1*^*1)*. 

the fector n ! being removed because a set of solutions is not affected by 
parmvtatioii of its constituents. 

If (r, e) denote the splice of the rth and «th rows of the matrix k, this 
number of solutions of the congruences is the PfaflSan , 

2±(12)(84)(56).... 

formed with Sn numbers. If the period loops be differently drawn on the 
Biemann surfiice, which comes to using periods U' » IIJ, in place of 11, where 

Jc^ J» e^, the number, becoming ( j kJt^dJc \ )i, is unaltered, as should be the 

case. If (Appendix to Part XL, Note II.) ^ be a unitary matrix of integers of 

type (2n, 2n) such that 

gke^Tcg^fO -rf\, 

\d O) 

where d denotes a diagonal matrix of positive elements cl|, d^, ... , d«, wherein 
djdi, dt/d^, ... djdn^i are integers, the multiplicity a is also given by 

c » didg ... c2||. 

We have seen that the index r is equal to the first invariant fector d^ ; 
the two numbers are thus equal when n » 1. When n « p we have ib — 1, and 
the multiplicity is unity, as is known. 

^iV^ 71. donsider the case when n « 1. We have shewn that we can write 
^^^' n-ai. 



"^where ik is a matrix of integers of type (2, 2p), which is unitary, in the sense 
<to "O^^y*/^" ll^^ jl;g determinants of order 2' have unity for their greatest common divisor. 
A^^^^^^*^"^^ W« K«A than 






where 



\R O) 



#-1 



is the splice of the two rows of k; according as i2 is positive or negative 
take now 

and obtab JJee^1ef~r€,^r fO — 1\, 

[l o) 

where r is a positive integer (12 or — £X '^ ^^ ^^^ general case. 

* It foUowt from preceding work that thii if not lero (p. SS6). 
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Pat as before 



so that, if 



we have 



fk^ (ku *,\, or /-ti, -*b\, 

W, fcV V k^\ k;) 



and the determiDants of order 2 from this have unity for their greatest 
common divisor^. 

It can now be shewn that a matrix J of integers can be chosen, of type 
{2p, 2p), satisfying 

SO that /JSr, K\J^/r, 0, 0, ... 0; 0, 1, 0, ... 0\, 

VJy', K'J VO, 0, 0. ... 0; 1, 0, 0. ... 0/ 

where the elements not written are zeros. 

To make this clear consider the character of a matrix J. A linear 
transformation, expressed by a matrix of integers J of type (2p, 2p) which 
satisfies the equivalent equations 



JitmJi 



JitmJ 



may also be defined by the fact that if, denoting rows of p quantities by w and 
«', and also by f, f , y, y', iy, f,\ we put 

(«,^')-J(f,f), (y,y')-/(i?,i?'). 

the splice (1, 2), » £ (^^^y/ -. ^^'y,), of the two rows 
is equal to the splice of the two rows 



U n')' 



for we have 



and 



If 



\y. y/ V^. v'/ 

( 0. -(1.2)\-/x, t'\t^(x, iif\'(l 
\il.i). ; Ky. y'; ly. yV U. 



f. r\Je»//f. f 



w 






be a unitary matrix of type (2n, 2p), that is a matrix of integers in which the 
determinants of order n have unity for their common divisor, and 



/o, a\J^(A. A\ 
U, 67 U B^) 



\- 



i! 



;«.J 



* In generml the detennintnti otfh of order 2ii hare d^*ld^d^ • ^ si tbeir oomiiioo diTieor. 



► 



■ 



1 






\- 



t 

I 



■I 



t 






f 
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alaofrom 



Reduction of the period tcheme 

(a, a'\(«,«0-M. -^^(f.f); 
U b'J \B, F) 



(a. a\~(A, A'\J-\ 
\h. V) \B. B) 

aince J is unitary aod any deternuDant of (a, a'\ of order 2n is a sum 

\h, b'J 
from /A, A'\ and J~\ each of order Sn, it 



of prodaots of 



ii: i) 



follows that /A, A\ is unitary. Also, as 

\B, B) _ , 

(a, a'\t^(a l\m (A A'\€^/A S\ 

U v) U' I') [b B') U' S^J' 

the splice of any two rows of /a, a'\ is equal to the splice of the two corre> 



\b. V) 



spondiDg rows of (A, A\ 

Now particular linear transformations are : 

I. That in which Xf and Xr' are replaced by linear functions of f r ^und f / 
with numerical coefficients of determinant unity, the other 2p — 2 quantities 
m, oi being unaltered ; for this evidently replaces XrVt'^^yT by frV — (rV> 
and leaves the other binary determinants x^yi — xiy^ unaltered. It corresponds 
to replacing the rth and (p -I- r)th colunms of /a, a^ , which we may denote by 

U v) 

Cr and Cr\ by two columns Cr, (7/ given by 

A particular case is Cy« — c^, Cr^^Cr'. 

n. That in which 

for which avy/ - «r'yr + «iy»' - «/yf 

the variables other than x^, Xg, a?/, x/ being unaltered. It corresponds to 
a change of the columns of /a, a\ expressed by 

U 67 
f/y «■ Cf — XCt> CIi « Cf f (7^ " Cy , C/t « Cf + XCy . 

III. That in which 

which includes (II.), for ^ » 0, and is equivalent to an interchange of columns 
expressed by 
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Suppose now /a, a'\ is of two rows only, or n » 1. By tnntfonnatioDs 



(r.) 



(I) we csn first reduce all the first p elements of the second tow to zero ; then 
by transforroations (II) we can reduce all the second p elements of the second 
row to sero except one of these, which cannot be zero since the determinants 
of /a, a^ are not all zero ; if this element be denoted by JS/, and r 4 1> we 

U V) 
can, first, by transformations (IIX add the {p + r)th column to the (p + l)th, 
and then subtract the (p+ l)th fix>m the (/>-f r)th; we may thus suppose 
rai 1 ; and the second row of the transformed matrix now has zero in every 
place except the (p<f l)th. After this, leaving the first and (j9 + l)th 
columns untouched, we can similarly, by transformations (I) and (II) in turn, 
make the 2nd, Srd^ ... pth elements of the first row all zero, and the {p + 8)th, 
(j9 4-4)th, ...»(2p)th elements also all zero. The transformed form of the 
matrix /a, a\ is now 
U V) 



0..V, 
0.. / 



/Q .. 12 5 .. 
U .. P 

since this is unitary we have P8 »1; ifP»~l we can change the signs of 
the first and (p + l)th columns; we may thus take P*!, jS*!; if further 
the splice of Uie two rows of /a, a\ is r, we can then infer Qm^r. The 

U. V) 

transformed matrix is thus 

/r .. -B 1 .. \ . 
Voo 0.. 1 0.. / 

Lastly apply the transformation (III) in the form 

0,-c + ifci-rJfc,', C,-(^. 0;-c', OZ-Ci'-ASi'; 

this replaces 12 by zero in the matrix, but effects no other change. 

The transformation indicated is thus effected, and we have 

nJ-(A4.M')/b^-(M.A*0/^ 0..0 1 0..\. 

VO 0.. 1 0../ 

Now put J * /7 t\ and take Tj, a matrix of type (p,p), ao that 



c 



(7 + t70t,-8 + t8'; 

it can then be proved as in the earlier part of this chapter (p. 237) that, 
(i) the matrix (7 -f T7O is of non- vanishing determinant, (ii) Ti is symmetrical, 
(iiiX if Hi, ...,% be any p real quantities, the real part of triii* is necessarily 
negative and not zero ; take also a system of p integrals F/, ...,Vp given in 
terms of the original normal integrals F|, ..., V, by 




T 



I 






254 Example of defidency three and index two; [chap, vm 

there will be* a new system of canonioal period loops on the Riemann 
surface, for which V are the normal integrals, having a period matrix 
(1, Ti). And in particular, u being as before the defeetave integral under 

consideration, the iotegral ~f4~'u, which fix>m the equation above hasf the 

T 

period system following (where a * ij^'^^iji!)* 

iM"*n/-(l, 0, 0,...; p J, 0,...), 

is equal to F/, for there is only one integral having at the new period loops 
(op) the periods 1, 0, 0, ... . It follows then that in Ti the first row reduces 
to its first two elements, these being ajr and 1/r. From the symmetrical 
form of the matrix T| it is clear that F/, ..., F/ form a defective system of 
(j9 — 1) int^^als, the second period of Vi being r times the {p + l)th, the 
(p -¥ l)th periods of F,', ..., Fp' being all zero (cf. p. 240). 

We have already reached the conclusion that when ns 1, the multiplicity 
is equal to the index r (p. 250) ; and from the equations 



\f\ 



±1, fkJ^fr . . 1 . .\, 

\0 . . 1 . J 



which we have used, we have (| k€^Tc\y » r. This involves the consequence 

that the equation 

u'^'^s IT (mod. n) 

is satisfied by r positions upon the Riemann surface. 

We can give another proof of this, independent of the preceding inves- 
tigation of the multiplicity. The periods n are sums of integral multipliers of 
the periods HJ for the new period loops, and the congruence is equivalent with 

V^^\ir^vP'^^v{moA.\irmj), =F(mod.i,^) 

where F is an arbitrary constant, and F/ is considered as a function of the 
position (x) on the Riemann surface. Now the elliptic theta function 

e (Ai->w«'». <r) « e (rVi, c) 
vanishes, as we know, for 

rF/-if + ifV + ^^, 

* 8m Um snthor*! Ah€C$ Tkeoftm^ p. 659. 

t Anathw proof of the theorem it giTen in the aoihor*i AheC9 Theoran^ p. S6S. It een be 
■hewn in fiMt that a matrix / laoh at if required can be comtmoted with the iint, eeoond and 
(p + l)th eolnmni of the form 

(R' fS+f .. I f .A 
-JJ'if-JJ.. I p..y» 

wh«e c, y are raoh oolnmns of p integeni that rf +£, if - i^are 9^ integers with nnitj at eommon 
&etor. (In the proof referred to, p. 659, line 96 and p. 660, line 9/or * oonttitnente of the first * 
T$ad ' oonttitDentt of the teoond.') 



/ 
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where Jf , M' are integers ; the oorrespondiDg positioDS {x) are therefore such 

that the values of F/ are oongment for modulus (-, -], and it is such 

positions that we wish above to enumerate. It has however been previously 
shewn (p. 234) that the function ^(jjT^vF'^, a) has r vanishing points on the 
Riemann surfiu^, and the proof was independent of the investigation of the 
multiplicity. The theorem is therefore proved. 

To determine the solutions of the equation 

«»'«sI7(mod. n) 

when U is given, we may form the two functions 

i^f (m-»u»'*; l.ir)-f ijr^U\ 1, a\ 

i|-p'(M-*tt*'S l,ir)-fV-»ir; l,irX 

which, since ijr^U ^ {H -k- ^H\ K-^aK'), are rational functions of the 
place («). To each value of f belong the 2r solutions of the two congruences 

!•»•• s it; ii»'^ s - it (mod. 11), 

of which however only the first r correspond to a given value of i|. We infer 
therefore that, if («,, yO, ..., (4V> Jfr) be the solutions of the first congruence, 
there exists an equation 

whose roots are ff|, ...» ^Vi wherein the coefficients Hi, ..., IT, are single 
valued functions* of U, rational in { and i|. 

The existence of an equation 

implies that 4/, y are single valued doubly periodic functions of ftr^yF*^, with 
periods 1, a, and therefore rational in «, y. There is thus a (1, 1) birational 
transformation of the Biemann surfiu^ into itself corresponding to every 
such equation ; such a transformation is necessarily periodic, and if ib be the 
index of periodicity, the equation can be birationally changed to a form 
(«», e)«0 (Hurwitz, Math. Annal. xxxn. (1888), p. 291). 

72. Pass now to some examples. 

For the equation f (Eowalevski, Acta Math. iv. (1884), p. 893) 

[ip(aa?+iy)]*+[y((» + rfy)]* + [l + «t+yV]*-0» 
or l'-[«(a«+6y) + y(ftr+rfy)-(l + «»+yV)?--*«iy(«* + 'y)(««+^y)"0* 




* BitsmioDa of ttM radoeiion of Um BMtrix f B K \ hmt ^imk for iisl art iiiTeftigaiad 

ismlu not 



bj Pdnosri, AmiHcM Jommal, ToL wm. 
iiteisd to la lbs lisl. 



(B K\ 
\B' K' J 
(ISSS), p. SOI, who sK^s> wttioos 
t 8m Note, p. ITS. 
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/' 



then 



U*'** 



the general integral of the fint kind, 

dF/dM • 

where igj--[«(aa? + 6y) + y(c«? + dy)-(l+M?+yV)][24M?+/y], 

reduces for P* 1, Q» 1, 12* 2 to a constant multiple of 

f gdy - ydg ^ f rff 

if f « y/x ; putting also 17' « 4f (a + 6f ) (c + df ) we have 

fix>m which it appears that the index r is 2. And we find at once that if we 
take the self-inverse transformation 

«'--«(l+M?+/y)"*. y'=-y(l+««+yV)"*. md eaj^+/y, + 2-0, 

so that the two solutions of the congruence 

are (a?, y) and («', y'). 

According to the theory given in the text the remaining integrals are 
also defective; it would be interesting to verify this directly. 

78. Another class of surfieu^es for which defective integrals arise are 
those represented by an equation 

»*-(^-Ci*)(«'-c,«)...(«»-(?^»). 

The first case of importance, where m » 1, was remarked by Legendre 
and Jacobi*; there are then two defective integrals each reducing to an 
elliptic integral As sufficiently representing the general case we shall 
take m K 2, so that the equation, of deficiency 4, is 

y«-(^«C«)(«'-cO(^-c,«)(«««c/)(x»-c«); 

' by a;" a f each of the integrals 

/ xdx [ 
T' J 



t 



'a^dx 



y J y 

reduces to a hyperelliptic integral of deficiency 2,*and, as will appear, these 
two form one system ; the same is true of 

a^dx 
as is seen by putting x^x^K 



/!•/' 



* Legendre, Fonettonf EUiptiquti ; Jaoobi, CrelU, Tin. (1882), p. 416. 
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these equations give 

For the two integrals ander consideration let the respective quantities H, K^ 
Mf N he distinguished as Hu Ku ^u ^i <^d iTt, K^, Jtf„ N^; put, as in 
general, 

we then have 






1 








0. 

















-1 





1. 























0, 


2 


1 


1 


1 











0. 


2 


2 


1 






of which the second matrix, having as one of its detonninants 

1 0. 



0-100 
Oil 
10 

is itself unitary, and may be denoted by i as before (p. 280), being of type 
(2n, 2p) with nK2,j>ai4; the first matrix may then be denoted by a; the 
splice of the rth and «tb rows of k being denoted by (r, •), we find 



(1, 2) - 0, 
and hence 



(1.8) 



also if 



we find 



fk^¥ 



It appears thus that 




(2, 4) --2, (8,4) 
*«i,l!-2«; 



0, 



2e. 



I 






a^dx 



ART. 73] Another case of coticurrent hUangents. 



259 



ferm a defective system of integrals, with index 2 and maltipHcity 4 ; the 
four sets of eolations of 



Jo y u 



A*.) xdx r<«") xdx rr /'<•»> a^dx . r W t^dx 

h y h y 



+ 
y JO 



/: 



u,. 



are in fitct obviously of the form 

{(ji.yi), («ii,y.)}, K-«i,yi). («».yi)l. K«,.y,), (-«i,y,)), K-«%.yiX (-'^.yi)}- 

To construct the theta function ^{ftr^u, <r) we should put am(jt, it!)f; 
we find then 

/t-»/^„-JfA, 
U„ -MJ 

74 As another example ooosider the sorfaoe associated with the equation ^ 

Drawing cross-lines joining a?*! to x^i^ xm^l to^att and « » t to 
«B~f, the latter passing through «>■ oo » and agreeing that on passbg the \ ^^ i^^-A f,*t_i 
first fix>m right to left the sheets 1234 change respectiTely to 2841, on ' 

passing the second from right to left the sheets 1334 change respectively 
to 2341, while on passing the last frt)m left to right the sheets 1284 change 
respectively to 2341, as indicated in the figure, and denoting the paths in 
the various sheets by the various kinds of line indicated, we may draw a 
system of canonical period loops as in the figure. The surface is of 

deficiency 3, and three integrals of the first kind are (^^> i ^^ and 
Let the increments of any one of these for the left sides respectively 




f y'cto 



of the loops (a,), (a,), (a,). (6,). (^), (6.) be called H,. n,. ft,, ft,', ft,', ft,' ; the 
first is obtained by a negative circuit of (6i), and the fourth by a positive 
circuit of (a,), and so on. Calling the branch places «ail, «« — 1, «»< 
respectively by the numbers 1, 2, 3, and a single positive circuit about either 
of these by the same number, the circuits for the six periods are then 
respectively 

n, , XI, , n, , n,' , n,' , xi,' 

81->, 8-'l-«2-», 1812, 2-'l, 23-»l-»2, 18»2, 

« 

where the symbol 31^ means a circuit resolvable into a positive circuit about 
8 followed by a negative circuit about 1, etc. 

Now let € » i^, where m is 1, 1 or 2 according as we are considering the 
first, second, or third of the integrals j^, /^^. j*^ . "d let P, Q, -B 

17—2 



1 i 




Finl or lowMt ahMt, 



Canonical AiutctUn for z'-l-|r' = l. 

; MOSBdaliMt, ; tUidihMt, ; loartli atiMt, — 

-Udw h* glwi b7 Um nil« mukad in Um dlagnm ISMl, 1U91. 



denote the valuee of any one of these integrals taken in the first sheet from a 
point in the first sheet respectively to the hnuich places 1, 8 or 8; then the 
▼alues obtained bj the circoits pat down above are respectively, if m^ 1 — «*, 

n,.J!(i-.)+.(i>-.-'P) — ^iP-R). 

a,-R(l-f) + t-'P(l-t-') + t-Q(,l-r^, 
-h,<,P-Q)-MP-S'l. 



m 



\t 
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then the periods can be respectively written, 

»,; (1.0/ 0. 1. 0, -1, 



C: 

\ 0. 



0. 

0. 1. -1, 1. 

1. 1, 0. 0, 








0. 0. 



0. 1. 

1. 






v., (1,0/-1. -1. 2. -1. 

0, 1, -1, 0, 

and, for each integral, are sams of integral multiples of 1 and i, so that each 
integral is an elliptic integral ; in each case 1 and \ are actually periods, and 
80 the multiplicity, calculated as (jikc«£|)', where k denotes in turn the 
matrices here written of two rows and six columns, is in each case 2, and 
each integral takes any value twice over on the Riemann surfiu^ ; in each 

ease ikc«£s2^. *o)' '^^ ^^^ index, as in all cases of a single int^;ral 
reducing to an elliptic integral (or nail), is equal to the multiplicity. 

If we put m 






'-'i 



the equation c'-fy*"*! reduces to X^-f /i^-f i^«0, and is unaltered by 
96 linear transformations ; namely we may permute X, /*, y arbitrarily, and 
may multiply any two of X, /i, y each by a fourth root of unity, giving 
6x4x4 transformations. With these changes the int^frals V|, vbt «b 
become respectively 



ljxd«, ti,-i|Mcia>. ti,-^|yd«. 



where 



c2i0 



taking the first form of dfD it is manifest that dvi is unaltered by taking 
X' : fi' : i/ « — X : /i : y, a transformation changing into itself any one of the 
four points for which X « ; thus if L denote one of these points we have 

I Xa«» "i I Xoiu, 

and the two points for which the integral Vi , integrated from any lower limit, 
takes the same value, are (X, ^ y) and (— \ fi^v). Similarly for v^ and Vg. 
If we put 

V--a"4[8f(f»-l)]*, M-f + t, y — e"*(f-Or 
which give X^ + /i^ -I- y* » 0, we at once have 



iXd« = j 



fidv — vdfA 



X« 



i V2/; 



df 



V4f(f-1)' 
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ui elliptic integnl of which the periods are 2A ftod 2 A i ; hoth 

_!* •< , , S ;f 

f-»(» >-»)/(«'*/*+»■). »nd i;-2f*(r-l)*-2N/2fl *XV(« V+*')'. 
kT« Ttticnal fboctions of the point (c, y) of the original mi&ce «* + y** 1, 

while conversely, ** and y", equal respectirely to e"** (f +0*/ijs/2 and 

e^(f-i)*/i}V2, are rational in ({^, ir). A similar transfonnation to the same 
elliptic integral is passible for n^ and t%. This integral allows complex multi- 
plication, fer instanoe* by {^(p — l)/2(f, and there are thus other trans- 
fbrmationa of the original integrals to the same elliptic integral. 

The equation a' + y*'! can be solved by single valued functions of a 
single parameter in the form 

where, with q — «*", 

See Weber, £Uipfwefte Functionen (1891X P- 86- See abo Dyck, Math. 
Annals XTIL (1S80), p. 510. 

EwampU. This case fiinushes ao interesting example of the distincticm to 
be made between the algebraic definition of a normal system of periods, 
snob namely aa satiB6e6 the equations expressed by fluH * 0, and the 
geometrioal definition by means of a canonical system of period loops finming 
a complete boundary of the Riemann sur&oe. As is illustrated by a case 
below, it may sometimea be easier to determine algebraically a set of normal 
periods than to make a canonical dinection; but it is only fur a system 
of periods determined by such a dissection that the formula obtained above 
tat the multiplicity is proved to have the interpretation attached to it. 

Take the int^rals 

K, «,', m')- /i(l -iX id -»), I -i \{v,, n, 1^); 

j , -J(l+0, -Kl-i)) 
\ t . i . l + 2i/ 

it is eamly aeen that th^ periods, calculated from the above scheme, are 

<l , -», -2 J I, 0, -(1+0 

«,' f-(l + 2«), -1, -l+«: 2-4», -l + 2i; -2 + 4i 

Denoting this scheme by O., we find at once that Q^Ii > 0, namely that the 

• OL tlM wthor"! Jkr* nwrm, p. 6S7. II bMaMMf; to tsbno'+^Hid to k^tc tbt 
MncranoM db+^'HO, -^t + «k'HO (mod. r) ; Sm owe riS U tlul UMttfanid In tlu ML 
For thli diiptie intend tlw aempln nnltlpUMUoD U ooiuidend I7 AM, (Bwtm, L (18U), 
p. >U,«ta. 




f. 
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splice of aoy two rows is sero, and the periods obey the algehnie oonditioni 
for a set of normal periods. Putting now 




a matrix whose determinant is easily seen to be unity, the periods given by 

a' man 

are a set in terms of which the periods CI may conversely be expressed with 
integral coefficients, and they are found to be 

O'- /I » 




1 





1 








t 






we have then also O'cH' « 0. that is tlHuBCi - 0, but not J7«,J7 « «,, 
and the periods fi' are not a set arising from a canonical dissection of the 
Biemann surface; in &et we find 



HuB 





•i 



The periods of u,' being written, from the scheme Cl, in the form 

(l.t)/-l 4-82 8\. 
\ 1 0-1 0/ 

since the determinants from h have unity as greatest common divisor, the 
multiplicity ( | ktje | )* is 3 + 8 ■• 6 ; for t<,' we may similarly write the periods 

(l,»)/0 0-210 -1\, 

\0-l 0-1/ ^ 

and obtain the multiplicity 2 ; and for «,', with the periods 

(1, 2i)/-l -1 -1 2 -1 -2^ 

3-2 1 2, 
the multiplicity is 2+2-1-2 + 6 = 7. Thus the integral u/ takes each 



c; 



:)• 
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value fix times on the RiemanQ nirbee, the integral u^ takes each value 
imee, and the integral «»' takes each value aeven times. We have 

<- j2 J (^ +/*+*"- w) *» ; 

the two places where u,' has the same value are obtainable from the remark 
that the integral ii unchanged by putting X — -tV, !>■ — »', v — ^', a aelf- 
oorrespondiog point of this tniisformation being X - 0, v + i^ - 0. It is not 
obvious what are the six places where u,' has the same value, or the seven 
places where u,' has the same value. More generally we can find an infinite 
number of integmls of the form Pu, + <?u, + Bu,, of which the periods are all 
expressible in the form M+Ni, where if and JT are integers. 

76. For another example we take the equation ^-fc*. * " ^ 

y*x + y + a?-0. x*«&:.^ 

If we put«>-s, fB-/z, which give « — -», y ■ ("/(l - 0. we have ^^j^^^lb^^ffdi 

the two equations, so birationally related, are of deficiency 3, the integmls of 
the first kind being 



)t(i-ty Jui-ty ji{i-ty 



We do not attempt to dissect the Biemann surfiue associated with the 
equation ^mt(l — ty, but consider the integrals on the plane of t The 
values of « represented by the equation f^til — ff have cycles at twO, 
f « 1, ( — oo , at each of which all seven values change into one another; 
a closed circuit on the t-plane is equivalent, so lar as giving rise to adi^itive 
increments for the integrals, to a certain number of positive circuits of 
the points t ■■ 0, t^l; a closed circuit equivalent to/circuits positively round 
( B and g circuits positively round t — 1 will lead back to Uie saoie value of 

§ if/+2g = (mod. 7), or i^s 8/! If e^e ' , where m — 1, 2 or 4 according 
as- we are cqpsidering the first, second or third of the integrals of the first kind 
written above, it is at once seen that the additive increment fur the integral, 
by any closed path which leads back to the same value fM $, is, save ftn* 
a Constant multiplier appropriate to the int^^ral ander o(»iaiderati(Mi, a sum 
of integral multiples of the six quantities m, /^, ..., f*,, where /« » 1 — s*. 
For consider a path consisting of/i podtive circaita of f ■•0, foUowad hgr 
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gi circuits of < » 1, followed by /« circuits of < » 0, followed by g^ drcuits 
of <■>!, and so on; we may denote this by 

(Oy.(l)^.(0/.(l)^...(0/'(l)^. 

where, for instance,/, or gr, or both, may be zero ; if the values of the integral 
under consideration, fix>m the initial point of integration with a definite one of 
the seven determinations for 8 belonging to this value of t, straight to < «» 0, be 
called A, and straight to <» 1, be called B, the closed circuit indicated above 
gives, fior the int^fral, the value 

wherein, by hypothesis, • 

/i-f ... +/r + 2(^1 + ... +srr)5 (mod. 7); 
it gives then 

or 

if then the integral under consideration be divided by A ^B, and the 
quantities fi reduced by the rule fik' " f^k when h'sh (mod. 7), fit « 1, the 
additive indeterminatenesses of the integral will be expressible by sums of 
integral multiples, with multipliers the same for all the integrals, of the six 
quantities fh, ... , fH. Thus, if 

80 that, Fx denoting the gamma function T (•=] , we have 

p— iBin^r,r,r„ Q=-^8inJr,r.r,. u--isin^r.r,r„ 

a scheme of periods for the integrals 

1 f* sdt 1 f« Mt 1 f i'dt 

^*PJt<(l-t)* ^"'Qjotii-ty ^''TlJotii-ty 



is given by 






Mi. 









Ml. 

Ml. 



Mil 
M«. 
Ml. 



M4 

Ml 
M« 



where /li^ ■> ] — e 7 , these being the values of the integrals for contours 
respectively fit, Xl«, Xl,, Xli, fitt ^4, where O^ denotes a contour passing 
h times positively round t»0 and SA times positively round <»!. 

We proceed to shew how, by taking suitable linear functions of the 
integrals and suitable combinations of the contours, subject to the condition 
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tbkt all period eontotus Bhall be integnUly expressible by thoee adopted, tbe 
period Kheiiie xdm.j be redneed* to 

«r, 1, 0, 0, T, , 

10^ 0. 1, 0. 0, St, 

w, 0, 0, 1, 0, U , St 

wbera T»-g(T-lX '■-— 4 — • 

It follows that each of tbe integrals w,, «^, w, is an elliptic integral. 
Putting 

I ft. /!». M I I /I., /I*. ft I 

\ft. ft. ft/ \ft. M». ft/ 

aod A~/0. 1, 0\, B-/ 1,-1, -1\, 

t: :) (:;:.:;-;) 

•o that A + Bt^/ t, 1 - t, - t\ , 

(.::: -:: -;) 

it oaa be shewn that 

this can be established by direct calculation; since 1, 8 and 4 are the 
quadratic residues of 7, being the residues of 8*, S*, and S*, we have, if 

SH 

c-«T (Gauss, Werke, Bd. n.; Eronecker, CMb, cr. (1889), p. S67) 

f + «' + «*-J(-l + tV?)-2T-l, e» + f' + «'-i(-l-**^) — 2t; 
but perhaps tbe rimplest mode of verification conmsts in proving that 
Gif-/ 7 , 4-tT, 8 + 8t\, if-/8 + 2T, 2 + 6t, 2+6t\, 
|8 + 2t, 7 , 4-2t| (2+6T, 3 + 2t, 2 + 6t] 

y-2T, S + 2t, 7 / \S + 6t, 2 + 6t, S + 2t/ 



* Na proof U (iTOi In Um text OM thii Mbame belong* ti 
oormponduig Unuim Burba. In Uia pariod icbcnM giTn b; Hurwiu, M»tk. Ammltn, xm. 
(1886), p. IBS, tha fnadnUls tonn eomvondiiic to Um msbix of Um Urt thiM Mluaiw 



(.;■' -;": 13 



ii Ml adtflaite CoRB, tb* dtaciml ttm 
Nn iDr an Intarateaft of tlw iMl two M 




r 
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k 



\i 



and then that GiT « (ii + Br)H^, 

the atepe being all very easy, the three matrices involved in the last equation 
beinff symmetrical about the croes-diaffonal. The determinant of the matrix 
H is easily found to be 7(2r — 1), which is not aero. 

Having proved that (? « (ii + Br)H, consider the integrals w ■■ Pn, or 

^•* «» •* «» ^1 
their scheme of periods is, for Wi , 

P,iJ5ru + Pi,F„ + P<,F«, ...,Pii(?u + P<,(?«+Pft(?«. 
namely consists of the two matrices 

PH, PO; 
take P-/-1, 0, 0\J5r->; 

1. 1, 
1. 0, 1 

the six lines constituting the scheme of periods for ic^^ ic^s* ^t i^i*® then formed 
by the juxtaposition of the two matrices 

-1. 0. 0\, /-I, 0, 0\H''O; 

!• 1. 0| [ 1, 1, 

1, 0, 1/ \ 1, 0. 1 

now we have remarked above that OH^^ ■■ ii + Br, or 

- T, T, 1 - T 

l-T, -T, T 

80 that, from H'^B.O^G, 

1-T, T. - T 

- T, 1 - T, T 

heoce the scheme of periods for ic^i, «c^; «c^, is 

- 1, 0, 0, - T, T, - 1 + T 

1, 1, 0, 1, 0,1- 2t 
1, 0, 1, 0, 1 - It, 1 

Now take other loops ; the period columns in the scheme just obtained 
correspond respectively to n,. n,, O,, a„ n,, n*. where Qk denotes a loop 
going A times positively round t « and 8A times positively round t - 1, this 
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being a path which brings back «, and the subject of integration in each 
integral, to its initial yalue; we take the following loops 

in terms of which conversely the original loops are expressible, namely by 
then the period scheme for w, , Wj, w, becomes 




0, 
1. 
0. 




0, 

1. 

0, 
0. 
0. 
0. 



which is the same as 







1. 
0. 
0. 



0. 

1. 

0. 



0. 
0, 

1. 



0. 
0. 



0. 
2t. 
. 





2t 



where, «i. tf„ ti, being certain numerical multiples, previously qtedfied, 
respectively of (he integrals 



)ot{i-ty JoHi-ty Jotii-ty 





It is thus clear that each of the integrals w,, w,, w, is reducible to an 
elliptic integral. The equation y*x + y + ti^^O has been much discussed. In 
the homogeneous form «y* + y^ + Ja^ » it is transformed into itself by a linear 
group of 1C8 transformations ; see for instance Elein-Fricke, Modulfunctionen, 
L (1890), p. 692 S. ; Weber, Algtbm, u. (1896), pp. 282, 433 ff., and the 
references there given to original authorities ; also Bumside, Theory of Groups 
(1897). p. 302, and Poincar^, LiouvilU, Series 5, ix. (1903), p. 167. The 
number 168 is the greatest number of (1, 1) oorreepondenoes poenble for a 
Biemann sur&oe of deficiency ^^3 (Hurwits, Math. Atmal. xu. (1893), 
p. 424). A. rational function t of «, y, m can be given which is unaltered by 
the 168 transformations, and only by these ; if this be taken as independent 



I 
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variable the fbnctioDs dujdt^ dujd^ dujdt aatiify a linear differential equation 
of the third order with coefBciente rational in t whose monodromy group is 
then that of the 168 transformatiooB (Hurwits, Math. Amiat. XXVL (1886X 
p. 120). The independent Tariable being chosen so that the critical points 
areat(»0, t-Bl,t"Boo, denoting the dependent variable of the differential 
equation by y, and putting 



•i-y. «i-§* ii^-«(«-i)§. 



the differential equation may be replaced by the three 

IS' w is) 

^' l'<>\ + l/<>' 0, 0\ J__/ 0, 0, 
0, 0, I M 0. 0, -1 j ^-M 0, 0, 

0. -V. 0/ \M. V. -8/ \-i\r, -I, - 



J (*l» *%!*«)• 



where -^"g + gg* -W-i^T ^ 



It IB at once seen that the matrices 



here multiplying - and - — ? have both linear invariant factors, and that if 
6i, 0i, 0, and ^, ^, ^ be respectively their roots, we have 

(6^«, a^***, «^^) = (1, «>, «>■), 

where «* « 1, and 

(««^, ^•^, e^O = (1, - 1. - 1). 

Cf. the author's paper, Proc. Land. MoUl 8oc., xxxv. (1902), p. 871, and 
p. 847. 

Note L It may be enquired how hr the preceding is capable of 
generalisation to the case of an equation 

•'-^•(l-t)*, 

where p is a prime number, and a, b are positive integers less than p. The 

integral 

f s'dt 

will be of the first kind if ^ be an integer just greater than Xa/p, which, if 
X<p, is necessarily fimctional, say if ^»^(Xa/p) + l, where E{x) denotes 
the greatest integer contained in x ; similarly p « B{\b/p) + 1 ; and also 

/*+F — (a + 6)-l>0, or 



T-'<clhj-'(S)<'' 



/ 
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nnDg Biemaim*8 farmula ^u;— n + 1 for the deficiency, we have, fur 
^mi^d^tf, l+i(8p-8-2p)Bi(p-l), which then, for any positive 
prime p and a<p, b<pt is the number of integers X less than p satisfying 
the last written inequality; in fact, if X' + X-bj?, since Xa/p is not an 
integer, we have 

^(7)-<t)-— • 

and 

If we put Xa « [Xa] + ifjp, XA«[X6] + ^p, 

where [Xa], [\b] are the least positive residues, mod. p, the condition is the 



[Xo] + [X6]<p. 

Denoting by ^ a proper (primitive) root of p, and putting a s g^, b^sl^ 
(mod. p), if the inequality is to be satisfied by Xs jf^, whatever fs, may be, so 
that the i (p * 1) values of X are to be the quadratic residaes of j9 as in the 
case s' ■■ t (1 — t)*, the condition will be 

and will be satisfied only by those primes p of which every two quadratic 
residues have a sum less than p. It can be shewn that if j9 is of the form 
4n+ 8, the only possibility is p « 7. And no prime of the form 4fi -f 8 exists 
such that every two quadratic non-residues have a sum less than p. 

Note II. We may consider more generally the case 

y* - (« - Ci)*» ... (a? - Cm)*-, 

where ti, &i,..., &m &re positive integers, and each of Ai, A,,..., h^ and 
Ai*f ... + Am is prime to n. The deficiency is then given by 

(iii+ l)(n* 1)- 2n « 2p - 2, 

or p-i(m-l)(n-l). j 

A positive circuit r times round Ci and s times round C| will lead back to the \ 

same value of y if Ajr + A,«s (mod. n) ; as A, is prime to n, this gives a 
value for s corresponding to an arbitrary value of r ; we thus obtain, taking 
circuits round the (m — 1) pairs, (Ci, c,), (Ci» c^), ..., (Cii Cm)i ^^> ui each case, 
r equal in turn to 1, 2, ..., (n — 1), in all 

2p = (m-l)(n-.l) 
periods, of the form 

(P,-P,)/i,,...,(A-POA*».i;(-Pi-P.)Mi...M(P,-P.)/*«-,;...; 

where ^ik " 1 -- ^ * An<l Pu is the value of the integral taken from the initial 



\ 
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point to the point x ■■ pt. There remain the problems of determining whether 
eveiy period ie an aggregate of these, and of determining ip canonical loops 
on the corrsapooding Biemann surface; and of extending the results to 
the case where ii» At, ..., &m une any integers. The forms of the intq^rais 
of the first kind are determined by Weierstrass, Werke, I v. (1902), 
ppi 185—145. 

78. Another example of the occurrence of defective integrab of the first 
kind is furnished by the curve of order 8 given in Example 11, at the top of 
p. 155 of this volume. This curve has the properties : (i) it is of deficiency 9, 
the forms of the integrals of the first kind being given in that Example ; 
(ii) the coordinates of points of the curve are expressible as single valued 
quadruply-periodic functions of two variables, the variables being connected 
by a fixed relation (the equation of the plane determining the curve as a 
section of the hyperelliptic surface) ; (iii) there are two integrals of the first 
kind for the curve which reduce to hyperelliptic integrals of four columns of 
periods, these being the aiguments of the quadruply-periodic functions. This 
case therefore furnishes a very exact example of the general theory considered 
in the previous chapter of this volume, in virtue of the property (ii). 

Note. It may be remarked that if the equation of § 72 be rendered 
homogeneous by writing z^l + i(ex +/y), it takes the form 

(s^- ^« 4ry (cm? + 6y)(c« + dy), 

where ^ is homogeneous of the second degree in x, y, representing a quartic 
curve of which four bitangents are concurrent ; that this geometrical property 
is a necessary and sufficient condition, in the case of a plane quartic, for a 
defective elliptic integral of rank 2, is proved directly by Kowalevski from 
the transcendental result here obtained in § 71 ; the curve is a projection of 
the space curve intersection of the quadric surface 

s^ — ' ^ » wt, 

and the cubic cone «r » 4fy (aw -h (y) (ca? + dy) ; 

the elliptic integral of a plane section of the latter is the defective integral of 
the text The equation s* « «* + y* of § 74 is, geometrically, a particular case. 

See further, Appendix to Part II., Note IV. 




CHAPTER IX. 

PROPOSITIONS FOR RATIONAL FUNCTIONS. 
IXPBESSION OF A GENERAL PERIODIC FUNCTION BT THETA FUKCTIONS. 

77. In what follows we have in inind the theorem, formulated by 9^^>^^^^Su\L^ 
Kronecker (Werke, IL (1897). p. 276 ff.) that the points (^, z^, '"*'^^f^Z^^^^ 
satisfying any set of polynomial relations ji^i^ \ 

Oi(zi jrO-O, .... (?m(^i,...,*n)-0, 

arc those belonging to a certain number of irreducible algebraical constructs, 
each of these constructs being represented by a set of equations of the form 

herein Xi, Xf, ..., Xn are independent general linear functions of jTi, ..., Mn> to 
be used to replace these in the original equations and so eliminate any 
accidental want of parity in the way in which ^,...,jrn enter into the 
original equations, the function / is a rational polynomial in y with 
ooeflScients rational in ^,...,^t^i»-* which is irreducible in this form, and 
f denotes df/dy, while ^i^^^u •••> ^ Are polynomials in y with coefficients 
rational in ^,..M^f»-t' Points (^>...,^) for which simultaneously /^O 
and /'■■ do not arise for all values of Xi, ..., x^i^, but only when these are 
connected by relations, and thus are given, in the arrangement here taken, by 
equations of the form above with k changed into ib + 1 ; in other words the 
algebraical construct above, until conventions as to its limiting points are 
introduced, is an open aggregate. To place the result in a clearer light we 
reproduce the proof in outline. 

Having introduced the variables Xi,...,Xnin place of ^i, ..., Znt take 
where Ui, ..., tin are constants, to be retained as explicit iiuieterminates* in 

* For KroiMcker't insiBteDoe on the signifieance of Gaoss't introduction of raoh qnantities, 
Me Werke, n., p. 855. The diaonuion of the distinetion to be made between them and nnmerioal 
quantities ii a matter of interest. One striking illustration of their ose is in the problem of the 
theory of Oronps, of finding a fonotion unaltered by a specified sub-group but altered by any 
transformation of the Itindamental group which does not belong to this sub-group ; it may some- 
times be easy to find such a function iuTolfing explicit indeterminates while difficult to specify 
preoiae numerical values which may replace these and leave the proper ty of the function unim- 
paired. In the paper referred to, Kronecker gives other illustrations; and in the theory of 
imducibili^ a theorem of Hilbert*s, CrelU, ex. (1892), p. 121, may be died. 
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the raooeeding work Thereby, after multiplication by a proper power of ic«, 

replace the (niginal equations by polynomials in y, Xi w^^i and Ui, ..., tin ; 

each of these may be sapposed decomposed by rational processes into a 
product of irredocible polynomials in y, whose coeflScients are rational in 

^» ••• » ^EW-i» ^ v« ; u^d, of any one of these irreducible factors, entering into 

any one of the polynomial equations, all powers higher than the first may be 
remoTed. The original equations are then replaced by a set of equations 

in each of which the left side is a product of first powers of irreducible 
polynomials; all points (jTi, ..., ^) satisfying the original equations satisfy 
these, and ooDTenely. 

If now these polynomials if], ..., Hm have a common rational irreducible 
hctoT^ let it be Fi(g, mi, ..., w^^), and let Hr/Fi be J^r ; the points satisfying 
the original equations thus satisfy, either, 

-'i(y.«i,....«ii-i)-0, 
or, all the equations 

and conTorsely. Consider now the latter equations; form from these 
the two 

wherein Xi X^ifiifMA^c^ro undetermined multipliers; from these two 

the variable c^i can be rationalfy eliminated, and the result arranged as a 
polynomial in the 2m quantities Xi, ••••Xm, Ah> •••>A^i whose coefficients, say 
LifL^i ..., are rational integral polynomials in y, Xi, ...,«n^. ^Any set of 

values of y, «!,..., c^i which satisfies all the equations Ki^O Km^O 

gives then a set of values of y, Xi, ...,av-« which makes every one of these 
coefficients Z|, X^, ••• vanish; conversely every solution of the system 

taken with an appropriate value of x^-i, independent of Xi, ... ,Xm> Ah> ••••fhn* 
gives a set of solutions of the equations K^^O, ..., Km " 0. 

We can then proceed with the equations ^8*0, £|«0, ... predsely as we 
did Mrith the equations Hi « 0, ..., <£^m "■ ; obtaining first a single equation 

-^s(y, «!,... ,«?*-») = 0, 

and then a set of polynomial equations in y, »i d^-t; and so on. 

Eventualfy the original system of equations is replaced by a set 

wherein any one or more of the n equations ^'j^-bO may be absent; any 
solution of the original equations gives rise to a solution of one of these 
equations, and conversely, any solution of the equation F^ « 0, coupled with 
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appropriate valaes of the k variables «i»-«+i> •••>^«> gives a solutioo of the 
original equations. These appropriate values are detenninable at once. For 
let /(y, Xi, ...,Xft^) be a factor of F^ which is rational in y, xti, ...,x^^^ an<} 
irreducible in this form; the equation /«0, wherein the indeterminates 
Ui, ..., tt|i enter, may be written more at length in the form 

we seek the solutions «?i, ..., Wn independent of Ui, ••., u^; we may then i 

differentiate in regard to Un^k+r, Ax^d so obtain 

or say a^^^^«i2z*±r, (r-1, 2, ..., fc). 

The original set of equations is thus replaced by a series of sets of equations 
each set of the form 

If there are points, independent of the indeterminates Ui, ...i u^, satisfying 
the equations 

/(y,«i «n^)«0, /(y,«i, . ..,«•-*) -0, ^ 

these will also satiify an equation, obtainable by elimination of «»_Jk from ^ 

these, of the form . 

F(jf,ah «»-^.i)-0, f 

from which as before the appropriate associated values of dv-*i •••i^m are 
deducible. 

By the foregoing any set of equations connecting x^ ...^x^^ is replaceable f 

by the single equation obtained by setting equal to zero the product of r 

a set of fiftctors of the form /(y, «i, •••>^f»-t)* For example the three 

equations ^ 

y-««.0, y-r-«-0, «»-y«-0, .* 

which represent a cubic curve in the space (x, y, z\ are replaceable by the 
single equation 

r. 

f{t,x)^{i-XUf-^VWX{t-XU)-x{fX'\'iif)^0, 

where t-uor + vy + i£;^, I 

from which the appropriate values of y and z are obtainable. It is found 

here that the two equations • 

are only satisfied when 



\ 
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which givM no point independent of u, v, w. Or again the two equations 

# + <M^+i^+^ia?»0, jr+aV+6y»0 
are replaceable by the single equation 

/(t, «) s {(« - w) (6 - 6' - 2^'aj) + (6a' - 6'a) ttw»l« 

+ «•«» (6 - 6' - ^6'«) (a - o' - 2ya'«) « 0, 
and here» by eliminating m between the equations 

we arrive at 

« [ Va' * - 2gf (a - a') tt + w (a - a'y] - 0, 

of which the former fieu^tor gives the double point a^^O, y^O, z^O of the 
curve, and the latter finctor the point 

o-o; ^ (g-gy 

But this replacement, of a set of equations connecting a;| ,...,«», by a single 
equation such as/(y, «i, • . . > d:i»-*) » 0, or n/(y, d^, . . . , d;»-jk) « 0, is dependent 
on the retention of die indeterminate quantities Uj , . . . ttn. A single irreducible 
algebraic construct of dimension n — J:, in space of n dimensions o^, ..., o^, is 
not necessarily representable by k equations connecting a^i, ...»a^, without 
indeterminates ; that is, any it such equations may be such that they neces- 
sarily represent other constructs beside that which thej^ are constructed to 
define. For example^, consider in three dimensions a quintic curve having a 
chord which cuts it in four points. It is known that no quadric surfiM^e 
contains this curve ; if we seek to define it by the intersection of two surfaces 
these must at lowest be cubics, and will have a further intersection; if we seek 
to define it by three surfau^es of orders /a + 8, y + 8, p + S passing through it, 
these will have other points common, in fact of number 

fApp -f 8 (yp + PM + A^) + 4 (/it -f y + p), 

which number vanishes only when all the sur&ces are cubics; but three 
cubics do not define the curve since, being met by the four-point-secant in 
four points, they all contain this secant. It is thus impossible to assign three 
surfitces containing the curve which have no other common point ; and four 
sur&ces are necessary. And in general the theorem is stated by Eronecker 
that to define a construct, or system of constructs, of whatever dimension, in 
space off! dimensions, n + 1 polynomial equations are suflScient, and may be 
necessaiyf. 

a t\ tni dt-^^ H 78. Let /(y, a?) be an irreducible rational equation of order it in y. 
AtjL^JH^^^i^^ Consider the aggregate of all rational symmetric functioDs of n arbitrary 
^faSkA/ft ^^^^^ unconnected pairs (xi, y^), ..., (o^ni Vn)* ®^^ function being rational in the 

• VaUen, CnXU, crnn. (1S91), p. 546. 

t For % proof, nt MoUl, Acta Math., fi. (1885), p. 159. 
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2fi quantities «i,...,aw,yt,...,ynittQd symmetric both in regard to Xu •••>«ii 
and in regard to y^, ..Myn* Particular cases of such functions are the 
ooeflScients of the powers of in the product (fi + a^i) (0 + «s) • • • (^ + ^)> 
namely 

It is known, if d:>sc be an arbitrarily taken particular value of x, that 
rational functions ^i {x,y\..., g^i {x, y) can be chosen, unconnected by any 
equation 

Uo + ttijr, (a:, y) + ... + iia-i^*., («, y) « 

in which ti^, Ui, ...,ua.i are rational functiona of x^ becoming infinite for no 
(finite or infinite) value of x other than x^c, in terms of which all other 
rational functions of x and y, which become infioite only for the points at 
which wc, can be expressed, in the standard form 

-Pf + -PiS^i («, y) + ... + -P*-!^'*-! («, y). 

where P. denotes an integral polynomial in (x^cy^; every function of 

the form 

[A + A^gi (a?, y)+ ... +il*.,fir*_, (a?, y)]/(«-«i), 

wherein ii, iii, ...^At^i are constants and Xi is not equal to c, must then 
become infinite for some one of the (it or less) places at which x^ap^ since 
otherwise, being then only infinite for x^Ctii would be capable of expression 
in the previous standard form (see the author's Abel's Theorem, Chapter iv.). 
Let jhi **. » Pk~i be any such integers that 

{x-cy^g^ (a?, y), ..., («-c)»*-'y*., («, y) 

all vanish for every place x^c. Take undetermined constants Xq, ...,Xjt-i, 
and put 

H{x, y)^\(x-'cy*gi(x, y)+ . . . + X*_, (a - c)^^^^*-, (x, y); 

then i7«ir(«„yO+...+ir(«n»yii) 

is also a rational symmetric function of the n places (a^, yi), . .. , (xn, yn)* 

It is dear that any rational function of f i , . . . , f^* ^ is & rational symmetric 
function of (a^, yi), ••.»(^>yn); we proceed to shew conversely that any 
rational symmetric function of (a^, yi), ...,(xn,yn) is rationally expressible 
by fi> •••>(«> ^- 

To any value of x belong k values of y, which, save for a finite number of 
values of x, are diflferent; thus when fi, ..., fn are assigned, and thereby the 
set Xi, ...,Xn, there correspond If^ values of i;, say ly^^iy*", ... ; the product of 
the k^ factors 

(^-i7«)(^-i7«)... 

is then rational in fi, ..., fn> 9Lud there exists an equation 

^(l7.fi,...ifn)-0. 
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of order iEf in 17, ratiooal in fi, ..., fn. v- We proceed to shew that it is not 
the case that there exist equalities between the values of 11 which are the 
roots of this equation for all values of fi, ...,(11 <^<1 ^1 •••>\k-i* 

For any two of the I^ values of 17 are of the form 

where, of the n couples, (t, /),..., 0, •O* ^^^ every one can consist of two 
equal integers; suppose t^/; the difference of (hese values of 17 is 

+ X*-, (x, - c)ft-' |>A-, (»,, y,<<>) - gt^j (xu y,*'>)] 
+ 

+ X, («n- cV^ [gp, (a:n, yn^) -yi («n. yn^)] + ... 
+ x*_, («n - c)i^» [y^., («„ jfn^) - y*-, («,». yn«^)] ; 

if these were equal for all values of d^, ...,d?M they would be so for 
Xf^c,Xt'^c,...,Xn''C, and therefore 

X, (a:, - cy^ [y, («i, yi<*^^ -yi («i, yi<^)] + ... 

+ X*_, («i - c)»-J [y*., («,, y,«) - y^., («,. yj<^0] 

would vanish for all values of a^j and all values of X,, ...,Xik-i ; for all values of 
«i we should then have 

yi(«i, yi^)«yi(^, yi^'O. ...,y*-i(«i. yi*^)-y*-i(«i» yi*'*); 

suppose this were so, taking a value of Xi for which the corresponding values 
of yi are all different; denote yr(^, yi^) by Or; we can choose Ai, ...,Ai^^ 
80 that the it - 2 expressions 

-^1 [yi(«i. yi*^)-oi] + ... + -4ft-i[y»-i(«i. yi^)-aA_,]. 

for 8 equal in turn to the values from 1, 2, ..., it other than t and 7, are all 
sero : then the function 

<?«-4i[yi(«,y)-Oi]+...+-4*-,[y*.,(«,y)-a*-i] 

would vanish for all the k places at which x^Xi^ and the function OKx^x^) 
would not be infinite for d?»d^. We have seen that this is impossible. 

We can therefore give particular numerical values to X^, ..., X*-i such that 
the integral polynomial in fi, ..., fn obtained by elimination of 17 between 
^8bO and dF/dri^O is not identically zero. And if ^ be any rational 
symmetric function of the n places (x^, yi), ••••(d^, y«), and ^ be an 
undetermined constant, the function of 17 + mC satisfies a rational equation 

for which Fj(fi, ft, ...,fn, 0) = -P(i7, ft, .'..,fn); 

thus we have 
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whereby t^ is expresrible rationally in terms of fi, ..., fM»^> for all values of 
these otiier than those for which F^O, dFjhri >» are both satisfied It may 
be remarked also that the function J* (17, fi, ..., fn)} regarded as an integral 
polynomial in 17 with coefficients rational in f,, ..., fn» is irreducible ; for yi is 
known^ to be a monogenic function of Xi ; thus 17 is a monogenic function of 

«i,and thereforealso of d^, ...,d?n> and therefore also of (,,..., fni thus if there 
be two or more rational factors of F{% ft* •••! fn) they must be identical and 
F must be a perfect power ; we have however seen that the values of 17 are in 
general different. 

Consider now the correspondence between the set of places {xi , yO, . . • , {xn , yn) 

on the Riemann surface, and the place (fi in>v) of jP(i7,fi, ...,fn) — 0. 

When («|, yiX •••» (^> y«i) Are given, the place (fi, ..., fm ^) is determined 
without ambiguity by means of fi8"d^ + ...<f ^n, ..., (•■■^^^••. a^W and 

•7-F(«i,y,)4 ... + iT (iCn.yii). When f„...,fn are given, the set »i,«i,...,«n 
is determined ; and, if r be any positive integer, the function 

which is rational and symmetrical in (d^, yO, ... , (o^, y«i), is, by what we have 
proved, rational in fi, ...,(•> % so that we may write 

^i^'yi+.-. + ^/y.-PrCi?, fi,...,f«); (r-0, 1 (n-l)); 

from these n equations y, is determined rationally in terms of o^, f,, ..., fn*^* 
The place (fi, ...>(•, 17) thus determines uniquely a set of places (d^, yO, ..., 
(«Vi, y«). 

79. Let fi, ..•, ffi be independent variables, and 17 an algebraic function f"^ 
of these, determined by an irreducible polynomial equation /*(i7, f 1, . . • , f n) "■ 0. 
Consider a certain infinite aggregate of rational functions of fi, ..., fn> ^1 '^^^XTlJlir'Cr*^' 
including necessarily all rational functions, but such that any rational function ^'^^ «uJ^^^*, 
of two or more of the elements of the aggregate, with constant coefficients;£.l^w« fr 
(belonging to the assumed rationality-domain), also belongs to the aggregate. 

It is then evident that any n + 1 functions of the aggregate are connected 
by a rational relation, but it may be that a rational relation always connects 
a certain less number of the functions. Let ^a be the greatest integer 
such that there are fi of the functions unconnected by a rational relation 
(/A^n), and ^, ..., ^^h^ 11 functions of the aggregate not so connected ; 
then every fi+1 functions of the aggregate are connected by one or more 
rational relations ; thus if ^ be any function of the aggregate other than 
^, ...,^11 ^6 hB;^^ an equation (^, ^1, ..., ^ii)»0, and, if, in this, for 
^> ^1 •••> ^fi Ai^ substitute their rational values in terms of fi, ..., f«, 17, 
the equation is either satisfied identically for all values of fi, ..., {n> ^> or, if 
not, the result contains 17 and, when arranged as a polynomial in 17, divides 

* Cf. S 62 aboTe, and Proe, Land. Math, 8oe. vr. (1906), p. 116. 
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hy F(ff,^i fa). We can sappoee the equation (^,^,...,^f,)>BO arranged 

as a polynomial in ^ ; if it be not irreducible let it be arranged as a product 
of irreducible polynomials in ^ with coefficients rational in ^, ...» ^i»; two 
SQch polynomials which are not identical cannot both vanish identically in 
virtue of jP(i7, f,* •••» ^n)^0, or there would exist a rational relation con- 
necting ^, •••• ^1^ only; contrary to hypothesis. Similarly there cannot be 

any other relation {V^> ^, ..'• ^i») ">0 independent of {^t,^ ^)~0. 

There is thus one irreducible relation [yft, ^, ..., ^J""0, of which every 
other rational equation connecting ^, ^, ..M^fi is a° identical rational 
consequence. 

Consider now the equations 

for independent undetermined values of Oj, ..., Oi,. These equations may be 
satisfied by points or constructs which do not vary when ai, ..., o^i vary, or 
for which one or more of the functions ^, ..., ^^, J" is indeterminate; such 
solutions we do not consider : we desire to make it clear that the solutions of 
these equations, variable with a^, ...» cv, and holding independently of any 
relation connecting the values of these, which give definite values to each 
of the functions ^, ...,^ift» •Pi consist of constructs of (n — ^a) (complex) 
dimensions. The first equation ^ « Oj, coupled with F^O, has for solution, 
variable with Oj, one or more constructs of (n — 1) complex dimensions; the 
points of such a construct which give to ^ a determinate value will not, 
unless further conditioned, render ^ equal to a, for any value of a^ ; thus the 
points to be considered which satisfy both ^ « Oi, and ^ « Os, are upon one 
or more constructs of (n*2) complex dimensions. And so on^. Let then 
N be the number of irreducible algebraic constructs of (n — fs,) dimensions 
satisfying the equations, variable with Oj, ..., a^. Any function ^, rational 
i^ ii,*",^n,V» ^ capable of taking every complex value upon such a 
construct unless it is constant upon the construct : by hypothesis we are now 
only considering functions ^ such that there exists a unique irreducible 
rational equation [^» ^, ..., ^^] — ; the values of ^, for points (fi, ..., fn> v) 
giving definite values Oj, ..., a,, to ^,...,^11 and variable with these values, 
are therefore finite in number: we infer therefore that the function ^ is 

constant upon each of the N constructs given by ^eOi ^^.^di^y F^O, 

There is thus an upper limit N, independent of '^, for the order in ^ of the 
equation [^, ^, •••» ^J "^O, though this limit may not be reached. 

* Or thm: if Fbe of order ft in if, and ^^^ denote ^ (iffn, ^, ... , (J.the product (^-^^0 ... 
(,-^(k)) it numifestly rational in (1, ..., (,^, and thne^iatiafies an equation /(^, ^, ...,^sa 
If not irredadble this ii a power of an irredoeible polynomial ; for an equation 

/i[^(l» 6. •••» fcj. ^i....»U=0, 
•atitfied by one root if of F(i|, ^, ... , i«)sO, ia aatiafied by all roots. Uraa the equations above 
lead to irr<^noible equations Hi(a^^ (1, ... , («)=0, ..., B^(a^t (,, ... , C«)~0, which, ezdnding 
rational functional relations connecting a,, ... , o^, are independMii. 
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We may then take for ^ a function, among the aggregate of rational 
fanctions of fi, ..•• fn* ^ under consideration, for which the order in ^ of the 
relation [^, ^i, ..., ^i^] ^0 reaches the highest value, say Jf, which is attained 
for any of these functions: the values of -^ upon the N constructs, if 
M <N^ are then repetitions of N different values, which we may denote by 
ii, &t, ... , ftjf ; we call a set of one or more of these constructs upon which ^ 
has the same value a 'grange. Now let x ^ '^y o^^^i* rational function 
of the aggregate under consideration ; as before it is constant upon each of 
the N algebraic constructs ; we can prove that its value is the same upon all 
the constnicts constituting any '^-range. For let the different values which 
it takes upon the N constructs be denoted by Ci, C|, ..., and let X be a 
constant not equal to any one of the finite number of quantities (6< — hj)l{cp — Cq) ; 
consider the function ^^X;^. In virtue of the restriction upon the value 
of \ this function, ^ — \xt cannot have the same value for two constructs 
not belonging to the same '^-range, for upon these constructs the values of 
^ are different ; it has then at least M different values upon the N fuuda- 
mental. constructs, and it will have more than M values unless it have the 
same value for all the constructs of every grange ; but, by hypothesis, there 
is no function of the aggregate considered with more than M different values 
upon the fundamental N constructs. The function ^ — ^x^ ^^^ therefore 
also x* b^ ^^^^ ^^ same value over every ^-range. If then 0i, 0^, ...,6^ 
be the values of V^ — X;^ for the various 'granges, there being, possibly, 
equalities among these values, the function '^ — X;^ satisfies an equation 
J7^m{^.Xx, ^>*-M^ift> M'^O' whose roots, when ^^O], ..., ^^^a^, are 
6i,...,0jr, and we have 

{V^. ^i» •-, ^M 0} « [V^, ^, ..., ^J, «i?, say. 
Hence we have 

Xa^ + ax "'^ X vaxA.. a^- 

Thus every rational function of fi, ..., fn» V^ belonging to the aggregate 
considered, is rationally expressible by ^, ..., ^^ and ^. This is the result 
we desired to establish. 

80. We are now in a position to establish clearly the theorem, which was ^a>^^-cA* 
one of the main objects of the Second Part of this volume, that the most '*^*-^^^*^-^ •• *^ 
general single-valued muUiply'periodic meromorpkic function is expressible by 
theta functions. 



Let ^{Ui, ,.., Un) be such a function, with period system v. As shewn 
in Chapter vii. (p. 199), we can obtain a Biemann surface, of deficiency p, upon *^ 
which there is a defective system of integrals of the first kind, of number^' 
^ < Pi whose period system at the period loops, 11, is expressible in the form 
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n-BvA, where A is a matrix of integers of type (in, 2p); these integrals 
being denoted by ttl*'^...y1^'^^ the oongmenoes 

(Mod. n), 

wherein (a,), ...,(a,t) are arbitrary places upon the Riemann sur&oe, are 
satisfied by a finite number of sets of places («%),.•., (^X whose number 
we have found (p. 250). The function ^(Uu..., UnX considered under the 
form 

is a rational function of each of the places (a^)^ . . . , (x^), as we have already 
remarked, and is symmetrical in regard to these. It may then, as proved 
in this chapter (p. 279), be regarded as a rational function of n + 1 variables 
fi> •••> fill Vf which are connected by a rational equation F(fi, f„ ..., ^n)^0. 
Any single-valued meromorphic function of Ui,...,Un with the periods v, 
is similarly rationally expressible by fi,...»ffi>i7; <^<i ^ny rational function 
of two such meromorphic functions with these periods is equally a single- 
valued meromorphic function with these periods. The aggregate of single- 
valued meromorphic functions o( Uu ...,Un with the periods w is thus such a 
corpus of rational functions of fn ... , fn* ^ as that considered in § 79 (p. 280) ; 
and from among them a certain number, /t + l, of periodic functions, them- 
selves connected by an irreducible rational equation [y^, ^i ••• » ^J "■ 0, can be 
selected, in terms of which all others are rationally expressible, the number 
fi being S n. And in particular, a single-valued meromorphic function of 
Ui,...,Un which is periodic with a system v« in terms of which the system 
V is expressible in the form w » v« J7, where J7 is a matrix of integers, even 
though Vq may not be similarly expressible by v, is expressible rationally by 
fi + 1 functions with period-system w ; for it too has v as a period-system. 

This result is in itself of great interest. To apply it to the case in 
handy it will be clearest to use the notations previously employed (p. 225) ; 
we had 

w^w'g. w'c-(w/,0), w/-M(l,cr)/ /'(^"q] J) <?. ' 

where ^ is a unitary matrix of type (2n, 2n), v/ is a matrix of type (n, in) 
and (v/, 0) of type (n, 2p) of which the last (2p — 2n) columns consist oT 
seres, / is a matrix of integers and a unitary matrix of integers of type 
(in, in); we thus have 

f./-i(w)("^;0«.(.-,-:)«. 

Therefore a function ^(17, v), of (7,,..., I7,|, with periods v, is a function 
with periods « and conversely ; it therefore has periods «/, and, by what 
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has been proved above, ia expressible rationally in terms of {unctions 
^{U, «/), with periods «/, though the converse is probably not the case ; 
putting 

F- ^ U. 

r 

a function ^ ( E7^ «/) becomes a function of Fi, . . . , F^ with periods (d"^, cjr) G, 
and therefore with periods (€{'\ a/r), since G is unitary ; a function ^{U,m) 
is thus expressible rationally by functions of Vi^ ...^V^ with periods 
(d"*, o^/r), and therefore by functions x(^i 1» W^X ^^^ periods (1, cjr), 
though the converse does not hold. We have previously shewn (p. 227) 
that we can form theta functions B(F; cjr\ with quasi-periods (1, clr), and 
from these we can form periodic functions with periods (1, ajr). It appears 
thus that the functions ^{U, m) are expressible rationally in terms of 
functions 

x(r=i.f),.rx(<^;i.9. 

which can be formed from theta functions %y - ; 1, -A . And this is 
the result*. 

81. The theorem established in this chapter that any single-valued ^ 
meromorphic function of n variables with 2n sets of periods (obeying the ^ 
necessary relations, see p. 224), can be expressed by means of theta functions, ^ 
may be obtained in other ways. We give some account of two. 

For the firstf it is necessary to prove the following theorems : 

(A) If ^,.. .,^ ben such functions, whose Jacobiand(^,...,^)/9(u,,...,Un) 
is not identically zero, there exist sets of n constants Oi, ...,0^, such that the 
solutions of the equations ^ s a,, ...,^b On which vary with Oi, ...,an and 
give definite values to all the functions ^,...|^» consist only of isolated 
points, at each of which the Jacobian d(^, ...,^)/d(ui, ...,^) has a definite 
finite non-vanishing value. Let the number of these points in any period 
cell be N. 

(B) If then ^^, be another such function, having the periods of the 
functions ^, ..., ^ as primitive periods, we can form from ^^^i a single- valued 
meromorphic function with these periods, whose values, at the N solutions 
of ^"*ai,...,^a*an lying in any period cell, are all different 

(C) The functions ^,...,^, ^^1 are connected by a rational relation; 
in terms of them any single-valued meromorphic function with the periods 
in question can be rationally expressed. 

* The fttept indiosted by WeianlrMt (Werhe, m. (1908), p. 118) are different from ihote 
oeed aefe. 

t Wirtinger, MonaUkefU fBr Math, u. Phyiik, 1895 (Jehrgang vi., p. 
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(D) Such a set of (n + 1) functioDs is farnished by a function ^, having 
the periods as primitive periods, and its first partial derivatives. 

(E) A linear aggregate witli undetermiDed coefficients of the seotmd 
partial logarithmic derivatives ^rt{v) of a theta function ^(ff, r\ has the 
period (1, r) as primitive periods. 

(F) Such a linear aggregate is expressible rationally in terma of theta 
functiona 

The proof of (A) may be carried through on lines similar to those we 
have previously adopted for the equations /i ■* 4P, J*, ■* 0, . . .» /*« ■* (pp. 199 ffi). 
Or may be made to depend on the fact that each of ^, ..., ^ Mid the 
Jacobian A may be regarded as a rational symmetric function of n places 
upon a Biemann surface; there is thus a rational irreducible equation 
(A, ^,...,^)"^0 giving the values of A when ^""Oi, ...,^a*chi. But the 
theorem would seem to be true of any single-valued meromorphic functions, 
whether periodic or not. For (B), if u^^\ u^ be two inoongruent solutions 
of ^>Bai,...,^»a», while we may have ^n+iC^^O^^iC^^^X ^^^ ©▼^T 
differential coefficient of ^n+i c&n have the same value at u^^ and u^^ since 
the difference ii^^ — u^ is not a period of the function ^»^,. Let ^Vt-i ^ * 
differential coefficient for which 4^'f^^{u^^) is not equal to ^'f^i{u^). Taking 
another pair of points satisfying 4^^a^,...,^n^o^ we can similarly find a 
differential coefficient ^'^ih-i not having the same value at these points ; and 
so on. A linear aggregate of such differential coefficients is such a functicm 
as is desired. Denoting it by ^, we have then an irreducible rational 
equation (^, ^, . . ., ^) ■* of order i\r in ^, and if x ^ another function with 
the periods considered, we similarly have {^ + /ix> ^>*-m^> m} "^0 with 
{^, *!, —. ♦». 0} « (^, ^, ..., ^). Differentiating {^ + MX* *!» — »♦»•/*} - 
in regard to ft we obtain the expression of x ^^ terms of ^, ^....y^, 
postulated in (C). The theorem (D) depends on the facts that Uie Jacobian 
of the first n partial derivatives of ^ is not identically zero, while the values 
of ^ for the solutions of d^ldvr^ ■* Oi, ...,d^/9u,) « a^ are different, if Oi, ...,a,i 
be suitably taken. Theorem (E) is very easy to prove, and theorem (F) is 
obtained by taking second logarithmic derivatives of such a formula as 
expresses ^(u + t;) ^(u — v) in terms of theta functions of u and t; (for 
example, AbeiCs Theorem, pp. 457, 516). 

A second method of proof is of an entirely different character. It can be 
proved directly that a single-valued meromorphic function of n variables with 
2n systems of periods is expressible as the quotient of two integral functions, 
having no common zeros save where the given function is indeterminate; 
and that these integral functions have the property that their second 
logarithmic partial derivatives are periodic functions with the original 
in sets of periods. An integral function with this property can be directly 
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proved (as in the next chapter) to be expressible by theta functions. The 
writer may be allowed, for the proof of the first of these statements, to refer 
to his own papers, Proceedings London Matliematical Society, Ser. 2, Vol. i. 
(1903), p. 14 and Cambridge Philosophical Transactions, Vol. xvin. (1899), 
p. 431 ; these are based upon the papers of Poincar^, Acta Math. ll. (1883), 
Acta Jfot/i. XXII. (1898), Acta Maih. xxvi. (1902), and of Eronecker, Werke, 
I., p. 198 (of date 1869) — Eronecker's paper deals with the problem of 
extending theorems of Cauchy to functions of more than one variable, with 
the use of integrals, and is in close connexion, not only with the theory of 
multiple potential but also with his theory of Characteristics for systems of 
rational equations, dimly foreshadowed by Sylvester* {Collected Papers^ Vol. i., 
p. 528). 



* For the theorem thst a meromorpfaie fonetion it expreiiible as a qootieDt of two integral 
ftinctioDt, the reader should also eontolt AppeU, Liouville, a^. 4, vn. (1891), p. 157 ; and an 
important paper by Cousin, Acta Math. m. (1S95). In connexion with the closely oonneeted 
theorem of the necessary relation among the periods of a single-valned meromoxphic multiply 
periodic fonotion see also Wirtinger, Acta Math. zzn. (1908), p. 188, and Poinoar^, tbid.^ p. 48. 
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CHAPTER X. 



THE ZEROS OF JACOBUN FUKCTIONS. 




82. C!oNSiDER a single valued integral function f{u) of n yariables 
i<i> •••»tifi» such that its second partial logarithmic derivatives have 2n systems 
f primitive periods, of matrix m ; no one of these derivatives being expressible 
by less than n linear functions of the variables, or having therefore (p. 203) 
any column of infinitesimal periods. The periods must, as follows from 
preceding investigations (p. 224), be subject to certain bilinear relations, with 
integral coeflScients, and obey certain corresponding inequalities, say of the 
form 

mHv « 0, — ivHvoX^x > 0, 

where J7 is a skew symmetrical matrix of integers and x denotes a set of 
n arbitrary quantities, the suflSx sero denoting the conjugate complex 
quantity ; it is of importance for what follows that we assume the periods 
to allow only one such bilinear relation and corresponding inequality. 

From the periodic derivatives we can as previously (Chap, vii.) deduce a 
Riemann surfEice, say of deficiency p, upon which Ui, ...,Un* may be regarded 
as integrals of the first kind, forming a defective system if n<p; we use the 
same notation as before, putting 

n = vh, ghm = c, w « v'g, m'c * (w/, 0) « Dm, 11 » w/A, 

so that in &, which is of type (2n, 2p), the determinants of order in are 
coprime, and we denote the matrix v/ by a. Then from 

nc^fisrO, -^iU^^U^x^x >0, 

we have akt^ha, ■* 0, — iake^JooL^x^ > 0, 

which are the bilinear relations and inequalities in question. 

The periods v/, or a, are sums of integral multiples of the periods «, and 
the second partial logarithmic derivatives of the function f{u) have the 
quantities a as periods ; if then a^ denote one of the in columns of the 
matrix a, we have equations of the form 

f(u + a^)lf(u) - exp. 27ri [b^{u + ia^) + c^], 0* = L- > (2n)), ' 
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where b^ denotes a oolamn of n constants, and &^^ a definite constant ; from 
these equations we infer 

y (w + a« + a«)//(ii) « exp. Jiri {[6«»» + h^] [u + \a^^ + \a^] 

+ c«> + c« + i [6''»a« - 6«a«>]}, 

and therefore, siilbe the right side must be unaltered by interchange of the 
exponents 1 and 2, the quantity h^^a^ — b^a^^ must be an integer ; thus 
if 6 denote the matrix of type {n, 2n) whose j-ih column is b^, the skew 
symmetrical matrix ta — d&, of type (2n, 2n), must consist of integers. We 
shall put 

^ « /a\ , so that A « Ba - oft « (5, - a) /a\ « (a, I) /O, - 1\ /a\ « JcMii. 

U; \b) U. oJU; 

From the &ct that Ini^cib consists of integers it can be shewn at once* by 

induction that the separate formulae lead, if m denote any row of 2n integers, 

to 

/(u + am) - 6»^/(u), 

where J?«6iii(w + Jom) + cm- 1 2 A{,jm{my-, (t,j«sl,...,(2n)). 

It can further be shewn, without recurring to the Riemann surfiice, if t 
denote any 2ti quantities not all zero, satisfying cu « 0, and z^ their conjugate 
complexes, that 

— t A^^o > ; 

if jt s i^ + »ir> since A is skew symmetrical and A{^ « 0, this is the same as 

-iA[f(-fr)+trt]=2Arf>o, 

or, as A s= la — a&, and ou^ » 0, it is the same as 

— »(gu . bz^ — CLz^.bz) = iazg.bz > 0, 
the quantity on the left being in each case real. 

As will be seen, if we assume the determinant of A, or A, not to vanish, 

this inequality is dedudble by use of the Riemann surfiBM^e. But as, conversely, 

an independent proof enables us to infer |A|40, a fact important to us, 

we reproduce the following remarkable proof due to Frobenius, CreUe, XCTII. 

(1884). We cannot simultaneously have cu « 0, cuo ■* 0, since the latter is 

i * 
the same as Oq^sO, and we should have the determinant I, of type 

(in, 2n), zero, contrary to the hypothesis of the non-existence of infinitesimal 
periods. If v be any set of n arguments, t a single complex quantity, w^^c-^bv, 
and (sts« + ttf, we have at once, identically, in virtue of otbO, 

* For instonoe, AbeVi Theorem, p. 5S2. 
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where X-«-*^<''+*-*>-»^/(» + af); 

consider now Z as a function of the in real quantities ( for variable values 
of these, denoting it by L ({) ; we find at once, in virtue of the property of 
f(u), if m denote any 2n integers, that 

X(f + m)«e^i(f), 

i<J 

where J5r«« — in(Afiii+ S A(jm<m^), 

so that Z (f + tii)/Z (f ) is of modulus unity; when every element of ( is 
positive (or zero) And less than unity, the function L {^) is, by its definition 
above, manifestly finite ; thus a real positive quantity is assignable such 
that, whatever finite values z and t may have, 

recurring to the equation (A) however, and regarding v and z as fixed, the 
function of t on the left side, 

is an integral function ; it must then be capable of becoming infinite when 
t is infinite, and so therefore, if p denote the real quantity — tVAzft, must 
the quantity e^ ; but if p were sero or negative this would be impossible. 
Thus we have as desired 

— f A^^o > 0. 

This assumes that x(^) ^^ ^^^ independent of t; we have, however, if 

wherein, since ozq cannot be zero, the left side is a function of v, the quantities 
t and z being regarded as constant; on the right however the quantity 
(u^ — t<;o)^o> which is equal to (6v — l^9Vo)'?o or bz^.v—b^z^.v^, if a function of v, 
is a linear function — differentiation of this equation would then shew that 
taZf, is a system of periods for the second partial logarithmic derivatives of 
f(v), and as t can be taken arbitrarily small this is impossible, these functions 
having no oolunm of infinitesimal periods. 

Having then — lAzZo > or iaz^ ,bz>0 when cu » 0, it follows that we 
cannot simultaneously satisfy the 2n equations az^^O, bz^O; thus the 

determinant of ^ or ( , j , and therefore also of A or A€m^$ is other than zero. 

This being so we infer firom A « Ae^n^f first A~^ » — A^^c^Z''^ and then 

- €« « AA'^A « (a\ A-» (a, I) = /aA->\ (a, I) « /oA"^, aA->5\ , 

\b) Ua-V UA->a, 6A-'5>/ 

and therefore oA^'^a ■* 0, nAr^l » i, 6A~^S ■* 0, 

I while, if X denote a set of n arbitrary quantities, and we take in quantities 
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B subject to cusO, hzwmx, or say z^A''^{0,x\ and write € for Ctn, we 
have, in virtue of 

- i^tz. - - iZo-'Ai!-' (0. x) (0, X.) « - uJ.il-i (0, x) (0. «,) 

« fil.A-'2(-fl:. 0)(-ar., 0) « - tilA-'J,(-«^, 0)(-x, 0) 

» - i foA'^, oA"-'Xb\ (- «•• 0)(- J?, 0) « - *aA->a,roar, 
Ua-'o,, 5A-»BJ 

and the condition — i^tz^ > is thus equivalent with 

— ia^'^a^x^x > 0, 

where x denotes a set of n arbitrary quantities not ali zero. 

LfCt R be the positive integer which is the' first invariant factor of the 
matrix A, namely the determinant of A divided by the highest common 
£Eu;tor of the first minors of A, so that JtA~* is a matrix of integers whose 
elements have no common factor other than unity; comparing then the 
equations 

and recalling that the periods are subject only to one set of bilinear relations 
with integral coefficients, we can infer that, if m be the highest common 
positive divisor of the elements of the matrix ke^lc^ we have k^^l: « ± m/2A~' ; 
comparing further the inequalities 

— iake^lu^x^x > 0, — ia^'^x^x > 0, 
we can infer that the sign is positive, or 

while, by the way, we see that, save perhaps for a ± sign, the relation 
— »A^^o>0 could in fact have been inferred firom — tdA'*a«4;^^ > 0. 

83. In what has preceded we have regarded the Jacobian function asx « '%. ^ K^ ^^^ 
given, and the Riemann surface as derived by means of it But we may take 
another point of view. Suppose we have any Riemann sur&ce of deficiency #^ 
p upon which are n integrals of the first kind forming a defective system, the 
period matrix 11 of these integrals being expressible by a matrix of 2n columns 
a, in the form 11 « ait, where, in k, which is of type (2n, 2p), the determinants 
of order 2n are co-prime ; then we may consider integral functions of n 
variables whose second partial logarithmic derivatives have the periods a. 
That such functions always exist is clear from p. 227 ; they can be formed by 
the help of theta functions. The matrix ke^k, and the number m, which is 
the highest common &ctor of the elements of the matrix kt^k, will then be 
determined by the Riemann sur&oe; but the matrix Aa*Sa — ofr, though 
containing, in the case of all the functions considered, the same matrix a, may 




290 



Number 



Tary from Ainction to AiDctioD, and therewith also the number R, the first 
inTariant &ctor of A, while R^''\ » - h§Jk, will be the same for all. 

Taking this point of view, consider n Jaoobian Amotions /, {u\ ...,/n(tO; 
we proceed to prove that the equations 

/i(t«-e«)-O.....A(ii-e«)-0 

have a nnmber of sets of dimultaneons aolntiohs given by 

3r-i2,i2....fi,(fi!)/V;iS=^;, 

and that, if (ui^, uj^, •••> ti^^^^) be one of these sets, 






(a»1,...»fi), 



where C7« is independent of e"^ ....e^', and vanishes, save for i^th parts of 
periods, when each of the functions /i, ...,/n is either even or odd. 

Consider, first, one of the Jaoobian functions, which we shall denote by 
/(«). If we put {^(ii)>Bdlog/(i/)/9ii«, and regard tti,...,ffn as integrals of 
the first kind upon the Riemann surface, the number of zeros of /(u — e) upon 
the surface is the value of the integral 

^. jdlog/(M-e), « 2^. j[f,(t<- e)dii, + ... + {;(u-e)di/J, 

taken round the edges of the period loops. When however the arguments u 
are respectively increased by the elements of one of the columns of the 
matrix 11, m^ak, the functions (i(^~~^)*--*> Cii(^ — ^^ increased by the 
elements of the corresponding column of the matrix i^inblc ; thus, if we put 
U^bk, the value of the integral above is 



or 



jiun-nu)j,f^, 



that is 



2 [I- (6a - a6) t]^j+y, 

or 2 {^^)jj^' 

Now, if ir be any matrix of type (2n, 2p\ and A any skew symmetrical 
matrix of type (2n, 2n), we have 

1 



J^(tAi),.^,-if (A*«»i)..,; 



^<f 



for (tA*),.,^-2i^,,A^^iv,,-S A^^i^^iv,^- 2 A^.(/v,it..r-*c.Ar). 



^9 



Py9 



Pf9 
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General remark. 



and, as we have seen that aA~^& « 1, this is 

Rme^. 

Thus if (a,), (a«), ... be the leros of /(u) and (or,), (/r,), ... the zeros of 
/(u — e) we have 

A»l 

It follows in the same way that if / be any function of position on the 
Riemann surface, which is capable of expression about every poimt of the 
surface by a conveif[iug series of positive and negative, but integral, powers 
of the parameter for the point of the surface ; but has only poles and no 
essential singularities, so that the number of negative powers of the 
parameter is finite in every such series; and the function be single valued 
on the dissected surface ; and its value /'^' on the left side of the jth period 

loop 0' =* 1, . . . , (ip)) be equal to /c^'^'^, where / is its value on the right side 
and H^^ is of the form 

Q6Jt'»[u«'«- 9] + «•>', 

where Q is a single number independent of j, 9 a set of n numbers inde- 
pendent of j, R^^ is a quantity independent of a and 9^ and bk^^ denotes the 
elements of the jth column of the matrix bk, or U, previously occurring, 
then the difference between the number of zeros Xi\ ^^ . . . and of poles 
^'\ ^\ ... of the function is 

and we have 2w*'a — Sti*"!* « QmRq + A, 

where A is independent of q. We use this result in what follows. 

Considering a places (a?i), ...,(ar«-]), (x), we shall denote the value of 
the integral of the first kind at these places, with definite lower limits, by 
11,, ti„ ... , u^i, u respectively. When we have a set of « equations 

/i (t/i + ... +tt^j - «i)= 0, ...,/r(Ui + ... + U^i - Br) = 0, 

/r+i(wi + ...+w,_i + ti-er+i)«0,...,/,(u, + ...+u,_i + tt-e,)«0, 

in the a variables (^), ...,(dPt-i), (x), wherein fu"-:ft ai^* as has been 
explained, Jacobian functions, with the same quasi-periods of matrix a, of 
which it will be noticed the first r equations do not contain (x\ we shall. say 
that we have the case (a, r). The case (a, 0) is then that in which the a 
variables enter into each of the a functions ; the case («, a) would be that in 
which the variable w does not enter at all, and does not arise ; thus we may 
have rsO, 1,...,(9— 1). For simplicity we write ejk, instead of e^, to denote 
a row of n constants. 

This set of equations determines sets of solutions for (^), ...,(^«-i)> («)t 
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and hence determiDes pmdtions for (x). We proceed to shew that the toUil 
number of positionB for (w) is 



•" f,r ^ tn'Ri . . . Rg 



III 



.(«-r)(ii-« + r+l), 



and that the sum of the values of the integral u at these positions is 

(n IV 

save for periods and quantities independent of. ei,...,€«, the last equation 
standing of course for n equations. 

In particular for the case («, 0), where all the a variables enter into all 
the fonctions, and enter sjmuieti'ically, the number of positions for (x) wil] 
be 8 times the number of sets of positions of (xi), (^), ..^(^t-i)* (^) which 
satisfy the equations. The number of such sets will thus be 

n! 
(n - 8)1 

and, if (x^), ... , (x'^^i), (x') denote such a set, 

save for quantities independent of ^ , . . . , et. 

We prove these results by induction, shewing that the formulae for the 
case («, r) are deducible from those for the cases («, r + 1) and (« - 1, 0), and 
in particular the formulae for the case («, « - 1) are deducible from those for 
the case (« — 1, 0). As they have been proved for the case (1, 0), they there- 
fore hold in general. 

Consider the 8^1 equations 

/r+l (l*i + ... + tt,», + 1* - er+i)«0, ...,/,_, {ill + ... + U„ + M- e,-,) = 0, 

obtained firom the original equations by omitting the last of these ; regard 
them as equations for (^), ...»(av-x) only, in terms of {x)\ this is then a 
case (f - 1, 0); there will be a number of sets of solutions given by 

n! 
'^'^'^- -^-'tn-Z+l)!' 

and, if such a set be denoted by Xi^^\ ...,4P<^Vi> we shall have 
2 (u.^) + ... + 1*<^«) - m^»i2, ... iJ^, J^^l^ 

where X has a number of values equal to the number of sets, Se denotes 
01 4- ... +€«-!, and A is independent of (x), and of 0i,...,0^i, and of e«. 



I 



I 
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CoDsider now the functioD of {m) given by Ibe product 

in passing from a position of {x) on the right of the period loop (o^), where 
j« 1,..., (2p), to the corresponding position on the left of this loop, the 
integrals ti are increased by the elements of the jth column of n» 8ay» u is 
increased by ^^^ or ak^^ where k^ denotes the ;th column of k, and Uie set 
a^^\ ...,»^\^i is changed to another set of solutions, say mi^\ ..., «<^^^|, and 
at the same time the sum * 

ii,<^ + ... + u^«, ^W^\ say, 

is changed to W^^ + nt^, where t^ denotes a set of integers, depending on j 
as well as X ; from the equation above (p. 293) giving S W^, wherein A does 

not depend upon (a?), we then infer that 

this equation is of the form 

where t^ ■* St^, and H is real ; an equation a{ « 0, wherein ( denotes a set 

A 

of (2n) real quantities, involves also a«( ■* 0, where a« is the matrix whose 
elements are the conjugate complexes of those of a, and hence ( » 0, since 



the determinant 



a 



does not vanish ; we therefore have here 



and hence ^b^kt^ = — tn^^Ri . . . fi^ 



(n-1)! 



«— i 



(,_r-l)6,jfcUi, 



* (n-«+l)! 

wherein we shidl, as pTeviously, denote b,k^ by U,^. Now we have 

eqnal to a****ii, where 

J^ = (6,tt^ + h,k^) (tt,w + . . . + tt*"^, + tt - e.) + B^. 

and B^ is independent of (c) and ei, ...,«t> hut may depend on j; thus 
the function of (x) denoted by P has at the period loop (a^) the fiutor 

^^^ where 

A A 

which, if we put 
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these are a case («, r + 1) ; the number of positions for {x) is therefore 

or -y,m/2,n(*-r-l)(fi-* + r + 2), 

while, if ^/', V^ ••• denote these positions, the sum SuO is given by 

p 

2u^V«J\r,ml?,{-(«-r- l)(ei+ ... + er) + (n-« + r + 2)(er+i + ... 4 e^,)| + JF, 

p 

where E is independent of e, , . . ., e«. 

And it is important for the induction to notice, and easier to notice at 
this stage, that this argument in regard to Q holds equally when r is « * 1 ; 
the equations from which we start out are then 

/i(w, + ... + Ut-i - e,) » 0, ...,/♦-, (ti, + ... + u_, - e^^) « 0, 

/,(u, + ... + w,_i + u - e,) « ; 

the sets d^^^\...,dp<^)^| are determined in terms of {x) from the first 9-1 
of these equations, that is they are all independent of {x\ and the function 
Q does not depend upon {x) ; and the formulae for Q both become evanescent 

Adding now the number of zeros for Q to the number obtained for the 
difference of the numbers of zeros of P and Q, we have, for the number of 
zeros of P, 

N^mR^n {n - 2 (« - r - 1) + (* - r - l)(n - * -K r + 2)} 

« J\r,mii,n(* — r)(n — f + r + 1) 

« m'jB, --Rf /--y^ 1) J (* - r)(n - « + r + 1), 

as originally stated ; and, adding the value just found for the sum Su'V to 

p 
the value previously found for the sum £u''«'— . Su^'V, we have 

^H^m tm NttnR, {(n - « + r -f 1)^, - 2« - (* - r -!)(«, + ... + tfr) 

+ (n - « + r + 2)(e,^., + ... + e,-0) 
— NgmRg {- (*- r)(6, + ... + e^) 4 (n -» + r + l)(er+i + ••• + O} 

+ (n - « 4- r + l)(er+, + ... 4- e,)}, 
also as originally stated. 

The result is then established, and therewith the formulae for a case 
(«, 0), as originally remarked — and therefore finally, for a case (n, 0)) the 
n equations 

/,(U|4-...4-Mi»-i4-tin-e,) = 0, ..., /n*(ti,4-...4-u»_i4-Un-e»)«0 



m* 
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•re proved to have a number of sete of Bolotions given by 

m*jB,...A»(fi!), 
and, if (^/^\ ...,Xn^^O denote one of these sets, we have 

2u'/^^ + ... + W^^ » m'^Ri ... -B»[(n - 1) !] (e, + ... + e«), 

A 

aave for quantiiien independent of fi, ....en. 

We have however previously shewn that (p. 250) if (/^—(tT,, ..., Un) be n 
arbitrary variables, the n equations represented by 

tii + ... +tin= f/^ (rood. 11) 

are satisfied by H ^ {^k€^,J:\)' sets of positions of (xi),...,{xn) upon the 
Riemann surface. Consider then the n equations 

/i(t^-^)-0 /•(ir-«n)-0; 

to any set of values for U satisfying these, correspond H sets of positions for 
(xi),...,(xn) ; the number of sets of values for U is thus 

but we have k€^k « mR£i'\ and | k€^Jc | » m** , R^"^ \ ; this number can 
therefore also be written 

where Hi Ar' » 1^ A,"' » . . . . And, if I7(^^ denote one of the sets of positions, 

2£7(^) = (|i2A-M)-*iJ,...-Bm[(n-l)!](e, + ... + «„), 



or 



A » 



where ^ is independent of ^i, ...,e». 

In the case where every one of the functions /i, ...,/n is even or odd, we 
have A^O. For considering then the case where 0i » o, ...,eii » 0, we have 
if f^{U)^0 also /•(— I7')bO; thus the sets of solutions are in pairs of 
opposite sign, and the sum is zero, and therefore also A. It is therefore zero 
for all values of 0|,...,en» save of course for a sum of integral multiples of 
the periods FT, or a — these forms of the statement being identical in virtue 
of the equations 11 » oik, (a, 0) » Jim of pp. 226, 230. 

The foregoing investigation is, in its essential idea, derived from a paper by 
W. Wirtinger, Monatah. /. Mathematik u. Physik, VIL Jahrg. (1896), pp. 1—25. 
The present writer cannot sufficiently express his admiration for it The 
idea of obtaining the number of simultaneous solutions of a set of theta 
functions of arbitrary orders, and of expressing the sum of the values of the 
solutions, was however first entertained by Poincar^ ; his method of investiga- 
tion is essentially different firom the above : see Poincar^» BuU, d. Sc Math. 
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Expressiofi of a 
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d. France, XL (1883), p. 132 ; Ammioan Journal, vm. (1886), p. 834 ; CampL 
Jtend. 4 F^v. 1895 ; Ltatmlle, 5-* S^r. t. i. (1895), p. 222 ; Jcto Math. xxvi. 
(1902X p. 95 : aee also Krouecker, Werbe, L (1895), p. 200 {Berlifk lianaiU. 
1869). 

I A^jXtJt^^'^^^ ^ ^^ fuDctioii /(tt) is easily reduced to the theta functions belonging 
jajT^^j^^ to the Riemann surface. We can in ^i find a unitary matrii of int^gen of 

i^*^»<^— •- H[**^ yRA-^^/O -e\. so that y-'Ay' '^ li / €r'\^K say, or A^yKy, 
f**--^-^^* \e O) U^' ) 

where e denotes a diagonal matrix whose diagonal consists of positive integers 

e„e2 €n such that e^+Je^ is an integer ; as then every element of the matrix 

JSA~' is a linear function, with integral coeflBcients, of the integers S| e^, 

an«l the elements of Rik"^ are co-prime, it follows that ej "= 1. Further each 
of R/e^ is an integer. Putting then (cf. p. 286) 

a-(si, •')7. 6-(A/9')7. 

(•, •') « n, (A ff') « H, 

if m denote any row of 2n integers, and /i * ym, we have 

bm (tt + ^am) '^ Hfi {u -I- ^flfi), 
while Ay « 2 Kk,i 7*. • 7^> » 



and 



s 2 Kk,i(yk,iyu'^yi,iykj)niimj, 

k<{ 



i<j k<l i<j i<J 



(mod. 2) 



so that 



= 2 Kt,i{ 2 yt.iyu^^'^ ^ 7i.i7*.<^*»»i). (™od. 2) 



2 Ai,^fii<fit^+ 2 if*,i27M7i,<*»<*= ^ J5r*,iM*Mi. 
or, as m^* H ni< (mod. 2), if we put 

2 yk,iyi,i^ka^^it 



k<l 



2 A{jmjfit^= 2 Et,iiLtiH-Fm. 



(mod. 2) 



we have 
Thus 

i<J k<l 

(mod. 1) 
where C/i » om + ^i^m. 



ely 



c-r-'(c + in 
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Take dow P b . ^/9fl»^S which by the above is a symmetrioal matrix, 
of type (fi, n), and multiply /(u) by ^^^ ; then 

P[(ti + aiii)»-u*]-P[(tf + n/i)»- tt«] - 2Pn/i . tt -I- JIPQm*. 
and, if /, (u) « e***'*"'/(u), we have /, (u -I- am)//! (u) — e^^ where 

Herein* since 

we have, hi ii^{M, M'), 

- - Jfa-'»-»ii .if' - - Brif ', 
if » « («^)""' M ; 
while nPH/A* -I- i if M • Am 

= - JiiiF>-'if' . {wM + «'Jlf ') - - {Re-'w' (wif -I- •iW) M' 

since p «■ H (•«)"*»' — iJe"*«""'»' ; 

also, since K^R 



(-'.. D' 



we have 

thus on the whole 



k<1 



now let C « (9, 9'), and take Q « — w^'j, so that 
Q(tt-I- am) - Qu « -5^g. flf* « - •-»(«3f + «'Jf')9 « - (if + w-VAf )g; 
then, as C/i B ((if + q'M'), we have 

Q(ti + am)-Qa + C/*«g'if'-i6pif'9«9if'-^pegif'; 

/.(u)-.2''^«'-«-<?*V(u), 



S ^ -^^f 



and thus, if 
we have, since 

which, if 

W .»- ^ (g' - ^ peg). .(««)-» (tt + ^ «,'«j - ^ ««g') , 

is the same as 
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putting then ft(u)^F{w), we have 

we have however previously shewn (Part I. p. 21) that an integral function 
satisfying this equation is expressible in the form 



* \ / 



R 



where h denotes the ti integers A,, ..., A. in which ^ A. < — , so that this is a 
•am otR^le^ . . . e^ functions, namely, as A— Ay / e~'\ 7, of VjAj functions. 

v-e-' ; 



1 



And we notice, if v » -k «e, that 



«„.„-. („+?W-<^'j. 



Compare this work with that given on p. 227. We have denoted by 
R the first invariant factor of the matrix A, namely the determinant of A 
divided by the highest common factor of the first minors of A; denote 
similarly by r the first invariant fisM^tor of the matrix ke^J: ; we have denoted 
by m the last invariant factor of ibc^]^, namely the highest common factor 
of the elements of kt^Jc, taken positive ; denote similarly by M the highest 
common fiu^tor of the elements of A. The equation 



gives 




A-7/ Ar'\7, 


and therefore, 


a87 


is unitary, 

Jf«*, R^^^R; 

en ^1 


but from 




k€^k « mBA-» 


we have 




\e O) 


and hence 




r«me,i; 


thus 




Mr^mR. 
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i 



1, 






u* 




If then we put, as on p. 227 (ct Af^odiz to Pkrt II, Note ll) 

\d 0/ 
where is unitaty, we may take ymO,d» mu, and 

a-(»,»')7-(M.M')/«^' 0\0 
gives m - /irdr*, m' - ^', 



^-(•.)rV-^M-V-m'. 



while 
and 



1—1 



(we) ' tt — m ^- — . 



A Jacobiao function in argumentR (»e)''^u with qnasi-periods f €^\ -k j is 

thus a Jaoobian function in aij^uments m . - — with quasi-periods m (dr\ — j . 
The function upon which the expression of the periodic functions was shewn to 
depend was (p. 283) a function in aiguments - — with quasi-periods ldr\ - j. 

85. Remark. Considering as before a Jacobian function f{u) on the Rie- 
mann surface, let {l(u) denote 9 log/(fi)/9ti« ; if ii be r^;aided as an integral 
of the first kind on the Riemann surface, depending on the place (x\ the func- 
tion fUi^) IS <^ integral of the second kind with poles at the mRn seros of 
/(u\ having for the passage of the period loop (Oj) the increment iiwiU^j. 
We may consider such a function as 

at the Jth period loop this functiim has the increment 



(i-i ip); 



1 (I7..,n.j-n^,i7^). 

which is {Un^nU)ij. or (lAJtXj ; 

assuming provisionally that the matrix kAk is not of vanishing determinant, 
the ip functions 

are such that all the ip periods of 1^ are xero except that at the loop (a^), 
which is unity. If then Vi,...,f^ be the normal integrak of the first kind, 
the function 

Hfc « - r» + F* -I- Ti,,F^, + ... + Tk^pT^f (t - 1, ..., p), 

has all its periods zero, namely is a rational function on the Riemann surface. 



.r 
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Taking now the matrix a, first divide all its elements a^^ by their 
greatest common (positive) divisor; then, fay interchange of rows and 
columns, pat the (absolutely) smallest element which is not xero, or one of 
these, in the first place of the first row, and by change in the sign of the first 
row, if necessary, take this smallest element positive ; then, by adding suit- 
able multiples of the first row to all other rows, and suitable multiples of the 
first column to all other columns, make all elements of the first row and 
column less in absolute value than the first element By repeating these 
steps we shall be able to arrive at a matrix in which the first element of the 
first row is positive unity and all other elements in the first row and column 
are zeros. 

After this, deal with the matrix obtained by ignoring the first row and 
column in a similar way, making substitutions only for the variables other 
than the first x and the first y ; and so on. The bilinear form will thus take 
a shape 

c, («,'y/ + 1:, Ky,' + ib («f'y.' +...)]}. 



/-. / 



'^. f 



or say c«i y, + ... + CtXi y/ . 

where K'^c^Ci, k^^cjc^t ... are positive integers, and the matrix has a form 

C, 0, 0, 0, 0, 0, 

0. c. 0. 0. 0, 0, 

0, 0. ci, 0, 0. 0. 

0, 0, 0, C4. 0, 0, 



there being ti - / columns of zeros on the right, and m^l rows of aeroe below. 
Here the greatest common divisor of determinants of order r is CiC^ ... Cr, and 
the invariant factors, or elementary divisors, are ... > c^, c^, Ci*, the form is 
thus unique. The number /, characterised by the fact that all minors of the 
matrix a of more than I rows and columns have a vanishing determinant, is 
the rank of the matrix. Denoting the inverses of the square unitary matrices 
g, hhy Of H we may write the result 







ill) 



\H^OicBi, 




where 0^ of type (m, Q, is constituted by the first I columns of 0, and is 
unitary in the sense that the determinants of it of / rows and columns have 
unity as their greatest common divisor, and J7i, of type (l,n\ is constituted 
by the first I rows of J7, and is similarly unitary. 

For a simple instance take the matrix 

o-/ 1. 2. 8, 

V 6, 6, 7, 



ty 
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|i 



I 



li 



where H^ as before, is constituted by the first m rows of H, and JSTi by the 
remaiDing n^m rows. The determinant of this matrix is 

\0c\ \H\, -c,c,...c«, 

and this matrix is therefore sach a matrix as desired. 

09) In the same case, m<n^ the rank of the matrix a being m, we 
ha?e as before 

a^QcHu -/lr,say, 

where/, » 0^, is of type (m, m), and k, « H^ is of type (m, n) and ii tmUarff, 
in the sense that its determinants of order m have unity for highest common 
factor. The question arises whether the matrix a is capable of the form 

in which /, is of tj'pe (tn, m), and l\ in of type (tii, n) ami m unitory, in other 
ways. We prove that this is onl}* possible by the obvious change 

wherein y, of type (m, m), is unitary. 

For, form the matrix of type (n, n), of determinant unity, whose first 
fir rows are constituted by the matrix k, as we have just shewn possible 
(under (a)) ; let m denote the inverse of this matrix, so that 

*m«(l,OX 

where 1 denotes a diagonal matrix of type (m, m), having unities in the 
diagonal but its other elements zero, and denotes a zero matrix of type 
(niy n — m); the equation 

then gives /(I, 0) «/,*,m, 

and if we put j^m » (7, X), 

where 7 is of type (m, m) and X of type (m, n - m), this is the same as 

/-/,% with 0-/A; 
the former gives fiyk^fiki, 

which, since by hypothesis the determinant of/, is not zero, leads to 

as stated above. 

If instead of the numbers m, n we have respectively the even numbers 
Siiy 2p, as is the case in the applications made in the text of this volume, and 
H as there, €^ denote a matrix of type (2p, 2p) whose elements are zero save 
the elements (r, p + r), each of which is - 1, and the elements (p-^r,r\ 
each of which is 1, we have the result that a matrix of integers a, of type 
(in, ip), and rank in, can be written in the form 
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wherein /is of type (2ii, 2fi), and J: is of type {in, 2p\ and is tuidary, and in 
whatever way this be done, the matrix, of type (2n, 2fi), 

ha$ the same determinatU. The nnmber expressed by this determinant, which 
was called the trndtiplicity in the text, is thus uniquely determined by the 
matrix a. 

(7) A third simple application is to determine the number of ioteger^ 
representable in the form cur, where a is a square matrix type (n, ti), of non- 
vanishing determinant, {nfsnrs l\ and ir is a row of rational fractions, two 
rows whose diffcrenoe consists of n integers being counted equivalent. Take, 

as before, 

a - QcH ; 

then ax^£, 

where r is a row of n integers, is the same as 

where J5fo-f. G'"*^"?, 

so that when g consists of integers, so does ^, and conversely, and when x' — m 
consists of integers, so does ^ — f « J7 («' — «), and conversely. The problem 
is then of. the number of integers representable by cf, that is by 

and of these the suitable solutions are manifestly 

Cifi-0, 1 c,-l; c^f, = 0, 1, ...,c-l; ..., 

of which the number is c,C| ... c^, equal to the determinant of the matrix a. 
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NOTE II. 

THE COQREDIENT REDUCTION OF A SKEW-SYMMETRIC 

MATRIX OF INTEGERS. 

Consider a bilinear form in the m variables a^, ... , ««, and the m variables 
yi, ... • y»> having the shape 

ayx « Xoi^) (Xijfj - Xfjfi), 

where the coeflScients Oi^j are integers; we proceed to shew how, by co- 
gredient unitary substitutions 

where jf is a matrix ot integers of type (m, m) of determinant unity, the form 
can be reduced to the sh^>e 

4 i(n+\Vl - f l^^H-i) -^didt {in-¥9Vt - f 8^ii+t) + . • • • 
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Cogredient reduction of 



in which the oooplets of Tariables occurring are of the forms 

or Bay (l,n + l), (2, n + 2), ..., (w, 2ii), 

in which no two couplets involve the same suffix, and the total number 
of variables ( is even, » 2n, as of variables 17, while cii, c2|, ... , c2n are positive 
integers. 

(a) In the first place, we can, by unitary substitutions, change the 
original form to one in which the only couplets such as (», j) «* c^y^ — m^yi 
which occur are 

(1,2). (2,8), (8.4X (4,5), ... , (m-l, m), 

in which any two consecutive couplets have a common suffix; we may 
describe such a form as a linked form. 

For consider any two couplets 

a (Xiyj - Tjifi) + b {xijft - n^kVi) \ 

let Hi be the greatest common divisor of a and 6, and p, o-, without common 
fitctor, be integers chosen so that 

cur — 6p « m ; 



putting 



Wl ' in til IW ' 



the other variables (than Wj, x^) being unchanged, this being a unitary sub- 
stitution, the two couplets become 

and instead of two couplets (t,^*), (t, k) we have now only one couplet (hj^ 
Thus, considering the aggregate of the couplets involving Xi and yi in the 
original form, namely 

Oi,s («iys - «tyi) + Oi,, («iy, - Xtjfi) + . . . + ai.i» {Xij/n, - «,„y,), 

we can first replace the two first couplets by a single couplet 

Cj.s(«,y;-««'y,), 

this requiring a substitution, of Xf' and x^' in place of x^ and x^ (and of y/ and 
y/ in place of y^ and ys) which does not affect any other of the couplets 
involving Xi and y, ; the number Ci,s is ft divisor of ai,i, being the greatest 
common divisor of ai,s And ai,s; taking next the couplets 

Ci,t («^y/ - ^'yi) + oi, 4 («iy4 - «4yiX 

we can by a substitution replacing Xt\ x^ by x^", x^ (and similarly y/, y4 by 
y/', y4^, replace these couplets by a single couplet c,,s(^jy/' — ^''yi)> where 
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Ct, t is ft divisor of C|, s ftod therefore a divisor of Oi, ^ Prooeeding thus the 
form is reduced to 

a(«i^t-ftyi) + jyi 

where IT is a skew-symmetric form in m— 1 pairs of variables f,, i|^, fti i/s • • • » 
Dot involving a^, yi, and a is a divisor of a,,s' By applying a similar process 
to U^ we can, by a unitary substitution which does not affect «i, yi or {„ 17,, 
reduce this to a form 

where if is a form not involving the variables x,, y,, or fs> ^3* And so on. 
The original form is thus reduced, say, to 

ii.aC-Ti Yt - ^t Fi) -I- 6,, a (JT, F,- Z, F,) + ... -I- 6^-1, m (Jr«-i Fm - Xm F„»_,). 

(/9) From this it appears at once that integer values of x,, yi, ... , Xm, t/mi 
can be chosen which will make the original form equal to the greatest 
common divisor of all the coeflScients a,,s, c/,,„ ... , Ot^si ••• » <^i-i,w 

For, the linked form just written, with coeflScients \^^ being obtained 
from the original by unitary substitutions, the greatest common divisor of its 
coeflScients 6ij is necessarily the same as for the original form. Suppose, for 
a time, this fitctor divided out, so that we may r^;ard &i,i» 6|,s>««*> biii-i,M 
as having only unity as common divisor. We can then obtain integers 
PbiPii •''%Pmt without common factor, to make 

take then JT, » JT, » ... » X^ » 1, 

and Fi«9,, Fj — g,, ... , Y^^q^, 

so that Fi— F,«pi, F,— F,«p„..., F^— F«,-i«piii» 

which is satisfied, for instance, by 

F,«0, F,«p„ F,«|i,+|i„ ..., F|»«p,+j),-i-. ..+!>»»; 

then, for these values, the linked form has the value unity. Let the corre- 
sponding values of Xi x^ and y^ ... , y,n> obtained fix>m these by the 

unitary substitutions, be denoted respectively by Oi, ... , 0^ and 6,, ... , 6.,; 
for these the original form has also the value unity ; and as the two matrices 

/ Ol» Of Om \. / 1 , 1 , ...» 1 \ 

\ &i, fr,, ... , &M / \ g,, ft> •••» ?« / 

are obtained from one another by unitary substitutions, and the binary 
determinants from the latter (which are, in part, the numbers p,, p^, ... , jp^,) 
have unity as common fisM^tor, the same is true of the former matrix. 

The statement is therefore proved in the case when the coeflScients of the 
form have unity for common factor. It then follows at once in the case when 
they have a common factor greater than unity. 



f 
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(7) Hence, the erigiaal Ibnn cao be ebaoged to one in which the 
coefficient of the first couplet^ (1, 2), is equal to the highest oomiDon ftetor of 
all the coefficients. 



Suppose this highest common factor to be unity, and, as in (/3), let 

be Talues of the Tariables reducing the original form to unity. We can then, 
as proved in Note I (p. 805), sboe the binary determinants OfS^ * €f^6| have 
unity for highest common factor, determine a matrix of integers of 
determinant unity whose first two rows are respectively Oi, ..., o^ and 

fci 6w, My 

fh f ^ hm 



Cm,\9 Chi,s 



, •••, 



'nBlf W% 



putting then 

we obtain ayx^PaPtff, 

wherein the coefficient of the couplet (ii^'ft^i i* 



^•••Ws 



(PoP),., - S P,., (aPV. .-20,.. (P,., P^. - P... P^,) 

1...M 

«2ar,«(ar(f-a,(r)->l, 



rM§ 



as was desired. When the coefficients of the original form have a common 
£u;tor greater than unity, the correspouding transformed form is one in 
which the coefficient of the couidet ^i^ — fs?7i is this fitctor. 

(S) Still supposing the coefficients in the form to have unity as common 
fiM^r, and the form to have been reduced, as in (7), to a form 

in which the first couplet has unity as coefficient, let this form be transformed, 
as in (a), to a linked form, 

in which Xi»(i, Fi^i/i, and the first coefficient, being the common divisor 
of all the coefficients, is unity. Herein put 

Xi — ^i Xt ssX/, Fi — fit,* ^9^ Fj , 
as a transformation for X^ Fi, the other variables being unaltered ; thereby 

we get 

Xi Fj — JLf Jr 1 + Mf 



NOTE n] ^wsymmetric ftuUrix. 31 1 

where 

involves only m — 2 variables X^ •••> X^ and m — 2 variables F,, ..., Y^. 
Let similar reasoning be applied to the form M^ after division of all its 
coeflScients by their highest common factor, and so on. If di denote the 
highest common fiu^tor of the coeflScients of the form as originally given, 
we thus see that this form can be changed to the shape 

d,{(l,2) + (t[(8.4)+.ii,((5,6) + ...)]}> 
or 

rfi (a?/y/- a-.'y/) + d,<i, (a?,'y/- x^y^) + . . . + did, . . . d,» (a?'«-, y'w - « « y'2.1-1). 

wberao cl,, c{„ ..., d^ are positive integers, and 2n, an even integer, is 
not greater than m\ putting now 

«'*-!* -ft. «^*«fii+»» yik-i" — ^»> y'* = ^i»+i5» (** 1» 2, ..., n), 

this is the same as 

di (fiH-i^ - 6^11+1)+ *d,(f»+,i;, - f«i|«+,)-l- ... +d|d| ... d,»({aii^i» - f»i^»). 
In other words there exist unitary transformations from the original form, say 

such that ayx « gagv^^ / — d 

d 

V 
or ^ - / 

d 

V 

where denotes a matrix of n rows and columns of which eveiy element 
is zero, d denotes a matrix of n rows and columns having eveiy element 
zero except those in the diagonal which are in turn d,, d|d|, ..., d,d| ... d», 
while X, /A, y, X', fi are matrices consisting wholly of zeros, of respective types 
(n, m - in), («, m — in), (m - 2n, m — in), (m - 2n, n), (m— 2n, n). Of the 
whole matrix, the minors of 1, 2, 3, 4, ..., in, rows and columns have, for 
the greatest common divisor, respectively, 

di, d,*, d,*d|, di*d|*, ..., d,**"*d|*»^...d,», d^df*^, ..., d^, 

so that the corresponding invariant factors are 

d|, di, did%, didf d|d| ... dn, did| ... (d, 

while all determinants of more than in rows and columns are zero. In 
particular if the original matrix a is of non- vanishing determinant we 
must have m^in, and there is a transformation such that 
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(e) lu the preceding reduction every step can lie at once carried out 
for any given form. But the number of 8tept» can be reduced, and the 
use of the so-called linked form avoided, if we establish in some other 
way that values of the variables can be found to render the original form 
equal to the greatest common divisor of its coefficients, which we have proved 
by the use of the linked form. This result being aasumed, the form can be 
reduced, as in (7), to the shape 

diF £ d, [f ,ih - f ,1;, + o,,, (f |ih - f fill) +...]; 
and then, instead of (£), we may put 



«i 



^f' t t , dF 



Vl ^^iV»'^ 



dF ^ _^ e li. 



3^ ^ ^ 



whereby the form reduces to 

where J\r is a form not containing the four variables Xi\ x^', y/, y/, for which 
then similar reduction is possible (Frobenius, CreUe, Lxxxvi. and lxxxvul). 

(^ Any form 

a(«iyt- «iyi) + fc(«^y4- «4yt) + c(«,y, -a;,y,)+ ..., 

in which no two couplets have a common variable, can be at once reduced to 

di (f|i7t - itVi) + didt (f,i;4 - Ri/j) + did^dt (f.n. - f.i;,) + ... , 

as follows. Take the pair of couplets 

-4 («,y, - «by,) + B {xty^ - x^y^) 

in which Ay B have no common factor ; find /i, y so that Aim, + Ay « l ; put 

Xi^lM^ -Bxi , yx^i^yi -Byi 

x^mm xi -Bvx^, y, - y/ -Spy/, 

Xt^vx^ + Ax^ , y, « vy/ + Ay^ , 

«4« «i' -k-AiMi. y4- y/ -^Afiy^', 

which is a unitary substitution, giving, as we at once find, 

-4(tfayt-«^yi)+5(«^y4-«4yf)««iV--^V+-^^(^V-«/y/>- 

A repetition of this process suffices for the purpose. 

(i) Suppose the skew-symmetric matrix of integers, a, to be of type 
(2n, in), and of non-vanishing determinant. Then as has been shewn, 
we can find a unitary matrix g, of int^;ers, such that 



Komn] 



akew-gyminetric nuUrix. 
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where d is a diagonal matrix of positive integer elements di, d,, ..., c2m 
fcHT which each of djdi, djdtt ..., dn/cU^i is integral. Let dr* be the inverse 
matrix of d, a diagonal matrix of elements dr\ d^^^ ..., dn"^; we have, 
if 1 denote the unit matrix of type (n, n\ 

frd"' 0\(0 -d\ /ni-> 0\-/0 - r\ /ni-» U\ « /O -r\«r/0 -1\; 

I ly U oA ly U o A o i; [r o) [i o) 

if we take r^dm the first invariant factor of a» being the quotient of 
the determinant (dlds...dH)^ of a, by the highest common foctor 

d^df ... d'Vidu* 
of its minors of order Sn — 1, then 



/rrf-' 0\ 

V i; 



is a matrix of integers. Conversely, if 7 be any matrix of integers such that 

7««/0 -1 



%-t) 



\l 0) 

where « is an integer, and J, of type (in, 2nX given by 



ff) 



C' 



be the most general matrix such that 



J/0 -l\/-/0 -1\, 

\\ 0) U 0/ 



we have, from 



the equation 



and hence 



so that 



or 



/«rf-» 0\ /O -d\/«i-» 0\«*/0 
V lAd oAo 1/ Vl 



-1 


>c(0 



)• 



0) V lAi oA i) 

(VJ)(?-i)('i"';rG"J)' 



(7?) 



1; 
J. 



7 «/«f-» OWa /8 \ « /sd-»a sd-^fiX ; 

lAa' /s'; V a' iS' ; 



\0 IJW p, 

now ({""'a differs from a in that its first row is divided by di, its second 
row by ds, and so on; in order then that all the elements of id'^OL and 
•dr'^fi should be integers each of the quantities sc^^'S Mii"'* •••» mI»'' must be 
int^pral, or, if these be fractions with denominators ^, t%^ ..., ent the last 
row of a must, after division by en, ccmsist of integers^ as must also the last 
row of /9 ; we have however from the definition of J (cf. p. 814) 
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thu8 en» 1 and s divides by c2«. In oiber words the most general matrix of 
int^ers, y, for which 

wherein « is an integer, is of the form 

y mm /«?"> 0\ /, 

Vol/ 

where / is a matrix for which 

J/0 -l\/«/0 -1\. 

VI o; u o; 

and s necessarily divides by d^, the first invariant (actor of the matrix 

The matrix S^TI 

is then such that f^S^ ' /O ~ 1\ i 



(?-» 



and is the most general matrix of integers effecting this transformation, 
while % is necessarily equal to, or a multiple of, the first invariant ftetor 
of the matrix a. 

NOTE m. 



If 



ON TWO FORMS OF EXPANSION OF A DETERMINANT. 

Oi, Of, •••, On, Oi , Oi, ...,011 



fci, ^, ..., 6», 6i', 6|'i •••! W 
be two rows, each of 2n quantities, the quantity 

(a, i) « 0,6/ — Oi'ii + 0,6/ - a,'^ + . . . + a^ftn' - flu't* 
may be called the oom6iiian/, or the tpltce of the two rows. For instance 
if we have a matrix of 2fi rows and columns such that 

G ^)ri)(ii)"r jy 

where 1 denotes the matrix unity of type (n, n), and each of a, /9, a', ff is also 
of type (n, n), namely such that 

//8«-ai5 /9fi'-ai5'\-/0 -1\, 
then Or.,/9,,, - «^,/8,., + ... + ar,»0^n - «k.»fir,n - 0. 

and 80 on, namely the splice of any two rows of the matrix 



C-f) 



is zero, except of rows of places r and r+n, when the splice is unity. 
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(«) If ^ -(«,«') 

be a matrix of type (2n, ip), with n^p, bo that each of a, a is of type 
(2n, p), we have, with 

wherein 1 deootes the unit matrix of type (p, p), 

il€^J-(a,«')/0 -l\/fi\«(a,-o)/a\-o'a-ft5', 

a matrix of type (in, 2n), wherein the (r, «)th element is 
which is the negative of the splice of the two rows 

of the matrix (a, a') ; denoting this by (r, $) we thus have 

il€^-/ , -(1,2X -(1.8). 



) 



Thus in particular, when n^mp, and ^ is a square matrix of type (2n, 2ii), 
by taking the square root of the determinant of both sides, we have 

|il I- the Pfaffian 1 ± (1, 2) (3, 4) ... (in - 1, 2n), 

whereby any determinant of even order in is expressed as a Pfaffian in- 
volving 1.3.5... (in — 1) terms, each of which is a product of n splices from 
two rows of the determinant. For example, the determinant 

Oil fhy (h\ W 
Oi. fti. a,', V 
Oi. bf, a,', V 

«4l 64. Od'l V 

if (r, *) « OrOt' - afOr' + ftr V - 6#6/. 

has the form A » (1, 2) (3, 4) - (1, 8) (2, 4) + (1, 4) (2, 3). 

(fi) The same determinant of order in can be expanded as a sum of 
products of binary determinants. Divide the determinant mentally into 
pairs of columns, say the first and second, the third and fourth, in general the 
(2&— l)th and 2&th. From the first pair of columns take the ikith and 
Jfc^th rows, and let [it^, J:Ji denote the binary determinant so obtained ; 
from the second pair of columns take similarly the determinant [its, A;4], 
involving elements from the ittth and il;4th rows, and so on; we suppose 
ki<kt,kt<k4y and so on. Then the determinant can be written 

2 i [kit AS|Ji [A^t, Arjj . . . [kf^ i, ASmJh* 
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where the number of terms 18 

Aiid the sign is ± acoording as k^ kf, k^, it4, ... is an order formed from 
the normal order 1, 2, 3, 4, ... by an even or odd number of inversions. For 
instance, for the determinant A we have the ordinary expansicm of six terms 

A-(a,^-a.^)(a.'6;-a,'i,0 + ---+(a.64-c^M(a,'V-a,'^'). 

(7) We can easily connect these two methods of expansion. Take 
the second method of expansion to be based upon a subdivision of the 
determinant into pairs of columns of which the first pair is constituted 
by the first and (n + l)th columns, the second pair by the second and 
(ii-f 2)th columns, ..., the fith pair by the nth and 2nth columns. Then 
the splice of the rth and «th rows of the determinant is, in the notation 
employed in (a) and (/9), 

(r, 8) « [r, *], + [r, *], + ... + [r, *]», 

where [r, «]a denotes a binary determinant formed from the Ath pair of 
columns. Hence the PfaflBan expansion of the determinant, formed as 
in (a), is 

2±{[1,2], + [1.2],+ ... + [1,2]h)P,4], + ...+[8,4]h}{ ) 

or 2±[l,2]i[8,4],[ft,6],... 

+ 2±[8,4],[1,2]J6,6].... 

+ ... 

+ 2e±[l,2],[8,4]J5,6],... 

+ , 

wherein, in each of the first (n !) rows, which are formed from one another 
merely by permutation of the suflSxes 1, 2, ..«, n, there are no two suflBxes 
equal, while in each of the remaining rows two suflSxes (at least) are equal. 
Such a row, for example, as 

2 ±[1,2], [3,4], [5,6],..., 

arises, however, associated with others which, together with it, make the 

expansion, in binary determinants, of a determinant in which the second pair 

of columns is the same as the first pair, that is of a vanishing determinant. 

The PfiskflSan expansion thus gives the expansion 'in binary determinants; 

and the form of the latter is at once deducible fh>m the form of the former by 

permutation of the factors of the terms. For instance, for fi ■« 2, the PfaflBan 

expansion is 

(1, 2), (8, 4) - (1, 8) (2, 4) + (1, 4) (2. 8), 

and the expansion in binary determinants is 

[1, 2]| [3, 4], - [1, 8], [2, 4]. + [1, 4], [2. 8], 

+ [8, 4], [1, 2], - [2, 4], [1, 8], + [2, 8], [1, 4].. 
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NOTE IV. 

SOME CURVES LYING UPON THE KUMMER SURFACE, IN CONNEXION 
WITH THE THEORY OF DEFECTIVE INTEGRALS. 

1. Upon the hyperelliptic surface "9 (w, y, f ) « 0, expressing the relation 

ooonectiDg the functions ac^ffn (^X y " F« (^)> f * F» (^X ^^^ ^^^^ integrals 
(p. 44) 

^"*j faA/a^ • "*>"*] eaA/a^ ' 

beside being everywhere finite, are single valued save for their additive 
periods, and are thus among the everywhere finite integrals belonging to 
any algebraic curve upon Y » ; every such curve of deficiency greater than 
2 thus possesses defective integrals. 

But upon the Kunimer surface, these integrals, of which the integrand 
involves rational functicms of «:, y, z multiplied by the ambiguous quantity f, 
though still everywhere finite, are capable of change of sign, and are therefore 
not in general among the ordinary everywhere finite integrals of a curve upon 
ihissur&ce. 

Any plane (algebraic) curve possesses, in addition to its ordinary single 
valued integrals of the first kind, everywhere finite integrals similarly capable 
of change of sign. For example, on the curve 

y«-n(ir-a,), 

the integral \{m — ai^ — 

is everywhere finite ; and, on the curve 

«* + y*-l, 
dx 

7 

is everywhere finite ; in general if, upon any plane curve of deficiency p, the 
adjoint polynomial of 2p — 2 seros associated with an ordinary integral of the 
first kind, v, be denoted by ^, and 4>, ^ denote such adjoint poljmomials each 
with the peculiarity of having /i - 1 repeated zeros, the integral 

is everywhere finite. These integrals are single valued upon the associated 
Biemann surface dissected by the period loops which render the ordinar}* 



the integral [(1 - «•)* ^ 



/' 
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Curves upon a Kummer Surface [appendix 



r 
I. 



I 



iniegrak single valued, but ibe relation connecting the values of an integral 
at the two sides of any such loop is of the form 

where O is a constant for that loop, and g, also constant for that loop, is 
or 1 ; with each such integral there is thus a set of 2p numbers g^ and it can 
be proved tbat^ for each of the 2^ — 1 possible sets of such 2p numberi, the 
number of linearly independent integrals is p — 1 ^. 

For the case of a plane quartic curve, />■ 0, with p >■ 8, there are, 
associated with any set of 6 numbers g, twelve f bitaugents, forming a so- 
called Steiner system, breaking into couples 4^, fi, c^, («, ..., m^, ft, such that, 
for fa* 3, ..., 6, we have 

where Ai^ Bi are constants ; aud the corresponding integrals^ are 

r dx [ dx 

On the Kummer surface, the &ctor under the integral sign, in the 
integrals li,, tii, which is not rational in a^ y, z, is f ; or, since the ratios 
f:i7:(:T are rational in «, y, #, it may be taken to be any linear form 
4f +^^ + 4t+'tT; we have (Ex. 7, p. 152) the identities 



^♦ff + (tf^ + *^ + *f)i? + (* + ^+f)f+T-2VP^Pi^P^, 

wherein 0, ^, ^ are roots of the fundamental quintic ; the sign of the square 
root under the integral sign may thus be expressed in terms of any one of 
the 20 radicals of these forms, of which any two have a rational ratio ; these 
20 radicals are all expressible linearly in terras of four of them, for example 
in terms of 

'JP^P^P^, >IP.P^P^, 'JP.P^P^. 'JP^P^P^. 

This suggests at once the relations among the square roots of the products 
of two bitangents of a plane quartic curve. To see how, in the case of a 
plane section of a Kummer surface, these radicals reduce to square roots of 
products of two bitangents, consider any plane passing through the two 
points at infinity 



i"""S*J"*' 






«, 



* A proof it ^'mn in the aoUior*s Ah€C9 Thionm^ Chap. zxr. 8m p. 4S0. 
t Uic. eit„ p. SSI. 

t A Ttty sMMial SSM of nieb fMlorial intasndi, sad tliets fonetioiis ioimod with them, it 
•OBiiderBd bj Wiriiasar, UiUemiclum§en fiber Tkeiafimctioiuu (Ldptig, 1S95), pp. 7S~1S6. 
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where $,^9ixenci neoesBarily roots of the fundamental qniotic ; the equation 
of the plane may therefore be taken to be 

or say P^^ Bin ; if we put 

-. (»-♦) « (t-g)<i> (tf-»)^ 

(tf-^)(tf-'f)' (^-^)(^-tf)' (^_<>)(^-^)' 

where ^, like and ^, is any quantity, and 

and put also X-P^^, ^-P^*, ^-Pi^, 

we have^ the identity 

finom this identity, taking ^ » ao , we have 

[tf^+(tf + ^)i| + f]««4P,P4P^ + (tf-^r(eP4-4>P,)', 

where P# » y + At — i^, and 0, ^ are arbitrary ; while, taking ^ to be any 
root of the fundamental quintic, so that c « 0, we have, still with and ^ 
arbitrary, 

[*^f+W+^+*^)i? + (*+* + 1) f+ Tf - 4P,^P^P,^ + (aP^ - ftPt^y; 
thus when Pi^ » m we have 

now we know that the cubic function in c, y, t, obtained by squaring the left 
. side, gives, when equated to sero, s surface touching the Rummer surfieu^e 
wherever it meets it ; the right side therefore represents the square root of 
• the product of two double tangents of the plane quartic obtained by the 
section of the Kummer sur&ce with the plane Pi^sm. For this plane 
quartic the square root under the integral sign, in the two surfisice integrals 
II,, i£i, is thus reduced, as regards its sign, to any one of the six radicals 
obtained by taking ^ equal in turn to all the roots of the fundamental 
sezticf; and of these radicals all are expressible linearly by any two of 
them, since we have 

* We know (p. IffS) UuU th« terms of the Child order in x, y, f , on the two lidet, Agree ; and 
it it emi^j found that the enbfe inrfiMe obtained 1^ equating the ri^t dde te aero hat nodes at 
(X, r, ^)«(0, 0, 0), (0, ea, a5), {he, 0, «5), {be, ea, 0), as on p. 14S; for P^^he is the same as 

P^«M'/(^-^)>,»jr^-£^; potting JTis -aX-fby+eZ, r|saJr-fty-heZ,£isaX-|>by-eZ, 

r,«Sa&e-aX-6r-eZ, the svfoee redneee te Xr>+ yr>+X,-> + 7r'«0. 

t Thns the SS donble tangents of the pUne section P«^=ai are determined, eonsisting of the 
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When the plane P^^^^m becomes a tangent plane of the Kummer 
anrfaoe we have m aBO, or m^ab, corresponding to the two tangent jdanes 
through the chord {$, ^) at infinity ; in either ease the radieal 

becomes rational in x^ y, z^ and the integrals ti„ ii, become ordinary integrals 
of the first kind upon the section, which is now a hypereiliptio quartie curve 
of deficiency 2. 

In general, upon any algebraic curve on the Kummer surbce, in order 
that the integrals Us. u, of the surface should be integrals of the first kind 
for this curve, it is clearly necessary and suflScient that, upon this curve, 
(» * fm(^)» should be expressible rationally by the coordinates w, y, z of the 
point of this curve. Consider, with the Kummer surface, the surfiu^ 

"9 (x, y, f ) »= ; we have f « Vii {x, y, z\ where i2 is a rational function, and, 
to any point {x, y, z) of a curve upon the Kummer surfieM^, correspond two 



16 intaneotioni of the plane with the diigaUr tangent planet, and the 19 determined in the text, 
whieh fonn a Steiner itjitem. Tlie psin of thie ^jetem intereeet in the eiz pointe soeh m 
P^=0,P^kO, P§^^m; the pleneP^sO ie the polar pUne of «/l ■ -y/#ss/l*saD in the linear 

eomplez aieocJated with the root f (whoae fonn ie ^imk p. 74; see p. 105), and the six pointe 
P^sO, P^^O, P§^^M are the polei of the plane P§^^m in the dx linear eompiexee; thij lie 

on a oonie, at foUows from the identity Z (TjXxy^O (p. 174) ; of: Klein, Jfeli^ ilnnal. n. (1S70), 
P.S16. 

OonToraely, given any plane qoartie eorre, there ean be drawn through it od^ Xnmmer 
■orflieee. We ha^e in Tarioae ways, in thie Tolome, redoeed the equation of a Kommer eorilMe to 
a form oontaining three explidt oonetante {e.g. p. 168) ; adding the Iff eonttantt of a geneial 
projectiTe transformation we have IS oonetante; meJdng the BarfiMe paas then through 14 
(k4 . 4 - 8+ Ij pointe of an arbitrary qoartie eorve, there remain 4 oonetante. The theoiwn is 
proved by Kommer {Berlin. MonaUber. 1864, p. 856), by identifying the irrational form of the 
qnartic cnrre with the eeetion, by its plane, of the Kommer suiisoe taken in irrational form. The 
qoartie eorve being regarded as the envelope of the eonie ^17 + fV-^ ITsO (Salmon, Higher Plane 
CurveM (1879), p. 886), there ere six valnes of ^ for whidi this eonie repreeente two atraii^t liaee; 
the six points of intereeetion of theee pairs are easfly diewn to lie npon a eonie, 8; divi^Ung theee 
six points into two triangles in one of the ten poesible ways, there exists a nniqne oonie, Z, of 
whieh theee are eelf-polar trianglee; taking two arbitrary non-intereeeting etnight lines throoi^ 
the two points in wldeh this nniqoe oonie, Z, eots one side of one of the two tii^m^ee, theee linee 
and the oonie Z determine a mled qoadrie ; it is then ea^ to determine six linear eompiexee, 
eveiy two in involution, in whieh the polee of the given plane, of the qoartie eorve, are the 
angular points of the two insonbed triangles of the oonie 8. Henee the Kommer surCioe ean be 
found as desirsd (Ciani, Ann. di Mat. Srd Series, t. n. (1899), p. 98). The eix eompiexee being 
Tp . . ., Fg (cf . p. 168), the two arbitrarily assumed lines are the directrieee Fi ^ tTg, and the quadrie 
is r, Tt'^ r,(«)*sO (ef. p. 81); the involutory transformation {^^T^-^ F, («) may be defined by 
drawing fkom (x) the seeant of Ti ^/T), and taking the fourth hannonie point (jt^; the dx linear 
complexes are obtained by the eeqnenoe of eoeh a transformation and rsdproeation in regard to 
the quadrie surfsoe (ef. Hudson, JTasMier'f Qnuariie Smfau, p. 41). Finally, the oonetrootion in 
ihe text enables us to obtain the Kummer snrfsee, ae the loooe of nodee of a certain eubie sarCsee 
with four nodes, whieh touehee ite tritangent plane at the points of oontaet, vrith the given plane 
qnartie eorve, of one of the bitangents of this eorve. The eonie ^l7-f ^F-f ITsO lies on this 
eubie surface. 
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points (c,y,f), («»y,-f) of the aasociated curve upon ^(«,y.f)«0; if, 
however, upon this curve, R{m,y,$)^[U{x,y,z)^, where IT is a rational 
function, the associated curve upon ^ (^, y, f) » breaks up into two curves, 
one satisfying f« U(x,y,t\ the other satisfying f «- U{x,y,x\ where, on 
the right, # is to be replaced by its rational expresfdon in x, y and f Of this 
the tangent phuie section of the Eummer surface forms the handiest example ; 
if in the identity 

we put (p. 38) 
we have 

(-ey+iH^+fy-c-ry+v^+r)" 

-4[(«-«0(«y'-«^y)-(y-y')*l[«y'-«y+*'-4 

and thus, upon the tangent plane of the Kummer surface, which, with fixed 
(d/, y', /), is expressed by 

»/ - «'y + *' -" * ^ 0, 

we have^ -fy' + ^' + f . + (-f'y + i,'« + q 

or -fe^' + i^f+f--(-ry + V« + a 

of which the former is the same as 

^ 1 - y" Am -f x'L^ -f Am 

^"* -yr+«?'+r ' 

where Au, etc., are the minors in the determinant A (p. 41). 

Besides the tangent planes there is an infinite number of curves upon the 
Kummer sur&oe upon which the integrals of the surface are integrals of the 
first kind ; if C be the cubic poljrnomial in x, y, z obtained by squaring any 
function of the form 4f +{ii; + !»{:+ ^t (cf. pp. 189—150), and P, Q be 
any two integral polynomials in «, y, z, any surface C(^»P* cuts the 
Kummer surfisM^e in such a curve ; the surfiEu^e C(f « P* is one which touches 
the cubic surfiEU^ C^O at all their common points. 

If we consider any birational transformation of the Kummer surface 
whereby to a point P corresponds a point P', we may associate with P the 
integrals of the surface belonging to P' ; these will be single valued, as well 
as finite, on an algebraic curve of the surface containing P, if the integrals 
of the surface are single valued on the corresponding curve containing P'* 

* Thii may be aAiQj obtained aleo by applyiiig the eonvene of Abel's Theorem to the eqoatioD 
tis9-l-ii^«(eLp. ISl). 
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In particalar, the transformatioD from a point to its satellite point enables 
as to associate with the points of any curve on the surface the intqpals (p. 78) 

which are single valued on a curve upon which aQt is expressible as the 
square of a homogeneous rational function of f , 17, (^ t of effective dimension 
8. For instance the curve of intersection of the Weddle surfisM^ with the 
quadric cone 

where («^, y^, t^) are the coordinates of any point of the Kummer sur&oe, or 
of the Kummer surface A « with the cubic surface 

8A^ 8A^ 8A^8A ^ 

this being the locus of the points satellite to those of a tangent section of 
the Kummer sur&ce (p. 76), is a curve upon which the above integrals are 
integrals of the first kind. We have considered in this volume a group of 
82 fairational transformations ; these are made up however by combining the 
process of passing to the satellite point, just considered, with the process of 
adding a half period to the integrals of the surfiEU^. 

2. We proceed now to consider a particular curve upon the Weddle 
surface, of which the corresponding curve upon the Kummer surfiu^e is one 
of the principal asymptotic curves (cf. Exz. 18 — 20, p. 162) ; it will be seen 
to be of deficiency 5 and to have five integrals of the first kind reducible to 
elliptic integrals ; it is the curve of contact of a tangent cone fit>m a node, of 
which the points are expressible by single valued periodic functions ; it thus 
furnishes a good example of Chapter Vll. ; and, like the plane quartic curves 
of four concurrent bitangents, it lies upon cubic cones, whose elliptic integrals 
give the defective integrals of the curve. 

Let d;, y, j; be homogeneous coordinates in a plane, and 

. C«yM(yc'--r6') + ja*(-ra'-«c') + «yc(«6'-ya'), 

0»6cfl:(y-#) + cay(-r-«) + a6-r(a?-y), 

P««(6-c) + y(c-tt) + «(a-6), 

where a' = 1 — a, i' « 1 — 6, c' ■■ 1 — c ; 

the sextic curve F s C* ^ ^xytPQ w^ 

has cusps at the angular points of the triangle of reference and at the points 
(1, 1, 1), (a, 6, c), and is of deficiency 5 ; it touches the join of every two 
cusps. The five cuspidal tangents, of which two are 

a' (6 - c) « + 6' (c - a) y + c (a - i) -r « 0, 
o'(i-c)- + 6'(c-o)f + c'(a-ft)--0, 

A C 
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with 5 d^ective itUegrah. 
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meet in odc point. 



wa' yh' Mc' 



which lies on the curve, and on the conic 

which is the conic containing the 6ve cusps, the conic and sex tic having the 
same tangent at this point, namely 

o'*(6-c)^+6'*(c-o)| + c'«(o-6)--0. 

We have wFi -H yF^ -f sF^ « 0, 

dxFj + dyFt-^dzF^^O, 
where Fi » dF/dx, etc. ; and hence 

yds — sdy m (ydg — tdy) ■»■ y" (zdx — gctr) -f /(wdy — ych?) 

where «', y^, / are arbitrary, and if this be denoted by iit», the integrals of 
the first kind are of the form 



/■ 



adm. 



where 11 ^ is a cubic curve through the five cusps. In particular a cubic 
carve can be drawn through one cusp to touch, at the remaining four cusps, 
the joining lines of these to the first cusp ; and these 5 cubic curves are 
linearly independent ; for instance the curve 

n«scdyP-jQ«0, 
or (C'-aiw (6j» + c^) + (ft - c) y (c«* + cu*) + 2 (a — 6) c«y-r « 0, 

can easily be seen to be such a cubic for the cusp x » 0, y » 0, touching the 
lines ffflBO, y»0, c — yasO, ff6-ya>B0 at the remaining cusps. Taking 
correspondingly o^ « 0, y' " 0, there is an integral of the first kind 

r CUi^dy-^ydx) ^ 

we find however on calculation that there is for points on the sex tic the 
identity 

^/-16(l-a)(l-6)«y(«-y)(te-ay)a«; 

the above integral is thus a constant multiple of the elliptic integral 

dt 



d 



/; 



and there are four other linearly independent intq^rals of the first kind also 
similarly each reducing to an elliptic integral 



ri 



■i 
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Curve of emiJUict of Weddle iurface [appbndix 



Tmke now the equation to a Weddle surface referred to four of its nodes 
as comers of tetrahedron of reference, the other two nodes being (a,&,c, 1) 
and (1,1,1, IX And regard <«0 as the plane at infinity; this equation is 
(cf. Proc, Land. Math. Soc. Ser. 2, Vol. i. 1903—4, p. 250) 

«y*P + C + Q«0, 

and the tangent oone from the origin (0, 0, 0) is 

C«-4«y*Pe-0, 

containing the plane curve considered above. Any point (x,y,z) of the 
surface projects, fix)m the origin, to a point of the surface of coordinates 

[jt* H*'^} ^^' ^' P' '^^^' ^bere if is a function capable, in virtue of the 

equation of the Weddle siirfiu:e, of the forms 

^ ^ ^a? (/a' - w'c') ^ wy (afV - y'a!) ^ wytP 
oa'z'x — c'azw' ah'x'y — (jLhocyf Q ' 

where a;' * 1 — jr, a' « 1 - a, etc. ; thus the curve of contact of the Weddle 
Burfiu^ with the seztic tangent cone from the node (0, 0, 0) is 
by JET » 1, and lies on the cubic cones 

abWy - a'bxy' « wy (w'b' - y'a'), 

caVo? — c^asaf «= zx (/a' — afc^), 

as well as op the surfiu^es 

myzP^Q, 0+20 = 0; 

supplying a fourth coordinate t (» 1) the two cones (i), (ii) are 

<^ («i'ft - yafcO + 2e (a - 6) «y + «y (a'y - i'a?) « 0, 

if {wa'c - sac') + 2< (a — c) «s + «s {a'z — c'«) « 0, 

A 



(i) 
(ii) 



(0 
(ii') 




o o 

of which the former, with vertex at C, has DCB and DCA for tangent planes, 
and the latter, with vertex at B, has DBC and DBA for tangent planes. 
The two cubic cones, with a common generator along which they touch, have 
therefore, as residual intersection, a space curve of order 7, of which DA is 
the tangent at ^. As we see fi*om its projection upon the plane ABC, 
previously cousidered, its deficiency ts 6. In accordance with general con- 
siderations, this may also be seen by drawing a quadric surface (2 » 3 + 8 — 4) 
to touch the plane DBC along BC ; such a quadric is of the form 

«?(il«?+fiy + Cr + D<) + ?-0, 
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with tangent cone from a node. 
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oontainiDg p»6 terms ; as the space cocye touches DA at A, and the nodes 
are symmetrical, the space curve touches DB at B and DC at C» and hence 
touches the quadric at B and C\ the Weddle sur&ce contains the line of 
intersection of DBC with the plane yc - bV « (( - c) U which joins il to the 
nodes (a, (,c, 1), (1, 1, 1, 1), and contains the line BC\ thus DBC is a tangent 
plane of the Weddle surface, at the point < « 0, c » 0, yc' » th\ and the space 
curve passes thi^ough this point, and has its tangent line in the plane DBC, 
and therefore also touches the quadric at this point; there are thus 
2.7 — 6«8-b2(p — 1) further intersections of the quadric and the space 
curve, as should be the case. Further it may be remarked that not only are 
the tangent lines of the space curve at the five nodes, other than D, con- 
current in D, but the osculating planes at these meet in one line, namely 

— " X "* — • which is the tangent of the curve at D. 

The integral of the first kind associated with the cubic curve io the plane 
#»0 which is given by the cone (i') is 

\(xdy - ydx)l[t (xa'b - yob') + (o - 6) «y], 

the denominator being obtained by differentiation in regard to t, and being 
in fiict, when equated to zero, the quadric cone containing the lines which 
join the node C to the other five nodes ; in virtue of (i') this denominator is 
capable of the form 

[(a - fty «»y* - iry («i'6 - yoiO (aV - 6'*)]*. 
or [a!h'ay (x - y) (&r - ay)l^, 

so that we come back to the defective integral previously considered for the 
plane sextic in t^O; the epace curve has thus five integrals of the first kind 
each of which reduces to an elliptic integral ; to find any one it is only necessary 
to draw the cubic cone joining one of the five nodes, other than D, to the curve, 
and to put down the dliptic integral associated with a plane section of this ; 
our prmaus discussion of the plane sextic, in the plane t^O, shews that the 
integrals so obtained are linearly independent^ each being associated with a 
cubic coite whose vertex is D having a particular geometrical description. 

In the notation used in this volume the space septic is given by 

a (2u) « 0, 
or iu = u*'^ 

this being the consequence of supposing two satellite points, for which 

2v s !!<>•• + u^«, 2w s tt'»*« - u^; 

to coincide ; the homogeneous coordinates of the points of the curve may 
thus be taken to be 
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are nnrie valued periodic fuDCtione of variables whoee namber is less 
than the deficiency. The reducticm of the intq^ials arises from the fiiet that 
the eorve is on cones whose plane sections are of lower deficiency than the 
curve, each generator of any one of these cones being a multiple secant of 
the curve. The 82 birational transformations of the Weddle sur&oe, 
arising by projections from the nodes, reduce in the case of a point on the 
spaoe-septic to 16, obtained by adding half-periods to the arguments of the 
functions fPm(i^^'*)> etc. In hct, if (1) denote the node (1,1,1,1) and 
(a) denote the node {a,b,Ct 1), any point («,y,#, 1) of the curve gives rise 
to the eight points (Proc. Lond, Math. Sac 1908, p. 257X also on the curve, 

ii^.y.M)^(w,y.tl (Ala)^(BO -(«»J.j). 



(C) 



(^,.!). (i.).Wii0.g*,£). 



and also to the eight points obtained by writing here throughout, (4^,yi, ii) 
respectively for (x, y, £\ where 

oaf hy' of 

^""53^' ^'^V=ry^ '*";:^' 

the point («i,yi,ii) being that obtained by projection finom the node (1). 
The integral of the first kind we have written at length, 



. 



wa'b — y(d>' -^ (a-b)xy* 
has thus the same value at the four points 

(<r.y.*). («.y.5). (?.|.,). g.|.?). 

In the notation used in this volame, the two planes joining the node 
(1, - 6, f, - 6») respectively to (0, 0, 0, 1), (1, -0,6*,- ^) and to (0, 0, 0, 1), 
(l,-^.^,-^)are 

and the quadric oone whose vertei is (1, — 6,6*, — i*) containing the other five 

nodes is 

Q,-6Q. + 6»Q,-0; 

thos the general form of the defective integrals is 

where 6 is in turn the five roots of the ftindamental quintic. 

It does not appear that the integrals of the surfiu^ are single valued upon 
the curve. 



/• 
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ADDiriONAL BIBLIOGRAPHICAL NOTES. 

P. 10. The integral A^ * and the polynomial F(x^ t) are given in Weierstrass's lectures, 
W^rke^ Bd. iv. (1902), j^ 873, 874. They may be obtained directly from a formula given 
by Abel, (Euvru CamfUUi (1861), voL l p. 49 ; as in the author's AMi Th§orem (1897), 
p. 195. 

P. SOi The ooDoeptioo of a theta Ainetion of order r goes back at least to Hermite ; 
oH Ckmpl. RemL t XL. (1855), and a letter from Brioechi to Hermite, MtL t XLvn. (1858), 
•ad Schottky, Ahriu eintr Tkearie dtt AMukm FwMtwmn, «on dni ycariabAn (Lnpdg, 
1880). 



P. 38, This particular deduction of the algebraic form of the seta ftmetions was given 
in the author's JM*« Tkwnm^ p. 180. See also Bolsa» Qm. Nad^. 1894, p. 988, Amer. 
Jamm, xyil (1895). 

P. 88b The equations f^>-«i+«|i, fn'^-^^f Pn'Ot&i i^ gi^^«D by Brioschi, 
Anm. diMatk. Ser. 8, t ziv. (1887X p. 898. 

P. 89. For the forms for the squares of the frmctions f^js, etc, see Proc Comb, Phil, 
Soe. voL u. part ix, 1898, p. 517 ; also ibid. voL zn. part m. 1908, p. 819, and Acta 
Matk, t xzvn. (1908), p. 185. That such expressions should exist follows frt>m the 
general theorem of p. 81. 

Pp. 41-64. See the references of the preceding Note. The algebraic deduction of the 
differential equations here given is probably the most elementary that can be given ; but 
it would appear that a development is required on the lines that are possible for the 
differential equation of the elliptic function |9 («) ; the functions f^ti (v), eta are single 
valued meromorphic quadruply periodic functions whose infinity construct is the repetition 
of that expressed by u^u*** (pp. 84, 96). And there is, besides, an algebraic problem : 
putting down the five equations Pna^^Ptf^^iVn-^^ffn-^Oiffn-k-Di, to determine 
directly the possible forms for the 80 ooeflftdents Ji, ..., D^ in order that these five 
equations should be consistent, under the hypotheeis that ffnt Fn» Fn u« the second 
partial derivativee of a single fonction (of. § 18, p. 49). 

P. 50. As remarked in Ex. 18, p. 168, the linear transformation for the functions 
Ffli> i'ni Fu ^8 the moat general linear homogeneous transformation leaving unaltered the 
form I'fil'n-Pti'- 

P. 77. The fmnulae 

_i -f , C -T 

ii'-H' ny-H'tx #iV-ttV •xtt'-*it{^' 

are dted by Hudson, Kummm^i QuartU Swrfdo^ p. 178, as having been given by Mr 
H. W. Richmond. See also H. Bateman, Proc, Land. Math. Soe. voL m. (1905Xp. 889. 

P. 82. For the 88 birational transformations of the Kummer surface and the six 
linear oomplexee a paper of Klein, MatL AnnaL il (1870), p. 813 is fondamental. 
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P)^. 83-97. The ratolts of thi« ohapter wa« obUined in 1896 ; Me tbe refcrai)^ 
Note to p. 89. Linear partUI differeDtUI equAtions for the theta ftuctioDB of two TariableB, 
inrolFiDg diflerentiAtioDt in regard to the roots of the ftuMUmeDtel qointic, ere given hj 
BrioBchi, Ann. di Mat, 8er. 8, t xir. (1887X p^ 800, end applied by him to the ezpanaioDe 
of the fiuictione. For the case of the even ftuctions he returns to the matter in OifH, 
NaeAr, 1890, ^ 838, and his results are developed by Bolxa, Amer. J<mm, of Math, vol ZXL 
(1898), where many refbrenoes will be found Writing, for an even Auction, 

ir-l+|5|+A*+..., 
Bolsa obtains, after Brioschi, the equation 

^-D{5,.,)+(4ii-3;5A.,-12(fi-l){2fi-8)(«3)«««W.«i.i. 

where D is a complicated operator in regard to the roots of the two cubic Iketors of «»* 
with which the particular function considered is associated. The result obtained is that 
all the coefficients are integral polynomials in 9 covariants of these two cubios. The 
reader may also consult, besides the papers of Klein and Burkhardt on the theory of the 
hyperelliptic sigma functions (Math, Annal. zzvu. xzzn. xxzv.), Wiltheiss, CrMe^ zciz. ; 
Math, Annal, xzix. zzzL zzzni. xxzvi. ; Pascal, Jfui. di Mat, Ser. 8, t zvn. zvm. xiz. 

The procedure of the text is less simple in theory than that considered by these 
authors, in that it expreseos any term in the expansion in terms of all preceding tsnns, 
and is applicable, in the form given, only to functions of two variables. For these, 
however, it would seem to be in practice much simpler, as not involving differentiations 
in regard to the coefficients of the fundamental seztic. It is much to be desirsd that the 
diffierential equations for the hyperelliptic functions of three variables, and the associated 
algebraic constructs, should be studied on the lines here followed for the case of two 
variables ; a beginning is made in the papers given in the note to p. 39. 

P. 100. The formula for v(U'^v)(r{u~v)la*{u)a^(v) was obtained in the author's 
AheP$ Theorem, p. 333 ; and a method for obtaining the corresponding formula fbr any 
hyperelliptic case is worked out in detail Amer, Jcwm, of Math. voL xx. (1898), p. 384. 
But materials for the foni|ula were already at hand ; it is easy to shew, and it is shewn by 
Humbert, LiouvilU, Ser. 4, t ix. (1893), p. 112, that <r(«+v)<r(ii-v)-0 represents a 
tangent section of the Kummer surftuse, and it was known (Klein, ifoU. Annal, n. (1870)), 
that the tangent section is sssocisted with a linear complex (cf. p. 76 of this volume). 

P. 107. For orthogonal matrices of theta functions cf. Brioschi, J sin. di Mat xiv. 
(1887X p. 343 ; Caspary, Crelle, xcvi. (1884), pp. 188, 324 ; Fn>benius, Und, p. 100 ; 
Berlin SiUungeber. 1882, 1-XXVL p. 606. 



P. 108. The identity of Ex. 7, p. 162, gives also, if B, ^, V^, ^,, f^ be the rooto of 
the ftmdamental quintic, 

P. 113. For the geometrical behaviour of the asymptotic lines, see a drawing given by 
» Bohn, Math, Annal, xv. (1879), p. 340. 

P. 147. For a similar identity see Humbert, LunmtUy ix. (1893), p. 98. 

P. 173. The simplified forms of the linear complexes are those used by Klein, Math, 
Anmal, u, (1870). 
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Bibliographical notes. 829 

p. UL Tlkk proof of th« oooTvie of Abel% Tbeoram ntillint Bknuam's normal 
•laoMotAry int^gnl of the third kiiuL The proof given in WeiisntnM*^ Leotoree ( WWifetf, 
IV. (190S), pp. 417-419) is diierent in form ; hut, I think, not eMentiellj different in 



P. Uft. Another proof of the inequality is obtainable from the oomplez integral 
of pi 17. 



P. 187. A proof of Weierrtraae'e implicit fbnction theorem derived from Gaocby'B 
camples integral la given in Picard, TraUid'Analyie^ t n. (1808), p. 246, after Simart 

P. 103. The theorem here proved ia quoted by Weierstraas, Werht^ in. (1903), p. 79, as 
belonging " to the elementa of the Theory of Functiona " ; the proof given in the text is 
modified from that which applies to the case of rational functiona, given later p. 273 ; 

also Blumenthal, Math. Annal. lvii. (1903), p. 356. ' 



P|^ 199-901 The reader will naturally consult Weterstrass's papers on fbnctions of 
eeveral variables {OeMmm, Werie). See also the references given p. S85 of this volume. 

P|^ 905-215. This account ia given in Weierstraas's posthumous paper, Werte^ UL 
(1903X PP* 71-104. The reader should compare Wirtioger'a paper, Mamatik. fir Math, «. 
Pk^fmk^ Jahrgang vl (1895), p. 69, which proceeds on similar lines. The references given 
in this last pa|ier seem worth repeating here : (1) Hermite, in the Appendix to Edition 6 
of Laoroix, TroiU dsi caleut dUfer, et ifUeg, Paris, 1861 ; Deutsch von Katani, 1863 ; 
(8) Weierrtrass, BerUn MonaUber. 1860, 1876, Onlle, Lxxxix. (1880) ; (3) Hurwitz, OrdU, 
xoiv. (1883) ; (4) Poincar^ et Picard, Campt. Rend, (1883X t xcvil p. 1284 ; (5) Laurent, 
1SraMd*Anafy9e; (6) Appell, LwuvOU, Ser. 4, t. til (1891) ; to these may be added also 
the references given p. 885 of this volume. 

P. 817. The argument of § 60 is not given by Weierstrass, and is possibly in need of 
ftnther examination. The conclusion of Weierstrass's posthumous paper referred to is 
• brief, and relies on Hurwitz's |)aper quoted on p. 202 of this volume. The argument 
constructed in Chap. ix. of this volume has seemed clearer. 

P. 989 ff. This chapter, as stated in the text, is capable of much further development, 
both on the transcendental side and the geometrical side. As to the former we may 
instance the points referred to in the footnotes of pp. 241, 255 and 267 ; of. Wirtinger, 
Uniertuekungen iiher n^afumationen^ u. Teil ; as to the latter, the geometrical properties 
of curves in a plane, and in space, possessing defective integrals, seem worthy of further 
study. Ct the case considered Appendix to Part ii. Note iv. 

P. 945. References as to complex multiplication are given in the author's AM» 
TAeoma, chap. xxi. 

P. 967. The letter oi Qauss to Olbers quoted at the beginning of this volume (p. iv.) 
js said to refer to the general theorem of which a particular case is here used. 



P. 9B0. The theorem (^ § 79 suggests the corresponding question for a corpus of 
rational ftmctions of n independent variables ; if an aggregate of rational functions of n 
independent variables be taken, not ueoeoBarily all rational ftmctiona, but such that any 
ratioiial function of ftmctions of the aggregate also belongs to the aggregate, can a set of n 
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(or liM) ftmoUoni of tiM aQrogUo be liraDd in t«rms of which all other Ibnctioos of the 
aigffmptie ate wliooaDy oiqawnbleY The theorem has beeo piroTed for «»! aodn^S; 
lDrfi«l eee LOrothyiffllil. AimaL n. (1676X p. 168 ; fbr n^% see GaatelnuoTo et Bnriquea, 
Maik AimaL ZLfxn. (1897), pu SIS. I have here to make an acknowledgment ; I had 
oonatrueied, aa part of thia chapter, a proof that the theorem is true for any value oi n ; 
TnL W. Bumiide^ F.&8^ who waa kind enough to read it, pointed out to nie that thia 
waa not in general valid. 

P. M. See alio Haiio^i, ifbtr ntuert Untenuckumffen auf dem OMbU der 
amiofytitoken Ftmhiomn mehrtrer VariaUen, Jahreaber. d. Deut Math. Ver. zvi. (1907), 
p. S88, and the refbrenoea there given. 



P. 808 tL For the aolgect matter of Notee i. and ii aee Fh>beniu8'i» papera, Cr^e 
LZXZVL Lzxzvm. (1879, 1880). 
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GENERAL INDEX. 



AbePa Theorem, 176 ; He ooDTene, 181 

Addition of arguments for the p functions, 132—138 

Algebraic equaticms, Kronecker's analysis of, 273 

Algebraic functions, behaviour about any point, 190 

Analytical continuation, account of, 214 

Asymptotic directions of Kummer surface correspond to oonjugate directions of Weddle 

surface, and conversely, 127 
Asymptotic lines of Kummer surfiuse, 113, 161, 162 ; of Weddle surface, 125 ; of Steiner's 

quartic surface, and of its reciprocal cubic surface, 161 

Birational transformation of Kummer surface, 79, 164 ; of Weddle sur&ce, 181 

Canonical and normal systems of periods, 2, 263 

CoUinear points of a Kummer surface, 118 

Oom|dementary system of defective integrals, 240 

Oomplexes,. linear, six in involution, 168 ; linear, associated with the Kummer 

surface, 74 
Complex linear, a particular, 67 

Complex multiplication, or principal trausformatiou, 245 
Complex surface, Plackei^s, 168 
Conjugate points ou a Kummer surface, 114 
Construct, monogenic, meaning of, 216 
Continuation, analytical, account of, 214 
Corpus of algebraic functions, 281 
Correspondence, of points of Kummer and Weddle surface, 39, 65, 76 ; between a set of 

n points of a Riemann surface and a point of a surface in n dimensions, 279 
Cross-ratio identity between theta functions and integrals of the third kind, 35 
Cubic surface with four nodes, 139—150, 152, 153 

Curves of Kummer surface for which the surface integrals are single valued, 320 
Curve upon the Weddle sur&ce with defective integrals, 322 
Cydes of roots of an algebraic equation, 177, 190 

Defective integrals, in general, 228 ; the case of one integral reducing to an elliptic 

integral, 250 
Defining equation for general theta ftmction, 19 
Determinant, the expansion of a, 314 ; invariant factors of, 165 
Difierential equations satisfied by sigma functions, 48 ; the general covariantive form 

of these equations, 49 — 54 
Dissection of a Riemann surface, 2, 263 
Double argument, f functions of^ 120—124, 129 

Elementary factors of a determinant, 165 

Elementary integral of the third kind, 6, 9 

Expansion of the sigma functions, 83 

Expression of multiply-periodic Amotions by theta functions, 283 
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General Index. 883 



FaeloruJ integrala, S16 



GOpd tetiwl of nodes* 158 

Groop of biratioDal traniforiDAtions of a Kammer surfaoe, 79 — 82 ; of a Weddle Burf«oe» 
181 ; of a aepiio carve in apace, 326 ; of a Riemann aurfaoe, 255 

Hypemlliptic surflMe, 155, 321 

Ideotioal Tankhiiig of theta liinction, 33, 96 

Implicit-ftiDetion theorem, Weientraae's, 187 

IndetermiDate parameters, 198, 273 

Indetermisation, pointe of, 200 

Indei, the, in oaae of defective integrals, 232 

Infinitesimal periods, 208 

Infinity-coDstruct, of a meromorphic ftinction, 201 

Inflexional lines of Kammer sarfaoe, 113 ; of Weddle surface, 125, 127 ; of Bteiner^s 

qaartic sarfaoe and its reciprocal, 151 ; principal asymptotic corves of Kammer 

sarface, 162, 822 
Integrals of the first, second or third kind, 2 ; elementary integral of second kind deduced 

by difierentiation from elementary integral of third kind, 9 
Integrals of Kummer sarface which are integrals of the first kind, 820 
Integral fiinctions of two variables, ftmdamental properties, 17 
Interchange of argument and piurameter for integral of third kind, 8, 11 
Invariant factors of a determinant, 165 
Inversicm problem for integrals of the first kind, 29, 246, 250 

Jacobian Ibnctiooa, aeros of a simultaneous system, 298 
Jacdbi's inversion problem, 29 ; generalised, 246, 250 

KronedDtf^ method fbr algebraic equations, 278 
Kummer matrii, 66 
Kammer sur&ce: 

parametric eiprswion of^ 86, 40 

its equation by a symmetrical determinant, 41, 59 

finite (ambiguously signed) integrals upon, 43 

other finite integrals upon, 115 

finite integrals for the satellite of a point, 78 

its singular points and planes deduced, 60—65 

its equation at length, 41 

oorresp o ndenoe with Weddle surface, 39, 65, 76 

satellite point upon, 75 

birational transformation o( 79 — 82 

the fundamental linear complexes and quadrics, 79 — 82, 820 

irrational equation o( 108, 110, 828 

tangent section of; 7^ 110, 821, 828 

asymptotic or inflexional curves, 113, 162, 822 

whose singular planes are tangent planes of original, having a singular conic common 
with this, 186 

referred to a Roeenhain tetrahedron, 158 

referred to a Q5pel tetrahedron of nodes, 153 

degenerating into a PlUcker complex sur&ce, 158 

becoming a tetrahedroid, 156 

determined to pass through an arbitrary plane quartic corve^ 810 

integrals of first kind of curves of, 320 




limitiDg points of mi aggrog^tei 812 

Linear ocNnplexea, 74, 79, 168 

Lbear tnuidbnnation of penoda, 862 ; of f^ ftuctioDfl, 103 ; of Kummer muhM, 

Logarithmie ooefficients of an algebraic integral, 4 

llatriz notation, explanation of, 18 

Matrix, elementary fiictors and reduction of, 166 

the aix ftindainental fbr a Knmmer surfkoe^ 78> 74, 79 

■ix in inTolation, 168, 880 

orthogonal, of bilinear fonna, 176 

orthogonal, of sigma functions, 106 

reduction to diagonal form, 808 

dnw-ijmnietric, of integers, 807 
Meromorphio ftmctions, 802 
Monogenic oonstmct, 816 
Multiplication, complex, 846, 868, 889 
Multiplicitj, the, in case of defective integrals, 888, 860 



Nonnal and 



systems of 



Orthogonal matrix of bilinear forms, 176 ; of sigma ftmctions, 106 

Parameter of a place on a Biemann sur&oe, 8, 177 
Fsrametric expression of Kummer and Weddle sur&oe, 8^ 77 

Periods of elementary nonnal integrals, 7 ; relations between periods of integrals of 
first and second kind, 14 ; relati<ms necesssry for a general multiply-periodic Amotion, 
884; rule for half-periods obtained by integration between branch places on a 
Biemann surfSace, 88 
Periodic ftmction in general, 80S ; Talues assumed by upon a monogenic construoti 819 
Plane section of Kummer suiface, 880 ; of a certain hyperelliptic sur&oe, 166 
PIttcker's complex surfSace, 168 

Power series in two Tariables, 183 ; a set of simultaneously vanidiing, 198 
fp Amotion, expreesed algebraically, 88 

expression of squares of its difierential coefficienta, 89 

difierential equations satisfied by, 48, 49, 69 

the Ibndamental, 97 

formulae for addition of half periods, 108—104 

of double argumenta, 180—184, 189 

of argumenta i««fv, 188—188 

Quadrics, the ten ftmdamental for a Kummer surfooe, 81, 880 

Quartic curve of 168 coUineaticms, 866 ; oi four ocmcurrent bitangenta, 866 ; Kunmier 

surfoce psssing through an arbitrary, 380 
Quartic mnUo^ Gayl^s paper relened to, 68 ; Steiner's, 189^160 

Reduction of thany of general multiply-periodic function to theory of slgebraic Amo- 
tions, 199 

Relations connecting periods of integrals of fint and second kind, 14; connecting 
periods of general multiply-periodic Amotion, 884 

Riemann surfSace, with defective integrals, 831 ; with defective elliptic integral is capable 
of birational self-transformAtion, 866 ; a set of n arbitrary places of biimtiooally 
related to one place of a sorfiMe in n dimensions, 879 

Rosenhain tetrahedron, 163 
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